
«¥ªâ®à �.�.�®¤ª®àëâ®¢

�������� � ������� �����������

�¥à¬¨®«®£¨ï ¨ ®¡®§ ç¥¨ï

� ª ®¡ëç®, Rm |«¨¥©®¥ ¯à®áâà áâ¢® ¢¥ªâ®à®¢ x = (x1, . . . , xm), ª®®à¤¨ âë x1, . . . , xm
ª®â®àëå | ¯à®¨§¢®«ìë¥ ¢¥é¥áâ¢¥ë¥ ç¨á« ; Om | ã«¥¢®© ¢¥ªâ®à, â.¥. ¢¥ªâ®à á ã«¥¢ë¬¨
ª®®à¤¨ â ¬¨. �¥ªâ®àë, ã ª®â®àëå ®¤  ª®®à¤¨ â  à ¢  1,   ®áâ «ìë¥ | ã«î, ®¡à §ãîâ
¡ §¨á ¯à®áâà áâ¢  Rm. �£® ¡ã¤¥¬  §ë¢ âì ª ®¨ç¥áª¨¬. �ª «ïà®¥ ¯à®¨§¢¥¤¥¨¥ ⟨x, y⟩ ¢¥ª-
â®à®¢ x = (x1, . . . , xm) ¨ y = (y1, . . . , ym) ®¯à¥¤¥«ï¥âáï à ¢¥áâ¢®¬ ⟨x, y⟩ = x1y1 + . . . + xmym.

�® ¯®à®¦¤ ¥â ¢ Rm ¥¢ª«¨¤®¢ã ®à¬ã ∥x∥m =
√

⟨x, x⟩ =
√
x21 + . . .+ x2m. �®¦¥áâ¢® Br(x0) =

{x ∈ Rm | ∥x − x0∥m < r}  §ë¢ ¥âáï ®âªàëâë¬ è à®¬ à ¤¨ãá  r, r > 0, á æ¥âà®¬ ¢ â®çª¥ x0,
x0 ∈ Rm. �¨¬¢®«®¬ Br(x0) ¡ã¤¥¬ ®¡®§ ç âì § ¬ªãâë© è à: Br(x0) = {x ∈ Rm | ∥x−x0∥m 6 r}.
�®çª  x0  §ë¢ ¥âáï ¢ãâà¥¥© â®çª®© ¬®¦¥áâ¢  E, E ⊂ Rm, ¥á«¨ Br(x0) ⊂ E ¤«ï ¥ª®â®à®£®
r, r > 0. �ãâà¥®áâìî ¬®¦¥áâ¢  E | ®¡®§ ç¥¨¥ Int (E) |  §ë¢ ¥âáï ¬®¦¥áâ¢® ¢á¥å ¥£®
¢ãâà¥¨å â®ç¥ª. �®¦¥áâ¢® E ®âªàëâ®, ¥á«¨ ¢á¥ ¥£® â®çª¨ ¢ãâà¥¨¥, â.¥. E = Int (E).

�«ï  âãà «ìëå m ¨ M á¨¬¢®«®¬ LmM ®¡®§ ç¨¬ ¯à®áâà áâ¢® ¢á¥å «¨¥©ëå ®â®¡à -
¦¥¨© ¨§ Rm ¢ RM . � ª ¨§¢¥áâ® ¨§ ªãàá  ¢ëáè¥©  «£¥¡àë, ¢áïª®¥ ®â®¡à ¦¥¨¥ L ¨§ Lm,M

¥¤¨áâ¢¥ë¬ ®¡à §®¬ ¯à¥¤áâ ¢¨¬® ¢ ¢¨¤¥ ¯à®¨§¢¥¤¥¨ï ¥ª®â®à®© ¬ âà¨æë (¨¬¥îé¥©m áâ®«¡-
æ®¢ ¨ M áâà®ª)   ¢¥ªâ®à x. �®ç¥¥, áãé¥áâ¢ã¥â â ª ï ¥¤¨áâ¢¥ ï ¬ âà¨æ ∥∥∥∥∥∥

l11 . . . l1m
. . . . . . . . .
lM1 . . . lMm

∥∥∥∥∥∥ ,
çâ® ¤«ï «î¡®£® ¢¥ªâ®à  x ¨§ Rm ª®®à¤¨ âë ¢¥ªâ®à  y = L(x) á¢ï§ ë á ª®®à¤¨ â ¬¨ x (¢
ª ®¨ç¥áª¨å ¡ §¨á å ¯à®áâà áâ¢ Rm ¨ RM ) à ¢¥áâ¢®¬ y1

. . .
yM

 =

∥∥∥∥∥∥
l11 . . . l1m
. . . . . . . . .
lM1 . . . lMm

∥∥∥∥∥∥
 x1
. . .
xm

 .

�âã ¬ âà¨æã ®¡®§ ç¨¬ [L]. �ã¤¥¬ â ª¦¥ ¨á¯®«ì§®¢ âì § ¯¨áì [L] = (lkj)16j6m
16k6M

. � ¢¥áâ¢®

y = L(x) ®§ ç ¥â, çâ® ¢¥ªâ®à { áâ®«¡¥æ yT ¯®«ãç ¥âáï ã¬®¦¥¨¥¬ á¯à ¢  ¬ âà¨æë [L]  
¢¥ªâ®à { áâ®«¡¥æ xT , â.¥. yT = [L]xT .

�á®, çâ® LmM | «¨¥©®¥ ¯à®áâà áâ¢® à §¬¥à®áâ¨ mM . � ¢¥áâ¢®¬

∥L∥L = sup
∥h∥m61

∥L(h)∥M

¢ ñ¬ ¢¢®¤¨âáï ®à¬ . � ¯®¬¨¬, çâ®

∥L(h)∥M 6 ∥L∥L ∥h∥m ¤«ï «î¡®£® h ¨§ Rm;

∥L̃ ◦ L∥L 6 ∥L̃∥L ∥L∥L ¤«ï L ∈ LmM , L̃ ∈ LMN ;

¨

∥L∥L 6

√√√√ M∑
k=1

m∑
j=1

l2kj , ¥á«¨ [L] = (lkj)16j6m
16k6M

.
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�§ ®¯à¥¤¥«¥¨ï ∥L∥L áà §ã á«¥¤ã¥â, çâ® ∥L∥L > ∥L(x)∥M , ¥á«¨ ∥x∥m = 1. �®íâ®¬ã

∥L∥L > ∥L(ej)∥M = ∥ [L] eTj ∥M =

√√√√ M∑
k=1

l2kj

¤«ï «î¡®£® ¢¥ªâ®à  ej ª ®¨ç¥áª®£® ¡ §¨á  ¢ Rm. �â® ¯®§¢®«ï¥â ¤®¯®«¨âì ®æ¥ªã á¢¥àåã
®à¬ë ∥L∥L á ¯®¬®éìî í«¥¬¥â®¢ ¬ âà¨æë [L] ®æ¥ª®© á¨§ã:

∥L∥L > |lkj | ¤«ï «î¡ëå j = 1, . . . ,m ¨ k = 1, . . . ,M.

�â¬¥â¨¬ ¥éñ, çâ® ¢ á¨«ã ¯¥à¢®£® á¢®©áâ¢  «¨¥©®¥ ®â®¡à ¦¥¨¥ ã¤®¢«¥â¢®àï¥â ãá«®¢¨î
�¨¯è¨æ :

∥L(h̃)− L(h)∥M = ∥L(h̃− h)∥M 6 ∥L∥L ∥h̃− h∥m,

¨ ¯®íâ®¬ã ®® à ¢®¬¥à® ¥¯à¥àë¢® ¢ Rm.
� ¬ ¯®âà¥¡ã¥âáï ¥á«®¦®¥ ãâ¢¥à¦¤¥¨¥ ¨§ «¨¥©®©  «£¥¡àë.

�¥¬¬  (® ¢§ ¨¬® ®¤®§ çëå «¨¥©ëå ®â®¡à ¦¥¨ïå). �ãáâì L ∈ LmM . �«¥¤ãîé¨¥
ç¥âëà¥ ãâ¢¥à¦¤¥¨ï à ¢®á¨«ìë

I. L ¢§ ¨¬® ®¤®§ ç® (â.¥. L(h) ̸= L(h̃), ¥á«¨ h ̸= h̃);
II. L(h) ̸= OM , ¥á«¨ h ̸= Om (¨ ç¥ £®¢®àï, KerL = L−1({OM}) = {Om});
III. áãé¥áâ¢ã¥â â ª®¥ ç¨á«® µ > 0, çâ® ∥L(h)∥M > µ ∥h∥m ¤«ï «î¡®£® ¢¥ªâ®à  h ¨§ Rm;
IV. ¥á«¨ ¢¥ªâ®àë v1, . . . , vn «¨¥©® ¥§ ¢¨á¨¬ë ¢ Rm, â® ¨å ®¡à §ë L(v1), . . . , L(vn) «¨¥©®

¥§ ¢¨á¨¬ë ¢ RM .

�®ª   §   â ¥ « ì á â ¢ ®. I ⇒ II. � á¨«ã «¨¥©®áâ¨ ®â®¡à ¦¥¨ï L(Om) = OM . �®íâ®¬ã, ¢§ï¢

h̃ = Om ¢ ãâ¢¥à¦¤¥¨¨ I, ¬ë ¯®«ãç¨¬ L(h) ̸= L(Om) = OM ¯à¨ h ̸= Om.
II ⇒ III. � áá¬®âà¨¬ ¢ Rm äãªæ¨î h 7→ ∥L(h)∥M . �â® ª¢ ¤à âë© ª®à¥ì ¨§ ¥®âà¨æ -

â¥«ì®© ª¢ ¤à â¨ç®© ä®à¬ë ∥L(h)∥2M . �®íâ®¬ã íâ  äãªæ¨ï ¢áî¤ã ¥¯à¥àë¢ . �® â¥®à¥¬¥
�¥©¥àèâà áá  ®  ¤®áâ¨£ ¥â  ¨¬¥ìè¥£® § ç¥¨ï   ¥¤¨¨ç®© áä¥à¥ Sm−1: áãé¥áâ¢ã¥â â -
ª®© ¢¥ªâ®à h∗, ∥h∗∥m = 1, çâ® ∥L(h)∥M > ∥L(h∗)∥M ¤«ï «î¡®£® ¢¥ªâ®à  h ¨§ Sm−1. � ª ª ª
∥h∗∥m = 1, â® h∗ ̸= Om. �®íâ®¬ã ¢ á¨«ã ãá«®¢¨ï II ç¨á«® µ = ∥L(h∗)∥M ¯®«®¦¨â¥«ì®. �à®¢¥-
à¨¬, çâ® ®® ã¤®¢«¥â¢®àï¥â ¥à ¢¥áâ¢ã III. �®¦® áç¨â âì ¯à¨ íâ®¬, çâ® h ̸= Om (¤«ï ã«¥¢®£®
¢¥ªâ®à  ®¡¥ ç áâ¨ íâ®£® ¥à ¢¥áâ¢  ®¡à é îâáï ¢ ã«ì). �®£¤  ¢¥ªâ®à h = h

∥h∥m
¯à¨ ¤«¥¦¨â

Sm−1. �«¥¤®¢ â¥«ì®, ∥L(h)∥M > ∥L(h∗)∥M = µ. � â® ¦¥ ¢à¥¬ï

∥L(h)∥M =

∥∥∥∥L(
h

∥h∥m

)∥∥∥∥
M

=

∥∥∥∥ 1

∥h∥m
L(h)

∥∥∥∥
M

=
1

∥h∥m
∥L(h)∥M .

� ª¨¬ ®¡à §®¬, ∥L(h)∥M = ∥h∥m ∥L(h)∥M > µ ∥h∥m.
III ⇒ IV. � ª ª ª ®â®¡à ¦¥¨¥ L «¨¥©®, â® ¤«ï «î¡ëå ª®íää¨æ¨¥â®¢ c1, . . . , cn á¯à ¢¥¤-

«¨¢® à ¢¥áâ¢® c1L(v1) + . . . + cnL(vn) = L(c1v1 + . . . + cnvn). � ¯®¬®éìî ãâ¢¥à¦¤¥¨ï III ¬ë
¯®«ãç ¥¬ ®âáî¤ , çâ®

∥c1L(v1) + . . .+ cnL(vn)∥M > µ∥c1v1 + . . .+ cnvn∥m.

�®íâ®¬ã, ¥á«¨ c1L(v1)+ . . .+ cnL(vn) = OM , â® c1v1+ . . .+ cnvn = Om,   íâ® ¢®§¬®¦® «¨èì ¯à¨
c1 = . . . = cn = 0, ¯®áª®«ìªã ¢¥ªâ®àë v1, . . . , vn «¨¥©® ¥§ ¢¨á¨¬ë.

IV ⇒ I. � ¤® ¤®ª § âì, çâ® L(h̃) ̸= L(h), ¥á«¨ h̃ ̸= h. �®§ì¬ñ¬ ¯à®¨§¢®«ìë© ¡ §¨á v1, . . . , vm
( ¯à¨¬¥à, ª ®¨ç¥áª¨©) ¢ Rm ¨ à §«®¦¨¬ ¯® ¥¬ã ¥ã«¥¢®© ¢¥ªâ®à h̃− h:

h̃− h = c1v1 + . . .+ cmvm.



�¥à¬¨®«®£¨ï ¨ ®¡®§ ç ¨ï 3

�¥ªâ®àë v1, . . . , vm «¨¥©® ¥§ ¢¨á¨¬ë, ¯®áª®«ìªã ®¨ ®¡à §ãîâ ¡ §¨á. �® ãá«®¢¨î IV â ª®¢ë
¨ ¨å ®¡à §ë L(v1), . . . , L(vm). �ç¨âë¢ ï, çâ® áà¥¤¨ ª®íää¨æ¨¥â®¢ c1, . . . , cm ¨¬¥¥âáï å®âï ¡ë

®¤¨ ¥ã«¥¢®© (¯®áª®«ìªã h̃− h ̸= Om), ¯®«ãç ¥¬

L(h̃)− L(h) = L(h̃− h) = L(c1v1 + . . .+ cmvm) = c1L(v1) + . . .+ cmL(vm) ̸= OM ,

çâ® ¨ âà¥¡®¢ «®áì. �¥¬¬  ¤®ª §  .

� ãâ¢¥à¦¤¥¨¨ IV ç¨á«® n ¥ ¡®«ìè¥ min{m,M}, â ª ª ª ç¨á«® «¨¥©® ¥§ ¢¨á¨¬ëå ¢¥ª-
â®à®¢ ¥ ¯à¥¢®áå®¤¨â à §¬¥à®áâ¨ ¯à®áâà áâ¢ . � â® ¦¥ ¢à¥¬ï, ¢¥ªâ®àë ¯à®¨§¢®«ì®£® ¡ §¨á 
¢ Rm (¨å m èâãª) «¨¥©® ¥§ ¢¨á¨¬ë. �®íâ®¬ã m 6 min{m,M} 6M . �«¥¤®¢ â¥«ì®, ãá«®¢¨ï
I { IV «¥¬¬ë ¢ë¯®«ïîâáï «¨èì ¯à¨ m 6 M . �âáî¤  ¢ëâ¥ª ¥â, çâ® ®â®¡à ¦¥¨¥ L ¨§ LmM

¬®¦¥â ¡ëâì ®¡à â¨¬ë¬ â®«ìª® ¢ á«ãç ¥ m = M (¥à ¢¥áâ¢® m 6 M ¬ë â®«ìª® çâ® ãáâ ®¢¨-
«¨,   ¤«ï ¯®«ãç¥¨ï ¥à ¢¥áâ¢  M 6 m  ¤® ¢¬¥áâ® ®â®¡à ¦¥¨ï L à áá¬®âà¥âì ®â®¡à ¦¥¨¥
L−1, ¤¥©áâ¢ãîé¥¥ ¨§ RM ¢ Rm). � ª¨¬ ®¡à §®¬, ¬ë ¯à¨å®¤¨¬ ª ä ªâã, ¨§¢¥áâ®¬ã ¨§ ªãàá 
«¨¥©®©  «£¥¡àë: ¤«ï ®¡à â¨¬®áâ¨ «¨¥©®£® ®â®¡à ¦¥¨ï ¨§ Rm ¢ RM ¥®¡å®¤¨¬®, çâ®¡ë
à §¬¥à®áâ¨ íâ¨å ¯à®áâà áâ¢ á®¢¯ ¤ «¨.

�¨¬¢®«®¬ Isom (Rm) ®¡®§ ç¨¬ ¯®¤¬®¦¥áâ¢® ¯à®áâà áâ¢  Lmm, ®¡à §®¢ ®¥ ®¡à â¨¬ë-
¬¨ «¨¥©ë¬¨ ®â®¡à ¦¥¨ï¬¨ (¨§®¬®àä¨§¬ ¬¨). �á®, çâ® ¢áïª®¥ â ª®¥ ®â®¡à ¦¥¨¥ ã¤®¢«¥-
â¢®àï¥â ãá«®¢¨î I «¥¬¬ë,   á«¥¤®¢ â¥«ì®, ¨ ®áâ «ìë¬ ¥ñ ãá«®¢¨ï¬ (á M = m). �¥£ª® ¢¨¤¥âì,
çâ® ¢¥à® ¨ ®¡à â®¥: ¢áïª®¥ ®â®¡à ¦¥¨¥ ¨§ Lmm, ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨ï¬ I { IV «¥¬¬ë,
ï¢«ï¥âáï ¨§®¬®àä¨§¬®¬. �¥©áâ¢¨â¥«ì®, ãá«®¢¨¥ I ®¡¥á¯¥ç¨¢ ¥â ¨ê¥ªâ¨¢®áâì,   ¨§ ãá«®¢¨ï
IV ¢ëâ¥ª ¥â áîàê¥ªâ¨¢®áâì (¬®¦¥áâ¢® L(Rm) á®¢¯ ¤ ¥â á Rm, â ª íâ® «¨¥©®¥ ¯®¤¯à®áâà -
áâ¢® ¢ Rm, á®¤¥à¦ é¥¥ m «¨¥©® ¥§ ¢¨á¨¬ëå ¢¥ªâ®à®¢ | ®¡à §®¢ ¡ §¨áëå ¢ Rm ¢¥ªâ®à®¢).
�«¥¤®¢ â¥«ì®, ¯à¨ m =M «¥¬¬  ¤ ñâ ®¯¨á ¨¥ ¨§®¬®àä¨§¬®¢.

�§ ªãàá  ¢ëáè¥©  «£¥¡àë ¨§¢¥áâ®, çâ® «¨¥© ï ¥§ ¢¨á¨¬®áâì ®¡à §®¢ L(e1), . . . , L(em)
¢¥ªâ®à®¢ ª ®¨ç¥áª®£® ¡ §¨á  (â.¥. ãá«®¢¨¥ IV) à ¢®á¨«ì  â®¬ã, çâ® ª¢ ¤à â ï ¬ âà¨æ  [L]
¥®á®¡¥ ï, â.¥. ¥ñ ®¯à¥¤¥«¨â¥«ì ¥ã«¥¢®©: det [L] ̸= 0. �â® ¥à ¢¥áâ¢® ¤ ñâ ¥éñ ®¤¨ á¯®á®¡
®¯¨á ¨ï ®â®¡à ¦¥¨© ¨§ Isom (Rm).

�®áª®«ìªã ®¯à¥¤¥«¨â¥«ì ¬ âà¨æë ¥¯à¥àë¢® § ¢¨á¨â ®â ¥ñ í«¥¬¥â®¢, ¨§ â¥®à¥¬ë ® áâ ¡¨-
«¨§ æ¨¨ § ª  á«¥¤ã¥â, çâ® «î¡®¥ ¤®áâ â®ç® ¬ «®¥ ¨§¬¥¥¨¥ í«¥¬¥â®¢ ¥®á®¡¥®© ¬ âà¨æë
¯à¨¢®¤¨â ª ®¢®© ¥®á®¡¥®© ¬ âà¨æ¥. �®íâ®¬ã, ¥á«¨ ®â®¡à ¦¥¨¥ L, L ∈ Lmm, ®¡à â¨¬®,
â® ®¡à â¨¬ë ¨ ¢á¥ ¤®áâ â®ç® ¡«¨§ª¨¥ ª L «¨¥©ë¥ ®â®¡à ¦¥¨ï, â.¥. Isom (Rm) | ®âªàëâ®¥
¯®¤¬®¦¥áâ¢® ¯à®áâà áâ¢  Lmm. �â¬¥â¨¬ ç áâë© á«ãç © «¥¬¬ë:

¤«ï «î¡®£® L ¨§ Isom (Rm) áãé¥áâ¢ã¥â â ª®¥ ¯®«®¦¨â¥«ì®¥ ç¨á«® µ = µ(L), çâ®

∥L(h)∥m > µ ∥h∥m ¤«ï ¢á¥å h ¨§ Rm.

� ª¨¬ ®¡à §®¬, ®æ¥ªã á¢¥àåã ∥L(h)∥m 6 ∥L∥L ∥h∥m, á¯à ¢¥¤«¨¢ãî ¤«ï «î¡®£® «¨¥©®£® ®â®¡-
à ¦¥¨ï ¨§ Rm ¢ Rm, ¤«ï ¨§®¬®àä¨§¬  ¬®¦® ¤®¯®«¨âì   «®£¨ç®© ®æ¥ª®© á¨§ã. �§ «¥¬¬ë
á«¥¤ã¥â, çâ® íâ® á¢®©áâ¢® ¥ â®«ìª® ¥®¡å®¤¨¬®, ® ¨ ¤®áâ â®ç® ¤«ï â®£®, çâ®¡ë ®â®¡à ¦¥¨¥
¨§ Lmm ¡ë«® ¨§®¬®àä¨§¬®¬.

� ¦¤®¬ã ®â®¡à ¦¥¨î F , ¤¥©áâ¢ãîé¥¬ã ¨§ ª ª®£®-â® ¬®¦¥áâ¢  E ¢ ¯à®áâà áâ¢® RM , á®-
®â¢¥âáâ¢ã¥â ¥¤¨áâ¢¥ë©  ¡®à äãªæ¨© F1, . . . , FM (â.¥. ®â®¡à ¦¥¨© ¨§ E ¢ R), ®¡« ¤ îé¨©
á¢®©áâ¢®¬: F (x) = (F1(x), . . . , FM (x)) ¤«ï ¢á¥å x ¨§ E. �â¨ äãªæ¨¨  §ë¢ îâáï ª®®à¤¨ âë-
¬¨ äãªæ¨ï¬¨ ®â®¡à ¦¥¨ï F (¢ ª ®¨ç¥áª®¬ ¡ §¨á¥ ¯à®áâà áâ¢  RM ).

�â®¡à ¦¥¨¥ F : E → RM , E ⊂ Rm, ¤¨ää¥à¥æ¨àã¥¬® ¢ â®çª¥ x0, x0 ∈ Int (E), ¥á«¨
áãé¥áâ¢ãîâ â ª¨¥ ®â®¡à ¦¥¨ï L, L ∈ LmM , ¨ α : E → RM , çâ® lim

x0
α = OM ¨

F (x) = F (x0) + L(x− x0) + ∥x− x0∥m α(x) ¤«ï ¢á¥å x ¨§ E.
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�â®¡à ¦¥¨¥ L  §ë¢ ¥âáï ¤¨ää¥à¥æ¨ «®¬ ®â®¡à ¦¥¨ï F ¢ â®çª¥ x0 ¨ ®¡®§ ç ¥âáï dx0F
(¨«¨ dF (x0)). �®®â¢¥âáâ¢ãîé ï ¥¬ã ¬ âà¨æ  [dx0F ]  §ë¢ ¥âáï ¬ âà¨æ¥© �ª®¡¨ ®â®¡à ¦¥¨ï
F ¢ â®çª¥ x0 ¨ ®¡®§ ç ¥âáï F ′(x0). �  ®¡à §®¢   ç áâë¬¨ ¯à®¨§¢®¤ë¬¨ ª®®à¤¨ âëå
äãªæ¨© ®â®¡à ¦¥¨ï F , ¢ëç¨á«¥ë¬¨ ¢ â®çª¥ x0:

F ′(x0) =

∥∥∥∥∥∥
∂F1
∂x1

(x0) . . . ∂F1
∂xm

(x0)
. . . . . . . . .

∂FM

∂x1
(x0) . . . ∂FM

∂xm
(x0)

∥∥∥∥∥∥ .
�á«¨ à áá¬ âà¨¢ ¥âáï äãªæ¨ï ¥áª®«ìª¨å ¯¥à¥¬¥ëå, â.¥. M = 1, â® ¥ñ ¬ âà¨æ  �ª®¡¨

á®áâ®¨â ¨§ ¥¤¨áâ¢¥®© áâà®ª¨, ª®â®à ï  §ë¢ ¥âáï £à ¤¨¥â®¬ äãªæ¨¨ F : E→R, E⊂Rm,
¢ â®çª¥ x0, x0 ∈ Int (E). �£® ®¡ëç® ®¡®§ ç îâ gradF (x0). �â  áâà®ª  ®¡à §®¢   ç áâë¬¨
¯à®¨§¢®¤ë¬¨ äãªæ¨¨ F :

gradF (x0) =

(
∂F

∂x1
(x0), . . . ,

∂F

∂xm
(x0)

)
.

�§ ®¯à¥¤¥«¥¨ï ¤¨ää¥à¥æ¨ «  áà §ã á«¥¤ã¥â à ¢¥áâ¢® dx0L = L ¢ «î¡®© â®çª¥ x0 ∈ Rm,
¥á«¨ L ∈ LmM .

�â¬¥â¨¬ ¥éñ, çâ® § ç¥¨¥ α(x0) ¥ ¨£à ¥â à®«¨ (®® ã¬®¦ ¥âáï   ã«ì). �®íâ®¬ã ¥
ã¬ «ïï ®¡é®áâ¨, ¬®¦® áç¨â âì, çâ® α(x0) = OM , â.¥. α ¥¯à¥àë¢® ¢ â®çª¥ x0. �áî¤ã ¢ ¤ «ì-
¥©è¥¬ ¬ë ¡ã¤¥¬ ¯à¨¤¥à¦¨¢ âìáï íâ®£® á®£« è¥¨ï. �¥¯à¥àë¢®áâì α ¢«¥çñâ ¥¯à¥àë¢®áâì
F ¢ â®çª¥ x0. � §ã¬¥¥âáï, ¥¯à¥àë¢®áâì ®â®¡à ¦¥¨ï «¨èì ¥®¡å®¤¨¬ , ® ¥ ¤®áâ â®ç  ¤«ï
¥£® ¤¨ää¥à¥æ¨àã¥¬®áâ¨.

§1. �¥ï¢ ï äãªæ¨ï.

�áî¤ã ¤ «¥¥ ¬ë ®â®¦¤¥áâ¢«ï¥¬ ¯à®¨§¢¥¤¥¨¥ ¯à®áâà áâ¢  Rm ¨ ¯àï¬®© R á ¯à®áâà -
áâ¢®¬ Rm+1, â ª çâ® «î¡®¬ã ¢¥ªâ®àã x ¨§ Rm ¨ ç¨á«ã y á®®â¢¥âáâ¢ã¥â ¢¥ªâ®à (x, y) ¨§ Rm+1 á
ª®®à¤¨ â ¬¨ x1, . . . , xm, y.

� ® á â    ® ¢ ª   §   ¤   ç ¨. �éñ ¢ èª®«¥ ¬®£® à § ¯à¨å®¤¨«®áì à¥è âì ãà ¢¥¨ï ¨ á¨áâ¥-
¬ë ãà ¢¥¨© á ¯ à ¬¥âà ¬¨. �à¥¡®¢ «®áì ¢ë¯¨á âì à¥è¥¨ï ¯à¨ ª ¦¤®¬ ¤®¯ãáâ¨¬®¬  ¡®à¥
¯ à ¬¥âà®¢. �¥©ç á ¬ë § ©¬ñ¬áï ¡«¨§ª¨¬ ¢®¯à®á®¬. � ®¤®© áâ®à®ë, ® ¡®«¥¥ ®¡é¨© | ¬ë
¥ ¡ã¤¥¬ ª®ªà¥â¨§¨à®¢ âì ãà ¢¥¨ï. � ¦®, çâ® ®¨ § ¤ îâáï ¥¯à¥àë¢® ¤¨ää¥à¥æ¨àã¥-
¬ë¬¨ äãªæ¨ï¬¨. � ¤àã£®© áâ®à®ë,  è  æ¥«ì §¤¥áì § ç¨â¥«ì® áªà®¬¥¥. �ë ¥ áâ ¢¨¬
§ ¤ çã ãª § âì ¢á¥ à¥è¥¨ï. �â® ®á¬ëá«¥® «¨èì ¤«ï ª®ªà¥âëå ãà ¢¥¨©. � è  æ¥«ì
¤àã£ ï | ¢ëïá¨âì, ¢ ª ª®¬ á«ãç ¥ ¬®¦® £ à â¨à®¢ âì áãé¥áâ¢®¢ ¨¥ ¨ \å®à®èãî" (£« ¤-
ªãî) § ¢¨á¨¬®áâì à¥è¥¨ï ®â ¯ à ¬¥âà®¢. � íâ®¬ ¯ à £à ä¥ ¬ë à áá¬®âà¨¬ ¯à®áâ®© á«ãç ©
| ®¤® ãà ¢¥¨¥ á ®¤¨¬ ¥¨§¢¥áâë¬ (ç¨á«® ¯ à ¬¥âà®¢ ¯à®¨§¢®«ì®). �¤¥áì à ááã¦¤¥¨ï
¤®áâ â®ç®  £«ï¤ë, â ª ª ª ¬®¦® ¢®á¯®«ì§®¢ âìáï ¬®®â®®áâìî.

�â ª, à áá¬®âà¨¬ ®¤® ãà ¢¥¨¥ ®â®á¨â¥«ì® ¥¨§¢¥áâ®© y, y ∈ R,

F (x1, . . . , xm, y) = 0

á ¢¥é¥áâ¢¥ë¬¨ ¯ à ¬¥âà ¬¨ x1, . . . , xm. �¥à® «¨, çâ®  ©¤ñâáï ¥£® à¥è¥¨¥, ¥á«¨ ¯à¨ x1 =
x◦1, . . . , xm = x◦m ¨¬¥¥âáï à¥è¥¨¥ y0 (â.¥. F (x

◦
1, . . . , x

◦
m, y0) = 0),   ¢á¥ à §®áâ¨ x1−x◦1, . . . , xm−

x◦m ¤®áâ â®ç® ¬ «ë? � ª áª ¦¥âáï   à¥è¥¨¨ ãà ¢¥¨ï â ª®¥ ¨§¬¥¥¨¥ ¯ à ¬¥âà®¢?

�¯à¥¤¥«¥¨¥. �ãáâì äãªæ¨ï F ®¯à¥¤¥«¥    ¥¯ãáâ®¬ ¯®¤¬®¦¥áâ¢¥ E ¯à®¨§¢¥¤¥¨ï
X × R. �®¢®àïâ, çâ® φ : X → R | ¥ï¢ ï äãªæ¨ï, § ¤ ¢ ¥¬ ï ãà ¢¥¨¥¬ F (x, y) = 0, ¥á«¨
(x, φ(x)) ∈ E ¨ F (x, φ(x)) = 0 ¤«ï «î¡®£® x ∈ X.
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�à¨¬¥à 1. � áá¬®âà¨¬ ãà ¢¥¨¥ x2 + y2 − 1 = 0 ®â®á¨â¥«ì® ¥¨§¢¥áâ®© y (x | ¯ -
à ¬¥âà). �ç¥¢¨¤®, ¯à¨ |x| > 1 ¥â à¥è¥¨©. � â® ¦¥ ¢à¥¬ï ¯à¨ |x| < 1 ãà ¢¥¨¥ § ¤ ñâ ¤¢¥

¥¯à¥àë¢ë¥ äãªæ¨¨ φ±(x) = ±
√
1− x2. �á«¨ ¨â¥à¥á®¢ âìáï ¥¯à¥àë¢®© ¥ï¢®© äãªæ¨-

¥©, ¯à¨¨¬ îé¥© ¢ â®çª¥ x0 § ¤ ®¥ § ç¥¨¥ y0 (x
2
0 + y20 = 1), â® â ª ï äãªæ¨ï áãé¥áâ¢ã¥â

(íâ® φ(x) = sign (y0)
√
1− x2) ¨ ®  ¥¤¨áâ¢¥  (à §àë¢ëå à¥è¥¨© ¡¥áª®¥ç® ¬®£®).

�«®¦¥¥ á¨âã æ¨ï ®ª®«® â®ç¥ª x0 = ±1. � íâ®¬ á«ãç ¥, à §ã¬¥¥âáï, y0 = 0. �¤ ª®, ¨
¢ ª ª®© ®ªà¥áâ®áâ¨ â®ç¥ª ±1 ãà ¢¥¨¥ ¥ ¨¬¥¥â à¥è¥¨ï | ®® áãé¥áâ¢ã¥â «¨èì ¢ ¯®«ã-
®ªà¥áâ®áâ¨ (á«¥¢  ®â â®çª¨ 1 ¨ á¯à ¢  ®â −1). �à¨ íâ®¬ ¥¯à¥àë¢ëå à¥è¥¨© ¤¢ , ® ®¨
¥ ¤¨ää¥à¥æ¨àã¥¬ë ¢ â®çª¥ x0. � ®¯à¥¤¥«ñ®¬ á¬ëá«¥ íâ® ¢ëà®¦¤¥ë© á«ãç ©. �¤  ¨§
 è¨å æ¥«¥© |  ãç¨âìáï ®¯à¥¤¥«ïâì (¥ à¥è ï ãà ¢¥¨ï!), ¢ ª ª¨å á«ãç ïå ¬®£ãâ ¢®§¨ª âì
¯®¤®¡ë¥ á¨âã æ¨¨,   ¢ ª ª¨å á«ãç ïå ®¨ ¨áª«îç¥ë.

�â¬¥â¨¬ ¥éñ, çâ® ¢ íâ®¬ ¯à¨¬¥à¥ âà¥¡ãîâáï ¬¨¨¬ «ìë¥ ¨§¬¥¥¨ï ¤«ï à áá¬®âà¥¨ï
¡®«¥¥ ®¡é¥£® ãà ¢¥¨ï x21 + . . .+ x2m + y2 = 1, § ¤ îé¥£® ¥ï¢ãî äãªæ¨î ®â m ¯¥à¥¬¥ëå.

�à¨¬¥à 2. �®«¥¥ á«®¦®¥ ãà ¢¥¨¥ F (x, y) = (x2 + y2)2 − x2 + y2 = 0 ®¯¨áë¢ ¥â «¥¬¨á-
ª âã �¥àã««¨. �ñ «¥£ª®  à¨á®¢ âì, ¨á¯®«ì§ãï ¯®«ïàë¥ ª®®à¤¨ âë: x = r cos θ, y = r sin θ.
�®£¤  r =

√
cos 2θ. �®«ãç ¥¬ \¢®áì¬ñàªã   ¡®ªã". �®çª¨ x0 = ±1 ¨£à îâ âã ¦¥ à®«ì, çâ®

¨ ¢ ¯à¥¤ë¤ãé¥¬ ¯à¨¬¥à¥. �á«¨ 0 < |x0| < 1, â® ¨ §¤¥áì á¨âã æ¨ï   «®£¨ç  ã¦¥ à áá¬®â-

à¥®© | ª ¦¤®¬ã ç¨á«ã y0, ã¤®¢«¥â¢®àïîé¥¬ã ãà ¢¥¨î
(
x20 + y20

)2
= x20 − y20 á®®â¢¥âáâ¢ã¥â

¥¤¨áâ¢¥ ï ¥¯à¥àë¢ ï ¥ï¢ ï äãªæ¨ï, ¯à¨¨¬ îé ï ¢ â®çª¥ x0 § ç¥¨¥ y0 (¥âàã¤®
¯®ïâì, çâ® ®  ¥ â®«ìª® ¥¯à¥àë¢ , ® ¡¥áª®¥ç® ¤¨ää¥à¥æ¨àã¥¬ ). �® ¢ íâ®¬ ¯à¨¬¥à¥
¯®ï¢«ï¥âáï ®¢ ï ®á®¡¥®áâì | â®çª  x0 = 0 (â®£¤  ¨ y0 = 0). �§ à¨áãª  å®à®è® ¢¨¤®, çâ®
ç¥à¥§ â®çªã (0, 0) ¯à®å®¤ïâ £à ä¨ª¨ ç¥âëàñå ¥¯à¥àë¢ëå äãªæ¨© y = φ(x), ã¤®¢«¥â¢®àïîé¨å
ãà ¢¥¨î F (x, φ(x)) = 0. �¢¥ ¨§ ¨å (¬¥ïîé¨¥ § ª ¢ ã«¥) ¤¨ää¥à¥æ¨àã¥¬ë,   ¤àã£¨¥ ¤¢¥
(á®åà ïîé¨¥ § ª) ¥ ¤¨ää¥à¥æ¨àã¥¬ë ¢ ã«¥.

�¥¬¬  1 (áãé¥áâ¢®¢ ¨¥ ¥ï¢®© äãªæ¨¨). �ãáâì äãªæ¨ï F § ¤     ¬®¦¥áâ¢¥ E =
X × [y∗, y

∗], £¤¥ X | ¥¯ãáâ®¥ ¬®¦¥áâ¢® ¨ −∞ < y∗ < y∗ < +∞. �®¯ãáâ¨¬, çâ® ¤«ï «î¡®£® x
¨§ X

1) äãªæ¨ï y 7→ F (x, y) ¥¯à¥àë¢  (â.¥. F ¥¯à¥àë¢  ¯® ¢â®à®© ¯¥à¥¬¥®©);

2) § ç¥¨ï F (x, y∗) ¨ F (x, y
∗) ¨¬¥îâ à §ë¥ § ª¨ (â.¥. F (x, y∗)F (x, y

∗) < 0).

�®£¤  ãà ¢¥¨¥ F (x, y) = 0 § ¤ ñâ ¥ª®â®àãî ¥ï¢ãî äãªæ¨î φ: ¤«ï ª ¦¤®£® x ¨§ X,
áãé¥áâ¢ã¥â â ª®¥ ç¨á«® φ(x) ¨§ ¨â¥à¢ «  (y∗, y

∗), çâ® F (x, φ(x))=0.

�á«¨ F ã¤®¢«¥â¢®àï¥â ¤®¯®«¨â¥«ì®¬ã ãá«®¢¨î

3) ¯à¨ ª ¦¤®¬ x, x ∈ X, äãªæ¨ï y 7→ F (x, y) áâà®£® ¬®®â® ,

â® ãà ¢¥¨¥ F (x, y)=0 § ¤ ñâ   ¬®¦¥áâ¢¥ X ¥¤¨áâ¢¥ãî ¥ï¢ãî äãªæ¨î φ : X→(y∗, y
∗)

(â.¥. F (x, φ(x)) = 0 ¯à¨ ª ¦¤®¬ x ¨ ¤àã£¨å à¥è¥¨© ãà ¢¥¨¥ F (x, y) = 0 ¥ ¨¬¥¥â).

�«ï ¤®ª § â¥«ìáâ¢  ¤®áâ â®ç® á®á« âìáï   â¥®à¥¬ã �®«ìæ ® { �®è¨ ® ¯à®¬¥¦ãâ®ç®¬
§ ç¥¨¨ ¥¯à¥àë¢®©   ¯à®¬¥¦ãâª¥ äãªæ¨¨.

�â¬¥â¨¬, çâ® ¢ «¥¬¬¥ ¯à¨à®¤  ¬®¦¥áâ¢  X ¡¥§à §«¨ç . �áâ¥áâ¢¥®, çâ® ¯à¨ áâ®«ì
®¡é¨å ¯à¥¤¯®«®¦¥¨ïå ¨ç¥£® ¥ £®¢®à¨âáï ® á¢®©áâ¢ å ¥ï¢®© äãªæ¨¨. �¥¬®£® ã¢¥«¨ç¨¢
¯à¥¤¯®«®¦¥¨ï, ¬®¦® ¤®¡¨âìáï ¥ñ ¥¯à¥àë¢®áâ¨.

�¯à ¦¥¨¥. �ãáâì äãªæ¨ï F ¥¯à¥àë¢    ¯àï¬®ã£®«ì¨ª¥ E = (x∗, x
∗)× [y∗, y

∗], £¤¥
−∞ 6 x∗ < x∗ 6 +∞, −∞ < y∗ < y∗ < +∞, ¨ ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ 2) ¨ 3) «¥¬¬ë. �®£¤ 
¥ï¢ ï äãªæ¨ï φ, § ¤ ¢ ¥¬ ï ãà ¢¥¨¥¬ F (x, y) = 0, ¥¯à¥àë¢    ¯à®¬¥¦ãâª¥ (x∗, x

∗).

�â®¡ë £ à â¨à®¢ âì ¤¨ää¥à¥æ¨àã¥¬®áâì ¥ï¢®© äãªæ¨¨, ã¦ë ¡®«¥¥ á¨«ìë¥ ¯à¥¤-
¯®«®¦¥¨ï. �¤¨ ¨§ ¢®§¬®¦ëå ¢ à¨ â®¢ ¤ ñâáï á«¥¤ãîé¥© â¥®à¥¬®©. �à¨ ¥ñ ¯¥à¢®¬ çâ¥¨¨
¤«ï ¯à®áâ®âë á«¥¤ã¥â áç¨â âì m = 1. �â® ¯®§¢®«ï¥â á¤¥« âì ¯®«¥§ë© à¨áã®ª. �®á«¥ íâ®£®
®áâ ñâáï ¯à®á«¥¤¨âì, çâ® § ¬¥  ¢¥é¥áâ¢¥®£® ¯ à ¬¥âà  x   ¢¥ªâ®à ¯®çâ¨ ¨ç¥£® ¥ ¬¥ï¥â
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¢ ¤®ª § â¥«ìáâ¢¥. �à¥¤¢ à¨â¥«ì® ãáâ ®¢¨¬ ¥á«®¦®¥ ¢á¯®¬®£ â¥«ì®¥ ãâ¢¥à¦¤¥¨¥.

�¥¬¬  2 (ãá«®¢¨¥ �¨¯è¨æ  ¤«ï ¥ï¢®© äãªæ¨¨). �ãáâì X | ¥¯ãáâ®¥ ¬®¦¥áâ¢® ¢ Rm,
−∞ < y∗ < y∗ < +∞. �®¯ãáâ¨¬, çâ® äãªæ¨ï F , § ¤  ï   ¯à®¨§¢¥¤¥¨¨ E = X × [y∗, y

∗]
ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ 1) ¨ 2) «¥¬¬ë 1, ¨, ªà®¬¥ â®£®, áãé¥áâ¢ãîâ â ª¨¥ ¯®«®¦¨â¥«ìë¥ ç¨á« 
� ¨ µ, çâ®

a) |F (x′′, y)− F (x′, y)| 6 C∥x′′ − x′∥m ¤«ï ¢á¥å x′′, x′ ∈ X ¨ y ∈ [y∗, y
∗];

¡) |F (x, y′′)− F (x, y′)| > µ |y′′ − y′| ¤«ï ¢á¥å x ∈ X ¨ y′′, y′ ∈ [y∗, y
∗].

�®£¤  ãà ¢¥¨¥ F (x, y) = 0 § ¤ ñâ ¥¤¨áâ¢¥ãî ¥ï¢ãî äãªæ¨î φ   ¬®¦¥áâ¢¥ X ¨
®  ã¤®¢«¥â¢®àï¥â ãá«®¢¨î �¨¯è¨æ    ñ¬.

�®ª   §   â ¥ « ì á â ¢ ®. �à ¢¥¨¥ F (x, y) = 0 ¨¬¥¥â à¥è¥¨¥ ¢ á¨«ã ãá«®¢¨© 1), 2). �¥à ¢¥-
áâ¢® ¡) ®¡¥á¯¥ç¨¢ ¥â ¥¤¨áâ¢¥®áâì à¥è¥¨ï. �áâ ñâáï ¯à®¢¥à¨âì, çâ® ¥ï¢ ï äãªæ¨ï φ, § -
¤ ¢ ¥¬ ï íâ¨¬ ãà ¢¥¨¥¬, ã¤®¢«¥â¢®àï¥â ãá«®¢¨î �¨¯è¨æ . �«ï íâ®£® ¢®§ì¬ñ¬ ¯à®¨§¢®«ìë¥
â®çª¨ x′, x′′ ¨§ X ¨ à áá¬®âà¨¬ ç¨á«® F (x′, φ(x′′)). � ®¤®© áâ®à®ë, â ª ª ª F (x′′, φ(x′′)) = 0,
â® á ¯®¬®éìî ¥à ¢¥áâ¢   ) ¬ë ¯®«ãç ¥¬

|F (x′, φ(x′′))| = |F (x′, φ(x′′))− F (x′′, φ(x′′))| 6 C∥x′ − x′′∥m.

� ¤àã£®© áâ®à®ë, â ª ª ª F (x′, φ(x′)) = 0, â® ¥à ¢¥áâ¢® ¡) ¤ ñâ  ¬

|F (x′, φ(x′′))| = |F (x′, φ(x′′))− F (x′, φ(x′))| > µ|φ(x′)− φ(x′′)|.

�®íâ®¬ã

|φ(x′)− φ(x′′)| 6 1

µ
|F (x′, φ(x′′))| 6 C

µ
∥x′ − x′′∥m.

�¥¬¬  ¤®ª §  .

�¥®à¥¬  (¤¨ää¥à¥æ¨àã¥¬®áâì ¥ï¢®© äãªæ¨¨). �ãáâì X | ®âªàëâ®¥ ¬®¦¥áâ¢® ¢ Rm,
−∞ < y∗ < y∗ < +∞,   äãªæ¨ï F ¥¯à¥àë¢    ¯à®¨§¢¥¤¥¨¨ E = X × [y∗, y

∗] ¨ ¥¯à¥àë¢®
¤¨ää¥à¥æ¨àã¥¬  ¢ãâà¨ ¥£®.

�®£¤ , ¥á«¨ F ã¤®¢«¥â¢®àï¥â ãá«®¢¨î 2) «¥¬¬ë 1 ¨ F ′
m+1 =

∂F
∂y ̸= 0 ¢ãâà¨ E, â® ãà ¢¥-

¨¥ F (x, y) = 0 § ¤ ñâ   ¬®¦¥áâ¢¥ X ¥¤¨áâ¢¥ãî ¥ï¢ãî äãªæ¨î φ ¨ ®  ¥¯à¥àë¢®
¤¨ää¥à¥æ¨àã¥¬    X.

�®ª   §   â ¥ « ì á â ¢ ®. �ãªæ¨ï y 7→ F (x, y) áâà®£® ¬®®â®  ¤«ï «î¡®£® x ¨§ X, â ª ª ª
¯à®¨§¢®¤ ï F ′

m+1 ®â«¨ç  ®â ã«ï. �®íâ®¬ã ¢ë¯®«¥ë ¢á¥ ãá«®¢¨ï «¥¬¬ë 1, £ à â¨àãî-
é¥© áãé¥áâ¢®¢ ¨¥ ¨ ¥¤¨áâ¢¥®áâì ¥ï¢®© äãªæ¨¨ φ. �ñ § ç¥¨ï ¯à¨ ¤«¥¦ â ¨â¥à¢ «ã
(y∗, y

∗).
�¡¥¤¨¬áï ¢ ¥¯à¥àë¢®áâ¨ φ ¢ ¯à®¨§¢®«ì®© â®çª¥ x0 ¨§ X. �®«®¦¨¬ y0 = φ(x0). �®£¤ 

y∗ < y0 < y∗ ¨, á«¥¤®¢ â¥«ì®, áãé¥áâ¢ã¥â áâ®«ì ¬ «®¥ ç¨á«® � > 0, çâ® [y0−�, y0+�] ⊂ (y∗, y
∗).

�âà®£® ¬®®â® ï äãªæ¨ï y 7→ F (x0, y) ¬¥ï¥â § ª ¢ â®çª¥ y0: F (x0, y0−�)F (x0, y0+�) < 0.
�®áª®«ìªã äãªæ¨ï F ¥¯à¥àë¢ , áãé¥áâ¢ã¥â â ª®¥ ç¨á«® δ > 0, çâ® B = Bδ(x0) ⊂ X ¨

F (x, y0 −�)F (x, y0 +�) < 0 ¤«ï ¢á¥å x ¨§ B.

� ª¨¬ ®¡à §®¬, ¢á¥ § ç¥¨ï ¥ï¢®© äãªæ¨¨ φ, ¯à¨¨¬ ¥¬ë¥ ¥î ¢ è à¥ B, «¥¦ â ¬¥¦¤ã
y0 −� ¨ y0 +�.

�®«®¦¨¬ µ = 1
2

∣∣F ′
m+1(x0, y0)

∣∣, µ > 0, ¨ C = 2∥gradF (x0, y0)∥m+1. � ª ª ª äãªæ¨ï F
¥¯à¥àë¢® ¤¨ää¥à¥æ¨àã¥¬ , â® ç¨á«  δ ¨ � ¬®¦® ¢ë¡à âì áâ®«ì ¬ «ë¬¨, çâ®∣∣F ′

m+1(x, y)
∣∣ > µ ¨ ∥gradF (x, y)∥m+1 6 C, ¥á«¨ x ∈ B ¨ |y − y0| < �.
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�¥à¢®¥ ¥à ¢¥áâ¢® ¤ ñâ  ¬ ®æ¥ªã á¨§ã: á®£« á® ä®à¬ã«¥ ª®¥çëå ¯à¨à é¥¨© ¯à¨ ¥ª®-
â®à®¬ y ¨§ ¯à®¬¥¦ãâª  [y′, y′′] ¬ë ¨¬¥¥¬

|F (x, y′′)− F (x, y′)| =
∣∣F ′

m+1(y)
∣∣ · |y′′ − y′| > µ|y′′ − y′|, ¥á«¨ x ∈ B ¨ y′, y′′ ∈ [y0 −�, y0 +�],

  ¢â®à®¥ | ®æ¥ªã á¢¥àåã

|F (x′′, y)− F (x′, y)| 6 C∥(x′′, y)− (x′, y)∥m+1 = C∥x′′ − x′∥m, ¥á«¨ x′, x′′ ∈ B ¨ |y − y0| < �.

�®íâ®¬ã ¬®¦® ¢®á¯®«ì§®¢ âìáï «¥¬¬®© 2, § ¬¥¨¢ ¢ ¥© ¬®¦¥áâ¢® X è à®¬ B,   ¯à®¬¥¦ãâ®ª
[y∗, y

∗] | ¯à®¬¥¦ãâª®¬ [y0 −�, y0 + �]. �«¥¤®¢ â¥«ì®, ¢ è à¥ B ¥ï¢ ï äãªæ¨ï φ ã¤®¢«¥-
â¢®àï¥â ãá«®¢¨î �¨¯è¨æ .

�®ª ¦¥¬ â¥¯¥àì ¤¨ää¥à¥æ¨àã¥¬®áâì φ ¢ x0 =
(
x◦1, . . . , x

◦
m

)
. �«ï íâ®£® ¢®á¯®«ì§ã¥¬áï

¤¨ää¥à¥æ¨àã¥¬®áâìî äãªæ¨¨ F ¢ â®çª¥ (x0, y0):

F (x, y) = F (x0, y0) +

m∑
j=1

lj · (xj − x◦j ) + lm+1 · (y − y0) + ∥(x, y)− (x0, y0)∥m+1 α(x, y),

£¤¥ (l1, . . . , lm, lm+1) = gradF (x0, y0),   äãªæ¨ï α ¥¯à¥àë¢  ¢ â®çª¥ (x0, y0) ¨ α(x0, y0) = 0.
�§ï¢ y = φ(x), £¤¥ x ∈ B, ¬ë ¯®«ãç¨¬ (â ª ª ª F (x, φ(x)) = F (x0, φ(x0)) = 0):

0 =
m∑
j=1

lj · (xj − x◦j ) + lm+1 · (φ(x)− φ(x0)) + ∥(x, φ(x))− (x0, φ(x0))∥m+1 α(x, φ(x)).

�®áª®«ìªã lm+1 = F ′
m+1(x0, y0) ̸= 0, ®âáî¤  á«¥¤ã¥â, çâ®

φ(x) = φ(x0) +

m∑
j=1

Aj · (xj − x◦j ) + ∥x− x0∥m β(x),

£¤¥

Aj = − lj
lm+1

= −
F ′
j(x0, y0)

F ′
m+1(x0, y0)

¨ ¯à¨ x ̸= x0

β(x) = − α(x, φ(x))

lm+1∥x− x0∥m
∥(x, φ(x))− (x0, φ(x0))∥m+1.

�à®¢¥à¨¬, çâ® limx0 β = 0. � ª ª ª äãªæ¨ï φ ã¤®¢«¥â¢®àï¥â ãá«®¢¨î �¨¯è¨æ  ¢ è à¥ B, â®

∥(x, φ(x))− (x0, φ(x0))∥m+1 =
√

∥x− x0∥2m + (φ(x)− φ(x0))2 = O
(
∥x− x0∥m

)
.

� ª¨¬ ®¡à §®¬,

|β(x)| 6 const |α(x, φ(x))| −→
x→x0

const |α(x0, φ(x0))| = const |α(x0, y0)| = 0.

�â ª, ¥ï¢ ï äãªæ¨ï φ ¤¨ää¥à¥æ¨àã¥¬  ¢ ¯à®¨§¢®«ì®© â®çª¥ x0 ¨§ X ¨

φ′
j(x0) = Aj = −

F ′
j(x0, y0)

F ′
m+1(x0, y0)

= −
F ′
j(x0, φ(x0))

F ′
m+1(x0, φ(x0))

.
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� ç¨á«¨â¥«¥ ¨ § ¬¥ â¥«¥ áâ®ïâ áã¯¥à¯®§¨æ¨¨ ¥¯à¥àë¢ëå äãªæ¨©, ¯à¨çñ¬ ¯® ãá«®¢¨î § -
¬¥ â¥«ì ¨£¤¥ ¥ ®¡à é ¥âáï ¢ ã«ì. �«¥¤®¢ â¥«ì®, ¤à®¡ì ¥¯à¥àë¢ , â.¥. äãªæ¨ï φ ¥¯à¥-
àë¢® ¤¨ää¥à¥æ¨àã¥¬  ¢ ¯à®¨§¢®«ì®© â®çª¥ x0 ¨§ X. �¥®à¥¬  ¤®ª §  .

�ãé¥áâ¢¥ë© ¥¤®áâ â®ª â¥®à¥¬ë | á«¨èª®¬ á¨«ìë¥ ¯à¥¤¯®«®¦¥¨ï. � à¥ «ì®© á¨âã-
 æ¨¨ ç é¥ ¢á¥£® à¥è ¥âáï (®â®á¨â¥«ì® y) ãà ¢¥¨¥ F (x1, . . . , xm, y) = 0 á £« ¤ª®© äãªæ¨¥©
F ,   ¨ä®à¬ æ¨¨ ® ¯à®¬¥¦ãâª¥ [y∗, y

∗] ¥â (á¬. ¯à¨¬¥àë 1 ¨ 2). �ñ ¬®¦® ¨§¢«¥çì ¨§ ¤àã£¨å
¯à¥¤¯®«®¦¥¨© ® äãªæ¨¨ F | à ¢¥áâ¢  F (x0, y0) = 0 ¨ ¥à ¢¥áâ¢  ∂F

∂y (x0, y0) ̸= 0. �¤ ª®

§  íâ® ®á« ¡«¥¨¥ ¯à¥¤¯®«®¦¥¨© ¯à¨å®¤¨âáï ¯« â¨âì | £ à â¨àã¥âáï áãé¥áâ¢®¢ ¨¥ ¥ï¢®©
äãªæ¨¨ «¨èì ¢¡«¨§¨ â®çª¨ x0.

�¥®à¥¬  (¤¨ää¥à¥æ¨àã¥¬®áâì ¥ï¢®© äãªæ¨¨ | «®ª «ìë© ¢ à¨ â). �ãáâì äãªæ¨ï
F : E → R ¥¯à¥àë¢® ¤¨ää¥à¥æ¨àã¥¬    ®âªàëâ®¬ ¬®¦¥áâ¢¥ E, E ⊂ Rm+1,   â®çª  (x0, y0)
¨§ E (x0 ∈ Rm, y0 ∈ R) â ª®¢ , çâ®

F (x0, y0) = 0 ¨ F ′
m+1(x0, y0) =

∂F

∂y
(x0, y0) ̸= 0.

�®£¤  ¢¡«¨§¨ (x0, y0) ãà ¢¥¨¥ F (x, y)=0 § ¤ ñâ ¥¤¨áâ¢¥ãî äãªæ¨î, à ¢ãî y0 ¢ â®çª¥
x0, ¨ íâ  äãªæ¨ï £« ¤ª ï: áãé¥áâ¢ãîâ â ª®© è à B, B ⊂ Rm, á æ¥âà®¬ ¢ x0 ¨ â ª®¥ ç¨á«®
�>0, çâ®

1) B × (y0 −�, y0 +�) ⊂ E;
2) ¤«ï «î¡®£® x ¨§ B áãé¥áâ¢ã¥â ¥¤¨áâ¢¥®¥ ç¨á«® φ(x) ∈ (y0−�, y0+�), ã¤®¢«¥â¢®àïîé¥¥

ãà ¢¥¨î F (x, φ(x)) = 0; ¢ ç áâ®áâ¨ φ(x0) = y0;
3) äãªæ¨ï φ ¥¯à¥àë¢® ¤¨ää¥à¥æ¨àã¥¬    B;
4) ¤«ï ¢á¥å j = 1, . . . ,m ¨ x ∈ B

φ′
j(x) =

∂φ

∂xj
(x) = −

∂F
∂xj

(x, φ(x))

∂F
∂y (x, φ(x))

= −
F ′
j(x, φ(x))

F ′
m+1(x, φ(x))

.

�®¢®àï ¨ë¬¨ á«®¢ ¬¨, ¢¡«¨§¨ (x0, y0) ¬®¦¥áâ¢® {(x, y) ∈ E |F (x, y) = 0} ãáâà®¥® ¯à®áâ®
| íâ® £à ä¨ª £« ¤ª®© äãªæ¨¨ m ¯¥à¥¬¥ëå.

�«¥¤ã¥â ®á®¡® ®â¬¥â¨âì à®«ì ãá«®¢¨ï F ′
m+1(x0, y0) ̸= 0. � ¯à¨¬¥à¥ 1 ®®  àãè¥® ¯à¨

x0 = ±1,   ¢ ¯à¨¬¥à¥ 2 | ¥éñ ¨ ¯à¨ x0 = 0. �â® ¯à¨¢¥«® ª ®âáãâáâ¢¨î ¥ï¢®© äãªæ¨¨ ¢
®ªà¥áâ®áâïå â®ç¥ª ±1 (¢ ®¡®¨å ¯à¨¬¥à å) ¨ ¥ñ ¥¥¤¨áâ¢¥®áâ¨ ¢¡«¨§¨ ã«ï (¢ ¯à¨¬¥à¥ 2).

� ® ª   §   â ¥ « ì á â ¢ ®. �®áª®«ìªã (x0, y0) | ¢ãâà¥ïï â®çª  ¬®¦¥áâ¢  E, ¤«ï ¤®áâ â®ç-
® ¬ «ëå ¯®«®¦¨â¥«ìëå ç¨á¥« δ ¨ � ¬ë ¯®«ãç¨¬ Bδ(x0) × [y0 − �, y0 + �] ⊂ E. � ª ª ª
F ′
m+1(x0, y0) ̸= 0, â® ç¨á«  δ ¨ � ¬®¦® ¢ë¡à âì áâ®«ì ¬ «ë¬¨, çâ® F ′

m+1(x, y) ̸=0, ¥á«¨ x∈Bδ(x0)
¨ |y − y0|6�. �®£¤  ¤«ï «î¡®£® x ¨§ è à  Bδ(x0) äãªæ¨ï y 7→ F (x, y) áâà®£® ¬®®â®   
[y0−�, y0+�],   â ª ª ª F (x0, y0)=0, â® F (x0, y0−�)F (x0, y0+�)<0. �® â¥®à¥¬¥ ® áâ ¡¨«¨§ -
æ¨¨ § ª  íâ® ¥à ¢¥áâ¢® á®åà ï¥âáï ¯à¨ § ¬¥¥ x0 ¤®áâ â®ç® ¡«¨§ª®© â®çª®© x. �¬¥ìè¨¢
¢ á«ãç ¥ ¥®¡å®¤¨¬®áâ¨ à ¤¨ãá δ, ¬ë ¬®¦¥¬ áç¨â âì, çâ®

F (x, y0 −�)F (x, y0 +�) < 0, ¥á«¨ x ∈ Bδ(x0).

� à¥§ã«ìâ â¥ ¬ë ®ª §ë¢ ¥¬áï ¢ ãá«®¢¨ïå ¯à¥¤ë¤ãé¥© â¥®à¥¬ë á [y∗, y
∗] = [y0 − �, y0 + �] ¨

X = Bδ(x0). �  £ à â¨àã¥â áãé¥áâ¢®¢ ¨¥ ¥¤¨áâ¢¥®© ¥ï¢®© äãªæ¨¨ φ : Bδ(x0) →
(y0 −�, y0 +�) ¨ ¥ñ ¥¯à¥àë¢ãî ¤¨ää¥à¥æ¨àã¥¬®áâì ¢ è à¥ Bδ(x0). �¥®à¥¬  ¤®ª §  .

�«¥¤áâ¢¨¥. �á¯®«ì§ãï ¢ëà ¦¥¨ï ç áâëå ¯à®¨§¢®¤ëå ¥ï¢®© äãªæ¨¨ φ ç¥à¥§ ¯à®¨§-
¢®¤ë¥ äãªæ¨¨ F , ãà ¢¥¨¥ ª á â¥«ì®© ª £à ä¨ªã φ ¢ â®çª¥ (x0, y0) = (x0, φ(x0))

y = φ(x0) + ⟨gradφ(x0), x− x0⟩ = y0 +
m∑
j=1

φ′
j(x0)(xj − x◦j )
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¬®¦® § ¯¨á âì ¢ ¢¨¤¥

F ′
m+1(x0, y0)(y − y0) = −

m∑
j=1

F ′
j(x0, y0)(xj − x◦j ) ¨«¨ ⟨gradF (x0, y0), (x− x0, y − y0)⟩ = 0.

�à¨¬¥à 3. � áá¬®âà¨¬  «£¥¡à ¨ç¥áª®¥ ãà ¢¥¨¥ ym + a1y
m−1 + . . . + am−1y + am = 0 á

¢¥é¥áâ¢¥ë¬¨ ª®íää¨æ¨¥â ¬¨ a1, . . . , am. �ãáâì y = b | ¥£® ¢¥é¥áâ¢¥ë© ª®à¥ì. � ª ®
¨§¬¥¨âáï, ¥á«¨ ¥¬®£® ¨§¬¥¨âì ª®íää¨æ¨¥âë ãà ¢¥¨ï?

�¦¥ ¯à¨ m = 2   ¯à¨¬¥à¥ ãà ¢¥¨ï y2 + a = 0 ¢¨¤®, çâ® ¯à¨ a < 0 ¬ «®¥ ¨§¬¥¥¨¥
íâ®£® ª®íää¨æ¨¥â  ¯à¨¢®¤¨â ª ¯« ¢®¬ã ¨§¬¥¥¨î ª®à¥© | ®¨ ®áâ îâáï ¢¥é¥áâ¢¥ë¬¨ ¨
\å®à®è® § ¢¨áïâ" ®â a (äãªæ¨ï a 7→

√
−a ¡¥áª®¥ç® ¤¨ää¥à¥æ¨àã¥¬  ¢ «î¡®© â®çª¥ a, a < 0).

�® ¯à¨ a = 0 á¨âã æ¨ï á®¢á¥¬ ¤àã£ ï: ¢áñ § ¢¨á¨â ®â â ª®£®, ¢ ª ªãî áâ®à®ã ¡ã¤¥â ¨§¬¥ñ
ã«¥¢®© ª®íää¨æ¨¥â. �á«¨ ® áâ « ®âà¨æ â¥«ìë¬, â® ¢¬¥áâ® ¥¤¨áâ¢¥®£® ¢¥é¥áâ¢¥®£®
ª®àï y = 0 ¬ë ¯®«ãç¨¬ ¯ àã ¢¥é¥áâ¢¥ëå ª®à¥©, ª®â®àë¥ \¯«®å® § ¢¨áïâ" ®â a (äãªæ¨ï
a 7→

√
−a ¥ ¤¨ää¥à¥æ¨àã¥¬  ¢ ã«¥). �á«¨ ¦¥ ã«¥¢®© ª®íää¨æ¨¥â § ¬¥¨âì ¯®«®¦¨â¥«ìë¬

(áª®«ì ã£®¤® ¬ «ë¬!), â® ¢¥é¥áâ¢¥ë¥ ª®à¨ ¨áç¥§ îâ ¢®¢á¥.
� ãà ¢¥¨ï¬¨ ¡®«¥¥ ¢ëá®ª¨å áâ¥¯¥¥© á¨âã æ¨ï ¢¯®«¥   «®£¨ç ï. � à¨á®¢ ¢ íáª¨§ £à -

ä¨ª  ¬®£®ç«¥ , ¥âàã¤® ¤®£ ¤ âìáï, çâ® ¯à®áâ®© (â.¥. ¥ ªà âë©) ª®à¥ì ãà ¢¥¨ï ãáâ®©-
ç¨¢ ª ¬ «®¬ã ¨§¬¥¥¨î ª®íää¨æ¨¥â®¢ ¬®£®ç«¥  | ® à ¢¥ § ç¥¨î ¥ª®â®à®© ¥¯à¥àë¢-
® ¤¨ää¥à¥æ¨àã¥¬®© äãªæ¨¨ ®â ¯¥à¥¬¥ëå a1, . . . , am. �á«¨ ¦¥ ª®à¥ì ªà âë©, â® ¬ «®¥
¨§¬¥¥¨¥ ª®íää¨æ¨¥â®¢ ¬®£®ç«¥  ¬®¦¥â ¯à¨¢¥áâ¨ ª ª ª ¨áç¥§®¢¥¨î íâ®£® ª®àï, â ª ¨
ª § ¬¥¥ ¥£® ¥áª®«ìª¨¬¨ ®¢ë¬¨ ª®àï¬¨. � ¯à¨¬¥à, ãà ¢¥¨¥ y3 = 0 ¨¬¥¥â ¥¤¨áâ¢¥ë©
ª®à¥ì y = 0 (ªà â®áâ¨ âà¨),   ¡«¨§ª®¥ ãà ¢¥¨¥ y3+ ay = 0 á ®âà¨æ â¥«ìë¬ (¨ áª®«ì ã£®¤®
¬ «ë¬) ª®íää¨æ¨¥â®¬ a ¨¬¥¥â âà¨ à §«¨çëå ª®àï (¤¢  ¨§ ¨å \¯«®å® § ¢¨áïâ" ®â a).

�®á¯®«ì§ã¥¬áï «®ª «ìë¬ ¢ à¨ â®¬ â¥®à¥¬ë ® ¥ï¢®© äãªæ¨¨, çâ®¡ë ¯à¨¤ âì áâà®£®áâì
íâ¨¬ ¤®£ ¤ª ¬. �«ï íâ®£® ®¯à¥¤¥«¨¬   Rm+1 ¡¥áª®¥ç® ¤¨ää¥à¥æ¨àã¥¬ãî äãªæ¨î F :

F (x, y) = ym + x1 y
m−1 + . . .+ xm−1 y + xm ¤«ï «î¡ëå x ∈ Rm ¨ y ∈ R.

�ãáâì ¯à¨ ¥ª®â®à®¬ ¢ë¡®à¥ ª®íää¨æ¨¥â®¢ x0 = a = (a1, . . . , am) ãà ¢¥¨¥ F (a, y) = 0, â.¥.

ym + a1 y
m−1 + . . .+ am−1 y + am = 0

¨¬¥¥â ¢¥é¥áâ¢¥ë© ª®à¥ì y = b: F (a, b) = 0. �®£« á® â¥®à¥¬¥, ¥á«¨ F ′
m+1(a, b) ̸= 0, â®

¤«ï  ¡®à  ª®íää¨æ¨¥â®¢ x = (x1, . . . , xm) ¤®áâ â®ç® ¡«¨§ª®£® ª a = (a1, . . . , am) ãà ¢¥¨¥
F (x, y) = 0 ¨¬¥¥â ¥¤¨áâ¢¥ë© ª®à¥ì y = φ(x), «¥¦ é¨© ®ª®«® â®çª¨ b, ¯à¨çñ¬ äãªæ¨ï φ
¥¯à¥àë¢® ¤¨ää¥à¥æ¨àã¥¬  ¢¡«¨§¨ â®çª¨ a (ª®à¥ì ãà ¢¥¨ï ¯« ¢® ¬¥ï¥âáï ¯à¨ ¨§¬¥-
¥¨¨ ª®íää¨æ¨¥â®¢). �áâ ñâáï § ¬¥¨âì, çâ® ¥à ¢¥áâ¢ã F ′

m+1(a, b) ̸= 0 ã¤®¢«¥â¢®àïîâ ¢á¥
¯à®áâë¥ ª®à¨ ãà ¢¥¨ï F (a, y) = 0. �á«¨ ¦¥ ª®à¥ì ªà âë©, â® íâ  ¯à®¨§¢®¤ ï à ¢  ã«î,
â.¥. ãá«®¢¨¥ â¥®à¥¬ë ¥ ¢ë¯®«¥®.

§2. �¡à â®¥ ®â®¡à ¦¥¨¥

�® á â    ® ¢ ª   §   ¤   ç ¨. �ãáâì E | ®âªàëâ®¥ ¬®¦¥áâ¢® ¢ Rm ¨ F : E → Rm | ¥¯à¥-
àë¢® ¤¨ää¥à¥æ¨àã¥¬®¥ ®â®¡à ¦¥¨¥. � ª ª®¬ á«ãç ¥ ¬®¦® £ à â¨à®¢ âì áãé¥áâ¢®¢ ¨¥
®¡à â®£® ®â®¡à ¦¥¨ï F−1 ¨ ¥£® ¥¯à¥àë¢ãî ¤¨ää¥à¥æ¨àã¥¬®áâì?

�à¨ m = 1 (E ¨â¥à¢ « ¢ R) ®â¢¥â   íâ®â ¢®¯à®á ®ç¥¢¨¤¥ | ã¦®, çâ®¡ë ¯à®¨§¢®¤ ï
äãªæ¨¨ F ¥ ®¡à é « áì ¢ ã«ì   íâ®¬ ¨â¥à¢ «¥. �®£¤  ®  á®åà ï¥â § ª   ñ¬, ¯®íâ®¬ã
äãªæ¨ï F áâà®£® ¬®®â®  ¨, á«¥¤®¢ â¥«ì®, áãé¥áâ¢ã¥â ®¡à â ï äãªæ¨ï G = F−1, § ¤ -
 ï   ¯à®¬¥¦ãâª¥ F (E). �®áª®«ìªã F áâà®£® ¬®®â®    ¨â¥à¢ «¥ E, ¯à®¬¥¦ãâ®ª F (E),
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®ç¥¢¨¤®, ®âªàëâ. �à¨ íâ®¬ äãªæ¨ï G ¢áî¤ã ¤¨ää¥à¥æ¨àã¥¬  ¨ G′(y) = 1
F ′(G(y)) ¤«ï «î¡®£®

y ¨§ F (E). � ç áâ®áâ¨, äãªæ¨ï G′ ¥¯à¥àë¢ . � ª¨¬ ®¡à §®¬, ãà ¢¥¨¥ F (x) = y ¨¬¥¥â
\å®à®è¥¥" à¥è¥¨¥: ¤«ï ¢á¥å ç¨á¥« y ¨§ F (E)  ©¤ñâáï â ª®¥ ç¨á«® x = G(y), çâ® F (G(y)) = y,
íâ® à¥è¥¨¥ ¥¤¨áâ¢¥® ¨ £« ¤ª¨¬ ®¡à §®¬ § ¢¨á¨â ®â ¯ à ¬¥âà  y, áâ®ïé¥£® ¢ ¯à ¢®© ç áâ¨
ãà ¢¥¨ï.

� ªà â®¬ á«ãç ¥ (â.¥. ¯à¨ m > 1) ¢¬¥áâ® ®¤®£® ãà ¢¥¨ï à áá¬ âà¨¢ ¥âáï á¨áâ¥¬  m
ãà ¢¥¨© ®â®á¨â¥«ì® ¯¥à¥¬¥ëå x1, . . . , xm

F1(x1, . . . , xm) = y1

. . . . . . . . . . . . . . .

Fm(x1, . . . , xm) = ym.

�à §ã ¢®§¨ª îâ ¥áâ¥áâ¢¥ë¥ ¢®¯à®áë. �«ï ª ª¨å § ç¥¨© ¯ à ¬¥âà®¢ y1, . . . , ym ®  ¨¬¥-
¥â à¥è¥¨¥? �®ª «ìë© ¢ à¨ â íâ®£® ¢®¯à®á : ¥á«¨ á¨áâ¥¬  ¨¬¥¥â à¥è¥¨¥ x◦1, . . . , x

◦
m ¯à¨

¥ª®â®à®¬  ¡®à¥ ¯ à ¬¥âà®¢ y◦1 , . . . , y
◦
m, áâ®ïé¨å ¢ ¯à ¢ëå ç áâïå ãà ¢¥¨©, â® ¬®¦® «¨

ãâ¢¥à¦¤ âì, çâ® ¨å ¥¡®«ìè®¥ ¨§¬¥¥¨¥ ¥ á¤¥« ¥â á¨áâ¥¬ã ¥à §à¥è¨¬®©? � ç¥ £®¢®àï, ¢¥à-
® «¨, çâ® ¤«ï ¢áïª®£® ¢¥ªâ®à  y = (y1, . . . , ym) ¤®áâ â®ç® ¡«¨§ª®£® ª ¢¥ªâ®àã y0 = (y◦1 , . . . , y

◦
m)

(â.¥. â ª®£®, çâ® ®à¬  ∥y − y0∥m ¬ « ) à áá¬ âà¨¢ ¥¬ ï á¨áâ¥¬  ãà ¢¥¨© ¯®-¯à¥¦¥¬ã ¡ã-
¤¥â ¨¬¥âì ª ª®¥-â® à¥è¥¨¥ x = (x1, . . . , xm)? � ª¨¬ ®¡à §®¬, à áá¬®âà¥¢ ®â®¡à ¦¥¨¥ F á
ª®®à¤¨ âë¬¨ äãªæ¨ï¬¨ F1, . . . , Fm, § ¤ ®¥ ¢¡«¨§¨ x0 = (x◦1, . . . , x

◦
m), ¬ë ¯à¨å®¤¨¬ ª § -

¤ ç¥ ®¡à é¥¨ï íâ®£® ®â®¡à ¦¥¨ï ¢¡«¨§¨ â®çª¨ y0 = F (x0). � §ã¬¥¥âáï, à¥è¥¨¥ ãà ¢¥¨ï
y = F (x) § ¢¨á¨â ®â y: x = G(y), £¤¥ G | ¥ª®â®à®¥ ®â®¡à ¦¥¨¥, ®¯à¥¤¥«ñ®¥ ¢¡«¨§¨ â®ç-
ª¨ y0, G(y0) = x0. �ã¤¥â «¨ íâ® à¥è¥¨¥ x = (x1, . . . , xm) \å®à®è® § ¢¨á¥âì" ®â ¯ à ¬¥âà®¢
y = (y1, . . . , ym)? �®ç¥¥, ¡ã¤¥â «¨ ®â®¡à ¦¥¨¥ G ¥¯à¥àë¢® ¤¨ää¥à¥æ¨àã¥¬ë¬ ¢ ®ªà¥áâ®-
áâ¨ â®çª¨ y0? � §ã¬¥¥âáï, ¢ ¯¥à¢ãî ®ç¥à¥¤ì ¥®¡å®¤¨¬® ®¡¥á¯¥ç¨âì áãé¥áâ¢®¢ ¨¥ ®¡à â®£®
®â®¡à ¦¥¨ï,   § â¥¬ ¢ëïáïâì, ª ª¨¥ ¤®¯®«¨â¥«ìë¥ ¯à¥¤¯®«®¦¥¨ï £ à â¨àãîâ ¥£® ¥¯à¥-
àë¢ãî ¤¨ää¥à¥æ¨àã¥¬®áâì.

�â¬¥â¨¬ áãé¥áâ¢¥®¥ ®â«¨ç¨¥ ªà â®© § ¤ ç¨ (m > 1) ®â ®¤®¬¥à®©. �  ¯àï¬®© ¨§  «¨-
ç¨ï «®ª «ì®£® à¥è¥¨ï ãà ¢¥¨ï ¢¡«¨§¨ ª ¦¤®© â®çª¨ ¢ëâ¥ª ¥â áãé¥áâ¢®¢ ¨¥ £«®¡ «ì®£®
à¥è¥¨ï (¥¯à¥àë¢ ï äãªæ¨ï ¢§ ¨¬® ®¤®§ ç ï ¢¡«¨§¨ ª ¦¤®© â®çª¨ ¯à®¬¥¦ãâª  ¢§ ¨¬-
® ®¤®§ ç    ¢áñ¬ ¯à®¬¥¦ãâª¥, ¯®áª®«ìªã «®ª «ì ï áâà®£ ï ¬®®â®®áâì äãªæ¨¨ ¢«¥çñâ
¥ñ ¬®®â®®áâì   ¢áñ¬ ¯à®¬¥¦ãâª¥). � ªà â®¬ á«ãç ¥ á¨âã æ¨ï § ç¨â¥«ì® á«®¦¥¥.

�à¨¬¥à 1. �ãáâì E = R × (0,+∞) | ¢¥àåïï ¯®«ã¯«®áª®áâì. � áá¬®âà¨¬ ¡¥áª®¥ç®
¤¨ää¥à¥æ¨àã¥¬®¥ ®â®¡à ¦¥¨¥ F íâ®£® ®âªàëâ®£® ¬®¦¥áâ¢  ¢ R2, ¤¥©áâ¢ãîé¥¥ ¯® ¯à ¢¨«ã
F (θ, r) = (r cos θ, r sin θ) ¤«ï «î¡®© â®çª¨ (θ, r) ¨§ E. �¥®¬¥âà¨ç¥áª¨© á¬ëá« íâ®£® ¯à¥®¡à §®-
¢ ¨ï ®ç¥¢¨¤¥ | ¢®ááâ ®¢«¥¨¥ ¤¥ª àâ®¢ëå ª®®à¤¨ â â®çª¨ ¯® ¥ñ ¯®«ïàë¬ ª®®à¤¨ â ¬.
�á®, çâ® F (E) = R2 \{O2} ¨ ®â®¡à ¦¥¨¥ F ¥ ¢§ ¨¬® ®¤®§ ç® (¨§-§  ¯¥à¨®¤¨ç®áâ¨ ¯® ¯¥-
à¥¬¥®© θ). �®íâ®¬ã ®® ¥ ®¡à â¨¬®   ¢áñ¬ ¬®¦¥áâ¢¥ F (E). � â® ¦¥ ¢à¥¬ï ¤«ï «î¡ëå ç¨á¥«
θ0 ¨ r0 > 0 áãé¥áâ¢ã¥â â ª ï ®ªà¥áâ®áâì U â®çª¨ (θ0, r0), çâ® áã¦¥¨¥ F   íâã ®ªà¥áâ®áâì ¢§ -
¨¬® ®¤®§ ç®. � ¯à¨¬¥à, ¬®¦® ¢§ïâì ®âªàëâë© ¯àï¬®ã£®«ì¨ª U = (θ0−π, θ0+π)×(0, 2r0).

�éñ ®¤® ¯à¥¨¬ãé¥áâ¢® ®¤®¬¥à®© á¨âã æ¨¨ ®¡¥á¯¥ç¨¢ ¥âáï â¥®à¥¬®© ® á®åà ¥¨¨ ¯à®-
¬¥¦ãâª . �  ¯®§¢®«ï¥â «¥£ª® ®¯¨á âì ®¡à § ¯à®¬¥¦ãâª  ¤«ï «î¡®© ¥¯à¥àë¢®© äãªæ¨¨.
� ç áâ®áâ¨, ¥á«¨ äãªæ¨ï F áâà®£® ¬®®â® ,   ¯à®¬¥¦ãâ®ª E ®âªàëâ, â® F (E) | â®¦¥
®âªàëâë© ¯à®¬¥¦ãâ®ª. � ªà â®¬ á«ãç ¥ ¥â ¯®ïâ¨ï ¬®®â®®áâ¨, ¨ ¯®íâ®¬ã ¬ë «¨è¥ë
â ª®£® ¯à®áâ®£® ¨ íää¥ªâ¨¢®£® áà¥¤áâ¢  ¤«ï ®¯¨á ¨ï ®¡à §  ¤ ¦¥ ¤«ï \¯à®áâëå" ¬®¦¥áâ¢
¨§ Rm (è àë, ¯àï¬®ã£®«ìë¥ ¯ à ««¥«¥¯¨¯¥¤ë ¨ â.¯.). � ¯à¨¬¥à, ¢ë§ë¢ ¥â ¥¬ «®¥ § âàã¤¥-
¨¥ ¢®¯à®á \� ª¨¥ â®çª¨ ®âªàëâ®£® ¬®¦¥áâ¢  E, E ⊂ Rm, ¯¥à¥¢®¤ïâáï £« ¤ª¨¬ ®â®¡à ¦¥¨¥¬
F ¢® ¢ãâà¥¨¥ â®çª¨ ¬®¦¥áâ¢  F (E)?" �à¨ íâ®¬ ¯à¥¤¯®«®¦¥¨ï ® áâà®£®© ¬®®â®®áâ¨
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ª®®à¤¨ âëå äãªæ¨© ¯® ª ¦¤®© ¯¥à¥¬¥®© ¨ç¥£® ¥ ¤ îâ. �â®¡ë ã¡¥¤¨âìáï ¢ íâ®¬, ¤®áâ -
â®ç® à áá¬®âà¥âì «¨¥©®¥ ®â®¡à ¦¥¨¥, ª®â®à®¬ã á®®â¢¥âáâ¢ã¥â ¬ âà¨æ  á ¯®«®¦¨â¥«ìë¬¨
í«¥¬¥â ¬¨ (ª ª á«¥¤ã¥â ¨§ «¥¬¬ë ® ¢§ ¨¬® ®¤®§ çëå «¨¥©ëå ®â®¡à ¦¥¨ïå, ¢ ¦ë ¥
§ ª¨ í«¥¬¥â®¢ ¬ âà¨æë,   ¥ñ à £).

�â¬¥ç¥ë¥ § âàã¤¥¨ï ¢ëã¦¤ îâ ¢ ªà â®¬ á«ãç ¥ ®£à ¨ç¨¢ âìáï ¯®«ãç¥¨¥¬ «®ª «ì-
ëå à¥§ã«ìâ â®¢. �à¨ íâ®¬ ®á®¢ ï ¨¤¥ï ¤ «ì¥©è¨å à ááã¦¤¥¨© ¤®¢®«ì  ¯à®áâ . �â® ¨¤¥ï
«¨¥ à¨§ æ¨¨ | ¯®áª®«ìªã ¢áïª®¥ \å®à®è¥¥" ®â®¡à ¦¥¨¥ «®ª «ì® \¯®çâ¨ «¨¥©®", ¬®¦®
 ¤¥ïâìáï, çâ® á¨âã æ¨ï § ç¨â¥«ì® ¯à®ïá¨âáï, ¥á«¨ à §®¡à âìáï á ã¯à®éñ®© § ¤ ç¥©, ¯®-
«ãç îé¥©áï § ¬¥®© (¢¡«¨§¨ ä¨ªá¨à®¢ ®© â®çª¨ x0) á«®¦® ãáâà®¥®£® ®â®¡à ¦¥¨ï F (x)

¡®«¥¥ ¯à®áâë¬ F̃ (x) = F (x0) +
(
dx0F

)
(x − x0). �¬¥áâ® â®£®, çâ®¡ë à¥è âì (®â®á¨â¥«ì® x)

ãà ¢¥¨¥ F (x) = y á ¯à ¢®© ç áâìî ¡«¨§ª®© ª y0 = F (x0) à áá¬ âà¨¢ ¥âáï \¯®å®¦¥¥ ãà ¢¥-

¨¥" F̃ (x) ≈ y:

F (x0) +
(
dx0F

)
(x− x0) ≈ y.

�â®¡ë ¢ë¯¨á âì ¥£® à¥è¥¨¥,  ¤® ¯à¥¤¯®«®¦¨âì ®¡à â¨¬®áâì «¨¥©®£® ®â®¡à ¦¥¨ï L =
dx0F , L ∈ Lmm. �®£¤ 

x ≈ x0 + L−1(y − y0).

� ª¨¬ ®¡à §®¬, ¢ íâ®© ã¯à®éñ®© § ¤ ç¥ ¥áâ¥áâ¢¥® ¯®ï¢«ï¥âáï ãá«®¢¨¥ L ∈ Isom (Rm), ª®â®-
à®¥ ¡ã¤¥â ¨£à âì à¥è îéãî à®«ì ¢® ¢á¥å ¤ «ì¥©è¨å à ááã¦¤¥¨ïå. � ®¤®¬¥à®© á¨âã æ¨¨
¥£® á¬ëá« á®¢¥àè¥® ®ç¥¢¨¤¥ | ¯à®¨§¢®¤ ï ¥ ®¡à é ¥âáï ¢ ã«ì. �¥§ íâ®£® ãá«®¢¨ï ¥¢®§-
¬®¦® ®¡¥á¯¥ç¨âì £« ¤ª®áâì ®¡à â®© äãªæ¨¨.

� á®¦ «¥¨î, § ¬¥  à á¯«ë¢ç â®£® á®®â®è¥¨ï \ ≈ " § ª®¬ \ = " ¯®âà¥¡ã¥â § ç¨-
â¥«ìëå ãá¨«¨©. �«ï ¯®«ãç¥¨ï ®á®¢®£® à¥§ã«ìâ â  íâ®£® ¯ à £à ä  (â¥®à¥¬  ®¡ ®¡à â®¬
®â®¡à ¦¥¨¨) ¬ë ãáâ ®¢¨¬ ¯à¥¤¢ à¨â¥«ìë¥ à¥§ã«ìâ âë, ¢ ª®â®àëå ¡ã¤¥¬ ¯®á«¥¤®¢ â¥«ì®
ã¬¥ìè âì  ¯à¨®àë¥ ¯à¥¤¯®«®¦¥¨ï ®¡ ®¡à â®¬ ®â®¡à ¦¥¨¨ F−1, áâà¥¬ïáì ¢ë¢®¤¨âì ¨å ¨§
¯à¥¤¯®«®¦¥¨© ®¡ ¨áå®¤®¬ ®â®¡à ¦¥¨¨ F . � è ¯«  â ª®¢.

1) � ãç¨âìáï ¤¨ää¥à¥æ¨à®¢ âì ®¡à â®¥ ®â®¡à ¦¥¨¥, ¥á«¨ ®® áãé¥áâ¢ã¥â ¨ ¤¨ää¥à¥-
æ¨àã¥¬®.

2) � ©â¨ ãá«®¢¨ï   ®â®¡à ¦¥¨¥, £ à â¨àãîé¨¥ ¥£® «®ª «ìãî ®¡à â¨¬®áâì.

3) � ©â¨ ãá«®¢¨ï, ®¡¥á¯¥ç¨¢ îé¨¥ ®âªàëâ®áâì ¬®¦¥áâ¢  F (E).

4) �ëïá¨âì, ¢ ª ª®¬ á«ãç ¥ ®¡à â®¥ ®â®¡à ¦¥¨¥ ¥¯à¥àë¢® ¤¨ää¥à¥æ¨àã¥¬®.

�¥¬¬  (¤¨ää¥à¥æ¨à®¢ ¨¥ ®¡à â®£® ®â®¡à ¦¥¨ï). �ãáâì E ⊂ Rm, F : E → Rm |
¢§ ¨¬® ®¤®§ ç®¥ ®â®¡à ¦¥¨¥, x0 ∈ Int (E), y0 = F (x0) ∈ Int

(
F (E)

)
. �®£¤ , ¥á«¨ ®â®¡-

à ¦¥¨¥ F ¤¨ää¥à¥æ¨àã¥¬® ¢ â®çª¥ x0,   ®â®¡à ¦¥¨¥ F−1 ¤¨ää¥à¥æ¨àã¥¬® ¢ â®çª¥ y0, â®
dx0F ∈ Isom (Rm) ¨

dy0F
−1 = (dx0F )

−1
.

� ç áâ®áâ¨, ¤«ï ¤¨ää¥à¥æ¨àã¥¬®áâ¨ ®â®¡à ¦¥¨ï, ®¡à â®£® ª ¤¨ää¥à¥æ¨àã¥¬®¬ã,
¥®¡å®¤¨¬®, çâ®¡ë ¬ âà¨æ  �ª®¡¨ F ′(x0) ¡ë«  ¥®á®¡¥®©. � â¥à¬¨ å ç áâëå ¯à®¨§¢®¤-
ëå íâ® ¥®¡å®¤¨¬®¥ ãá«®¢¨¥ á¢®¤¨âáï ª ¥à ¢¥áâ¢ã∣∣∣∣∣∣

∂F1
∂x1

(x0) . . . ∂F1
∂xm

(x0)
. . . . . . . . .

∂Fm

∂x1
(x0) . . . ∂Fm

∂xm
(x0)

∣∣∣∣∣∣ ̸= 0.

�®ª   §   â ¥ « ì á â ¢ ®. �® ãá«®¢¨î ®â®¡à ¦¥¨¥ F ¡¨¥ªâ¨¢® ®â®¡à ¦ ¥â ¬®¦¥áâ¢® E  
F (E). �ãáâì G = F−1. �®£¤  x = G

(
F (x)

)
¤«ï ¢á¥å x ¨§ E, â.¥.   E áã¯¥à¯®§¨æ¨ï G ◦ F
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á®¢¯ ¤ ¥â á â®¦¤¥áâ¢¥ë¬ ®â®¡à ¦¥¨¥¬ Id. � «®£¨ç®, Id = F ◦ G   F (E). �®áª®«ìªã
d Id = Id, ¬ë ¯®«ãç ¥¬ (á ¯®¬®éìî â¥®à¥¬ë ® ¤¨ää¥à¥æ¨à®¢ ¨¨ áã¯¥à¯®§¨æ¨¨) à ¢¥áâ¢ 

Id = dx0
(
G ◦ F

)
= dy0G ◦ dx0F,

Id = dy0
(
F ◦G

)
= dx0F ◦ dy0G.

�®íâ®¬ã ®â®¡à ¦¥¨ï dy0G ¨ dx0F ®¡à â¨¬ë ¨ dy0G =
(
dx0F

)−1
. �¥¬¬  ¤®ª §  .

�§ «¥¬¬ë á«¥¤ã¥â ¥®¡å®¤¨¬®¥ ãá«®¢¨¥ ¤¨ää¥à¥æ¨àã¥¬®áâ¨ ®â®¡à ¦¥¨ï, ®¡à â®£® ª
¤¨ää¥à¥æ¨àã¥¬®¬ã |  ¤®, çâ®¡ë ¤¨ää¥à¥æ¨ « dx0F ¡ë« ®¡à â¨¬. �â® ¬®¦® ¯à®¨««î-
áâà¨à®¢ âì â ª¨¬ ¯à®áâë¬ ¯à¨¬¥à®¬.

�à¨¬¥à 2. �ãáâì m = 1, E = R ¨ F (x) = x3. �â®, ®ç¥¢¨¤®, ¡¨¥ªæ¨ï ¨ F−1(y) = 3
√
y

¤«ï «î¡®£® ¢¥é¥áâ¢¥®£® y. �à®¬¥ â®£®, ®¡  ®â®¡à ¦¥¨ï F ¨ F−1 ¥¯à¥àë¢ë   R. �¥¬
¥ ¬¥¥¥, å®âï äãªæ¨ï F ¥¯à¥àë¢® ¤¨ää¥à¥æ¨àã¥¬  ¢áî¤ã   R, ®¡à â ï äãªæ¨ï ¥
¤¨ää¥à¥æ¨àã¥¬  ¢ ã«¥.

�¯à¥¤¥«¥¨¥. �ãáâì x0 | ¢ãâà¥ïï â®çª  ¬®¦¥áâ¢  E, E ⊂ Rm, ¨ ®â®¡à ¦¥¨¥ F :
E → Rm ¤¨ää¥à¥æ¨àã¥¬® ¢ x0. �®çªã x0 ¡ã¤¥¬  §ë¢ âì ªà¨â¨ç¥áª®© â®çª®© ®â®¡à ¦¥¨ï
F , ¥á«¨ ¬ âà¨æ  �ª®¡¨ F ′(x0) ¥®¡à â¨¬ , â.¥. ¥á«¨ detF ′(x0) = det

(
∂Fk

∂xj
(x0)

)
16k,j6m

= 0.

� ª¨¬ ®¡à §®¬, ¤«ï ¤¨ää¥à¥æ¨àã¥¬®áâ¨ ®¡à â®£® ®â®¡à ¦¥¨ï ¢ â®çª¥ y0 = F (x0) ¥®¡-
å®¤¨¬®, çâ®¡ë x0 ¡ë«  ¥ ªà¨â¨ç¥áª®©. � ¯à¨¬¥à¥ 2 â ª®¢ë ¢á¥ â®çª¨ x ̸= 0,   0 | ªà¨â¨ç¥áª ï
â®çª . � á®¦ «¥¨î ¥ªà¨â¨ç®áâì â®çª¨ | «¨èì ¥®¡å®¤¨¬®¥, ® ¥ ¤®áâ â®ç®¥ ãá«®¢¨¥
¤¨ää¥à¥æ¨àã¥¬®áâ¨ ®¡à â®£® ®â®¡à ¦¥¨ï. �® ¥ ®¡¥á¯¥ç¨¢ ¥â ®¡à â¨¬®áâ¨ (¤ ¦¥ ¢¡«¨§¨
â®çª¨ x0) F . � íâ®¬ ¬®¦® ã¡¥¤¨âìáï ã¦¥ ¢ ®¤®¬¥à®¬ á«ãç ¥.

�à¨¬¥à 3. �ãáâì m = 1, E = R ¨ F (x) = x+ x2 sin π
x ¯à¨ x ̸= 0, F (0) = 0. �á®, çâ®

F (x)− F (0)

x
= 1 + x sin

π

x
→ 1 ¯à¨ x→ 0.

�®íâ®¬ã F ′(0) = 1 ¨, á«¥¤®¢ â¥«ì®, d0F | â®¦¤¥áâ¢¥®¥ ®â®¡à ¦¥¨¥ ¯àï¬®© R. � ç áâ®áâ¨,
d0F ∈ Isom (R), â.¥. ã«ì ¥ ªà¨â¨ç¥áª ï â®çª . �¥¬ ¥ ¬¥¥¥, äãªæ¨ï F ¥ ®¡à â¨¬  ¨ ¢ ª ª®©,
áª®«ì ã£®¤® ¬ «®© ®ªà¥áâ®áâ¨ ã«ï. �¥©áâ¢¨â¥«ì®,

F ′(x) = 1 + 2x sin
π

x
− π cos

π

x
¯à¨ x ̸= 0.

�«ï «î¡®£® ®¬¥à  n ¬ë ¨¬¥¥¬

F ′
( 1
n

)
= 1− (−1)nπ.

�§ï¢ ®¬¥à n çñâë¬, ¯®«ãç¨¬, çâ® áª®«ì ã£®¤® ¡«¨§ª® ª ã«î ¥áâì â®çª¨, ¢ ª®â®àëå ¯à®¨§¢®¤-
 ï F ′ ®âà¨æ â¥«ì , ¨ ¯®íâ®¬ã ¢¡«¨§¨ íâ¨å â®ç¥ª F ã¡ë¢ ¥â. � «®£¨ç®, ¢§ï¢ ¥çñâë© ®¬¥à
n, ¯®«ãç¨¬ ¢®§à áâ ¨¥ F   ¨â¥à¢ « å, áª®«ì ã£®¤® ¡«¨§ª¨å ª ã«î. � ª¨¬ ®¡à §®¬, ¥¯à¥-
àë¢ ï äãªæ¨ï F ¬¥ï¥â å à ªâ¥à ¬®®â®®áâ¨ ¢ «î¡®© ®ªà¥áâ®áâ¨ ã«ï ¨, á«¥¤®¢ â¥«ì®,
®  ¥ ¨ê¥ªâ¨¢  ¢ ª ¦¤®© â ª®© ®ªà¥áâ®áâ¨.

�¥âàã¤® ¯®ïâì ¯à¨ç¨ã, ¨§{§  ª®â®à®© íâ® ¯à®¨§®è«®. �¥«® ¢ â®¬, çâ® ¯à®¨§¢®¤ ï
â¥à¯¨â à §àë¢ ¢ â®çª¥ 0 (å®âï F ′(0) = 1, â¥¬ ¥ ¬¥¥¥ F ′(x) < 0 ¤«ï ¥ª®â®àëå, ® áª®«ì ã£®¤®
¬ «ëå x). �á«¨ ¡ë ®  ¡ë«  ¥¯à¥àë¢®©, â® á®åà ï«  ¡ë § ª ¢ ¥ª®â®à®© ®ªà¥áâ®áâ¨
ã«ï ¨, á«¥¤®¢ â¥«ì®, â ¬ äãªæ¨ï F ¡ë«  ¡ë áâà®£® ¬®®â®®©. �®íâ®¬ã ¢ ¤ «ì¥©è¥¬ ¬ë
®£à ¨ç¨¬áï à áá¬®âà¥¨¥¬ «¨èì \¤®áâ â®ç® å®à®è¨å" ®â®¡à ¦¥¨©.
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�¥®à¥¬  (® £« ¤ª¨å ®â®¡à ¦¥¨ïå). �ãáâì ¢ ®âªàëâ®¬ ¬®¦¥áâ¢¥ E ⊂ Rm § ¤ ® ¢áî-
¤ã ¤¨ää¥à¥æ¨àã¥¬®¥ ®â®¡à ¦¥¨¥ F , ¤¥©áâ¢ãîé¥¥ ¢ RM , ¨ F1, . . . , FM | ¥£® ª®®à¤¨ âë¥
äãªæ¨¨. �®£¤  á«¥¤ãîé¨¥ ¤¢  ãâ¢¥à¦¤¥¨ï à ¢®á¨«ìë

1) ¤«ï ¢á¥å k = 1, . . . ,M ¨ ¢á¥å j = 1, . . . ,m äãªæ¨ï
∂Fk

∂xj
¥¯à¥àë¢    E;

2) ¤«ï ª ¦¤®© â®çª¨ x0 ∈ E ¨ «î¡®£® ç¨á«  ε > o áãé¥áâ¢ã¥â â ª®¥ ç¨á«® δ > 0, çâ®

∥dxF − dx0F∥L < ε, ª ª â®«ìª® x ∈ E ¨ ∥x− x0∥m < δ.

�â¢¥à¦¤¥¨¥ 2) ®§ ç ¥â ¯à®áâ®, çâ® ®¯¥à æ¨ï ¤¨ää¥à¥æ¨à®¢ ¨ï, â.¥. ®â®¡à ¦¥¨¥ x 7→ dxF
¨§ E ¢ LmM , ¥¯à¥àë¢  ¢áî¤ã   E.

�¯à¥¤¥«¥¨¥. �â®¡à ¦¥¨¥ F , ã¤®¢«¥â¢®àïîé¥¥ (à ¢®á¨«ìë¬) ãá«®¢¨ï¬ 1) ¨ 2),  §ë-
¢ ¥âáï £« ¤ª¨¬ ¨«¨ ¥¯à¥àë¢® ¤¨ää¥à¥æ¨àã¥¬ë¬   ¬®¦¥áâ¢¥ E.

� ® ª   §   â ¥ « ì á â ¢ ®. 1)⇒ 2). �ãáâì x0 ∈ E ¨ ε > 0. � ª ª ª ç áâ ï ¯à®¨§¢®¤ ï ∂Fk

∂xj

¥¯à¥àë¢  ¢ â®çª¥ x0, â®  ©¤ñâáï â ª®¥ ç¨á«® δjk > 0, çâ® ¤«ï ¢á¥å x ∈ E, ∥x − x0∥m < δjk,
¢ë¯®«ï¥âáï ¥à ¢¥áâ¢® ∣∣∣∣∂Fk

∂xj
(x)− ∂Fk

∂xj
(x0)

∣∣∣∣ < ε√
mM

.

�®§ì¬ñ¬ δ = minjk δjk. �á®, çâ® íâ® ¯®«®¦¨â¥«ì®¥ ç¨á«®, ¯à¨çñ¬ ¯®á«¥¤¨¥ ¥à ¢¥áâ¢ 
á¯à ¢¥¤«¨¢ë ®¤®¢à¥¬¥® ¤«ï ¢á¥å k = 1, . . . ,M ¨ j = 1, . . . ,m, ¥á«¨ x ∈ E ¨ ∥x − x0∥m < δ.
�¡¥¤¨¬áï, çâ® δ | âà¥¡ã¥¬®¥ ç¨á«®, â.¥. ∥dxF − dx0F∥L < ε ¤«ï x ∈ E ∩Bδ(x0). �â®¡à ¦¥¨î
dxF − dx0F á®®â¢¥âáâ¢ã¥â ¬ âà¨æ 

F ′(x)− F ′(x0) =

(
∂Fk

∂xj
(x)− ∂Fk

∂xj
(x0)

)
16j6m
16k6M

.

�®íâ®¬ã (á¬. âà¥âì¥ ¥à ¢¥áâ¢® ¯®á«¥ ®¯à¥¤¥«¥¨ï ®à¬ë «¨¥©®£® ®â®¡à ¦¥¨ï ¢® ¢¢¥¤¥¨¨)

∥dxF − dx0F∥L 6

√√√√ M∑
k=1

m∑
j=1

(
∂Fk

∂xj
(x)− ∂Fk

∂xj
(x0)

)2

<

√√√√ M∑
k=1

m∑
j=1

ε2

mM
= ε,

¥á«¨ x ∈ E ¨ ∥x − x0∥m < δ. � ª ª ª §¤¥áì x0 | «î¡ ï â®çª  ¨§ E,   ε | ¯à®¨§¢®«ì®¥
¯®«®¦¨â¥«ì®¥ ç¨á«®, â® ãâ¢¥à¦¤¥¨¥ 2) ¤®ª § ®.

2)⇒ 1). �ãáâì ª ª ¨   ¯à¥¤ë¤ãé¥¬ è £¥ x0 | ¯à®¨§¢®«ì ï â®çª  ¨§ E, ε | «î¡®¥
¯®«®¦¨â¥«ì®¥ ç¨á«®. �®£« á® ãâ¢¥à¦¤¥¨î 2) áãé¥áâ¢ã¥â â ª®¥ δ > 0, çâ® ∥dxF −dx0F∥L < ε
¤«ï ¢á¥å x ¨§ ¯¥à¥á¥ç¥¨ï E ∩ Bδ(x0). � ç¥ £®¢®àï, ¤«ï â ª¨å x á¯à ¢¥¤«¨¢® ¥à ¢¥áâ¢®
sup

∥h∥m61
∥(dxF − dx0F )(h)∥M < ε. �§ï¢ ¢ ª ç¥áâ¢¥ ¢¥ªâ®à  h ¯à®¨§¢®«ìë© ¢¥ªâ®à ª ®¨ç¥áª®£®

¡ §¨á  ej (j = 1, . . . ,m), ¬ë ¢¨¤¨¬, çâ®

∥(dxF − dx0F )(ej)∥M = ∥(F ′(x)− F ′(x0)) · eTj ∥M =

√√√√ M∑
k=1

(
∂Fk

∂xj
(x)− ∂Fk

∂xj
(x0)

)2

< ε

¨ â¥¬ ¡®«¥¥ ¤«ï ¢á¥å k = 1, . . . ,M∣∣∣∣∂Fk

∂xj
(x)− ∂Fk

∂xj
(x0)

∣∣∣∣ < ε, ¥á«¨ x ∈ E ∩Bδ(x0).
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�®áª®«ìªã ε| ¯à®¨§¢®«ì®¥ ¯®«®¦¨â¥«ì®¥ ç¨á«®, íâ® ®§ ç ¥â, çâ® ª ¦¤ ï ç áâ ï ¯à®¨§¢®¤-
 ï ∂Fk

∂xj
¥¯à¥àë¢  ¢ «î¡®©  ¯¥àñ¤ § ¤ ®© â®çª¥ x0 ¨§ E. �¥®à¥¬  ¤®ª §  .

�¥¯à¥àë¢ ï ¤¨ää¥à¥æ¨àã¥¬®áâì (¨«¨ ª®à®ç¥ £« ¤ª®áâì) ®â®¡à ¦¥¨ï | ãá«®¢¨¥, ª®â®-
à®¥ ®¡ëç® ¢ë¯®«ï¥âáï ¢ ¯à¨ª« ¤ëå § ¤ ç å. �¥« â¥«ì®, çâ®¡ë â ª¨¬ ®ª § «®áì ¨ ®¡à â®¥
®â®¡à ¦¥¨¥ (¥á«¨ ®® áãé¥áâ¢ã¥â). �â®¡à ¦¥¨ï, ª®â®àë¥ ¥ â®«ìª® á ¬¨ ¥¯à¥àë¢® ¤¨ä-
ä¥à¥æ¨àã¥¬ë, ® ¨ ¨¬¥îâ áâ®«ì ¦¥ å®à®è¥¥ ®¡à â®¥, ¯à¥¤áâ ¢«ïîâ ®á®¡ë© ¨â¥à¥á ¨ ¤«ï
â¥®à¨¨, ¨ ¤«ï ¯à¨«®¦¥¨©. �®íâ®¬ã ¥áâ¥áâ¢¥® ¢ë¤¥«¨âì ª« áá â ª¨å ®â®¡à ¦¥¨©.

�¯à¥¤¥«¥¨¥. �¨ää¥®¬®àä¨§¬®¬ ¤¢ãå ®âªàëâëå ¬®¦¥áâ¢ E ¨ Ẽ ¨§ Rm  §ë¢ ¥âáï â ª ï

¡¨¥ªæ¨ï F : E → Ẽ, çâ® ®¡  ®â®¡à ¦¥¨ï F ¨ F−1 ¥¯à¥àë¢® ¤¨ää¥à¥æ¨àã¥¬ë ¢® ¢á¥å â®çª å

¬®¦¥áâ¢ E ¨ Ẽ á®®â¢¥âáâ¢¥®.

� ¯à¨¬¥à, äãªæ¨ï x3 | ¥ ¤¨ää¥®¬®àä¨§¬ ¯àï¬®©, ® ¥ñ áã¦¥¨¥   ¯à ¢ãî ¯®«ã®áì,
®ç¥¢¨¤®, ï¢«ï¥âáï ¤¨ää¥®¬®àä¨§¬®¬. �à¨¢¥áâ¨ ¯à¨¬¥àë ¤¨ää¥®¬®àä¨§¬®¢ ¢á¥© ¯àï¬®©  
ª ª®©-â® ¨â¥à¢ « á®¢á¥¬ ¥á«®¦®: ex, arctgx, 2x+sinx ¨ ¤à. � ¯®¬®éìî íâ¨å ¯à¨¬¥à®¢ áâà®-
ïâáï ¤¨ää¥®¬®àä¨§¬ë ¢ ªà â®¬ á«ãç ¥,  ¯à¨¬¥à, (x, y) 7→ (ex, arctg y) | ¤¨ää¥®¬®àä¨§¬
¬¥¦¤ã ¯«®áª®áâìî R2 ¨ ¯®«ã¯®«®á®© (0,+∞)×

(
−π

2 ,
π
2

)
,   ®â®¡à ¦¥¨¥ (x, y) 7→ (lnx, 2y + sin y)

¤¨ää¥®¬®àä® ¯¥à¥¢®¤¨â ¯à ¢ãî ¯®«ã¯«®áª®áâì (x > 0)   R2. �à¨¢¥áâ¨ ¯à¨¬¥àë ¢ ªà â-
®¬ á«ãç ¥, ¢ ª®â®àëå ¥ ¨á¯®«ì§ã¥âáï \à §¤¥«¥¨¥ ¯¥à¥¬¥ëå", § ç¨â¥«ì® á«®¦¥¥ (â ª ª ª
¥¯à®áâ® ãáâ ®¢¨âì ¡¨¥ªâ¨¢®áâì ®â®¡à ¦¥¨ï).

�â¬¥â¨¬, çâ® áã¯¥à¯®§¨æ¨ï ¤¨ää¥®¬®àä¨§¬®¢ | ¤¨ää¥®¬®àä¨§¬,   ¨å áã¬¬  (¥á«¨ ®¨
®¯à¥¤¥«¥ë   ®¤®¬ ¬®¦¥áâ¢¥) | £« ¤ª®¥, ® ¥ ®¡ï§ â¥«ì® ®¡à â¨¬®¥ ®â®¡à ¦¥¨ï.

�á®, çâ® ®¯à¥¤¥«¨â¥«ì detF ′(x) ¬ âà¨æë �ª®¡¨ ¥¯à¥àë¢® § ¢¨á¨â ®â x, ¥á«¨ F | £« ¤ª®¥
®â®¡à ¦¥¨¥. �§ «¥¬¬ë ® ¤¨ää¥à¥æ¨à®¢ ¨¨ ®¡à â®£® ®â®¡à ¦¥¨ï áà §ã á«¥¤ã¥â, çâ® ¤«ï
¤¨ää¥®¬®àä¨§¬  íâ®â ®¯à¥¤¥«¨â¥«ì ¢áî¤ã ®â«¨ç¥ ®â ã«ï, â.¥. ¤¨ää¥®¬®àä¨§¬ ¥ ¨¬¥¥â
ªà¨â¨ç¥áª¨å â®ç¥ª. �á«¨ ® § ¤  ¢ ¥ª®â®à®© ®¡« áâ¨ (â.¥.   ®âªàëâ®¬ «¨¥©® á¢ï§®¬
¬®¦¥áâ¢¥), â® detF ′(x) á®åà ï¥â ¢ ¥© § ª.

�ç¥¢¨¤¥ ¥¤®áâ â®ª «¥¬¬ë | á¤¥« ë ®ç¥ì á¨«ìë¥ ¯à¥¤¯®«®¦¥¨ï ®¡ ®¡à â®¬ ®â®¡-
à ¦¥¨¨ (®® áãé¥áâ¢ã¥â ¨ ¤¨ää¥à¥æ¨àã¥¬®,   â®çª  y0 = F (x0) «¥¦¨â ¢ãâà¨ ¬®¦¥áâ¢ 
F (E)). �â¨ âà¨ ãá«®¢¨ï âàã¤® ¯à®¢¥à¨âì, § ï «¨èì ª®®à¤¨ âë¥ äãªæ¨¨ ¨áå®¤®£® ®â®¡-
à ¦¥¨ï F . � ¯¥à¢ãî ®ç¥à¥¤ì ¯®áâ à ¥¬áï ¨§¡ ¢¨âìáï ®â ¯à¥¤¯®«®¦¥¨ï ® ¥£® ®¡à â¨¬®áâ¨.
�®âï ä®à¬ «ì®¥ ¤®ª § â¥«ìáâ¢® ¯®âà¥¡ã¥â ®â  á ¥ª®â®àëå ãá¨«¨©, ¥£® ¨¤¥ï á®¢á¥¬ ¯à®áâ :
¤¨ää¥à¥æ¨àã¥¬®¥ ®â®¡à ¦¥¨¥ \¯®çâ¨ «¨¥©®", ¯®íâ®¬ã ¥£® ¯à¨à é¥¨¥ ¢ ¬ «®¬ è à¥ ¯®-
çâ¨ «¨¥©®. �®ç¥¥, ¥á«¨ r | ¬ «®¥ ¯®«®¦¨â¥«ì®¥ ç¨á«®, â® ¤«ï ¢á¥å x′′ ¨ x′ ¨§ è à  Br(x0),
Br(x0) ⊂ E, ¬ë ¨¬¥¥¬ F (x′′) ≈ F (x0) + L(x′′ − x0) ¨ F (x

′) ≈ F (x0) + L(x′ − x0), £¤¥ L = dx0F .
�®íâ®¬ã F (x′′) − F (x′) ≈ L(x′′ − x′). �á«¨ L ∈ Isom (Rm), â® L(x′′ − x′) ̸= Om ¯à¨ x′′ ̸= x′ ¨
¬®¦®  ¤¥ïâìáï, çâ® F (x′′) − F (x′) ̸= Om ¤«ï à §«¨çëå â®ç¥ª x′′ ¨ x′ ¤®áâ â®ç® ¡«¨§ª¨å ª
¥ ªà¨â¨ç¥áª®© â®çª¥ x0.

� è  ¡«¨¦ ©è ï æ¥«ì | ¥ â®«ìª® ä®à¬ «¨§®¢ âì íâ¨ ¥áâà®£¨¥ à ááã¦¤¥¨ï, ® ¨ ¤®-
¯®«¨âì à¥§ã«ìâ â ®æ¥ª®© ãª«®¥¨ï ∥F (x′′)− F (x′)∥m á¨§ã. �«ï íâ®£® ¢®á¯®«ì§ã¥¬áï ¬®£®-
¬¥àë¬   «®£®¬ ª« áá¨ç¥áª®© â¥®à¥¬ë ® áà¥¤¥¬.

�¥®à¥¬  (¥à ¢¥áâ¢® � £à ¦ ). �ãáâì ®â®¡à ¦¥¨¥ F , ¤¥©áâ¢ãîé¥¥ ¨§ è à  B ¯à®-
áâà áâ¢  Rm ¢ ¯à®áâà áâ¢® RM , ¤¨ää¥à¥æ¨àã¥¬® ¢® ¢á¥å â®çª å íâ®£® è à . �®«®¦¨¬
C = sup

x∈B
∥dxF∥L . �®£¤ 

∥F (x′′)− F (x′)∥M 6 C∥x′′ − x′∥m ¤«ï ¢á¥å x′′, x′ ¨§ B.

� ª¨¬ ®¡à §®¬, ¥á«¨ C < +∞, â® ®â®¡à ¦¥¨¥ F ã¤®¢«¥â¢®àï¥â ãá«®¢¨î �¨¯è¨æ . �á«¨
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F1, . . . , FM | ª®®à¤¨ âë¥ äãªæ¨¨ ®â®¡à ¦¥¨ï, â®

∥dxF∥L 6

√√√√ M∑
k=1

m∑
j=1

(
∂Fk

∂xj
(x)

)2

.

�®íâ®¬ã ãá«®¢¨¥ C < +∞ § ¢¥¤®¬® ¢ë¯®«¥®, ¥á«¨ ¢á¥ ç áâë¥ ¯à®¨§¢®¤ë¥ ®£à ¨ç¥ë ¢

è à¥ B. �¥à® ¨ ®¡à â®¥. �¥©áâ¢¨â¥«ì®,
∣∣∣∂Fk

∂xj
(x)

∣∣∣ 6 ∥dxF∥L ¤«ï «î¡ëå j, k ¨ x (ª ª ¡ë«®

®â¬¥ç¥® ¢® ¢¢¥¤¥¨¨, |lkj | 6 ∥L∥L , ¥á«¨ «¨¥©®¬ã ®â®¡à ¦¥¨î L á®®â¢¥âáâ¢ã¥â ¬ âà¨æ  á

í«¥¬¥â ¬¨ lkj). �®íâ®¬ã ¢áî¤ã ¢ è à¥ B ¢ë¯®«ïîâáï ¥à ¢¥áâ¢ 
∣∣∣∂Fk

∂xj
(x)

∣∣∣ 6 C.

� ®â«¨ç¨¥ ®â ®¤®¬¥à®£® ¢ ªà â®¬ á«ãç ¥ ãâ¢¥à¦¤ ¥âáï «¨èì ¥à ¢¥áâ¢® | ¯à¨à é¥¨¥
®â®¡à ¦¥¨ï ®æ¥¨¢ ¥âáï á¢¥àåã ç¥à¥§ ¯à¨à é¥¨¥  à£ã¬¥â . � ¬ íâ®£® ¢¯®«¥ ¤®áâ â®ç®, ¯®-
áª®«ìªã á ¯®¬®éìî íâ®£® à¥§ã«ìâ â  ®ª §ë¢ ¥âáï ¢®§¬®¦ë¬ ¯®«ãç¨âì ¨ ®æ¥ªã á¨§ã (¯à ¢¤ 
«¨èì «®ª «ì® | ¢¡«¨§¨ ¥ ªà¨â¨ç¥áª¨å â®ç¥ª). � ª ï ®æ¥ª  £ à â¨àã¥â «®ª «ìãî ®¡à â¨-
¬®áâì £« ¤ª®£® ®â®¡à ¦¥¨ï ¨ ¥¯à¥àë¢®áâì ®¡à â®£® ®â®¡à ¦¥¨ï.

�¥®à¥¬  (®æ¥ª  á¨§ã ¯à¨à é¥¨ï £« ¤ª®£® ®â®¡à ¦¥¨ï). �ãáâì E | ®âªàëâ®¥ ¬®¦¥-
áâ¢® ¢ Rm ¨ F : E → Rm | ¥¯à¥àë¢® ¤¨ää¥à¥æ¨àã¥¬®¥ ®â®¡à ¦¥¨¥. �®£¤  ¤«ï «î¡®© ¥
ªà¨â¨ç¥áª®© â®çª¨ x0 ¨§ E, áãé¥áâ¢ãîâ â ª¨¥ ¯®«®¦¨â¥«ìë¥ ç¨á«  r ¨ µ, çâ® Br(x0) ⊂ E ¨

∥F (x′′)− F (x′)∥m > µ∥x′′ − x′∥m ¤«ï ¢á¥å x′′, x′ ¨§ Br(x0).

�®ª   §   â ¥ « ì á â ¢ ®. �® ãá«®¢¨î «¨¥©®¥ ®â®¡à ¦¥¨¥ L = dx0F | ¨§®¬®àä¨§¬. �«¥¤®-
¢ â¥«ì®, áãé¥áâ¢ã¥â â ª®¥ ¯®«®¦¨â¥«ì®¥ ç¨á«® µ, çâ®

∥L(h)∥m > 2µ ∥h∥m ¤«ï ¢á¥å h ¨§ Rm.

�®áª®«ìªã ®â®¡à ¦¥¨¥ F £« ¤ª®¥, ¬®¦® ¯®¤®¡à âì â ª®© à ¤¨ãá r, çâ® Br(x0) ⊂ E ¨

∥dxF − L∥L < µ ¤«ï ¢á¥å x ¨§ Br(x0).

�à®¢¥à¨¬, çâ® ç¨á«  r ¨ µ âà¥¡ã¥¬ë¥. �«ï íâ®£® ®¯à¥¤¥«¨¬ ¢ è à¥ Br(x0) ®â®¡à ¦¥¨¥ �,
¤¥©áâ¢ãîé¥¥ ¯® ä®à¬ã«¥

�(x) = F (x)− L(x).

�®£¤ 
�(x′′)− �(x′) = F (x′′)− F (x′)− L(x′′ − x′).

�«ï ®æ¥ª¨ ¯à¨à é¥¨ï ®â®¡à ¦¥¨ï � § ¬¥â¨¬, çâ®

dx� = dxF − dxL = dxF − L,

¨ á«¥¤®¢ â¥«ì®, ∥dx�∥L < µ ¤«ï ¢á¥å x ¨§ è à  Br(x0). �®íâ®¬ã ¥à ¢¥áâ¢® � £à ¦  ¤ ñâ
 ¬ ®æ¥ªã ∥�(x′′)− �(x′)∥m 6 µ∥x′′ − x′∥m. �â ª,

∥F (x′′)− F (x′)∥m = ∥L(x′′)− L(x′) + �(x′′)− �(x′)∥m >
> ∥L(x′′)− L(x′)∥m − ∥�(x′′)− �(x′)∥m >
> 2µ∥x′′ − x′∥m − µ∥x′′ − x′∥m = µ∥x′′ − x′∥m.

�¥®à¥¬  ¤®ª §  .
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�«¥¤áâ¢¨¥. � ãá«®¢¨ïå â¥®à¥¬ë ®â®¡à ¦¥¨¥ F ¢§ ¨¬® ®¤®§ ç®   è à¥ Br(x0),  
®¡à â®¥ ®â®¡à ¦¥¨¥ G = F−1 ã¤®¢«¥â¢®àï¥â ãá«®¢¨î �¨¯è¨æ  á ª®íää¨æ¨¥â®¬ 1

µ .

�®ª   §   â ¥ « ì á â ¢ ®. �ê¥ªâ¨¢®áâì áã¦¥¨ï F   è à Br(x0) ¢ëâ¥ª ¥â ¨§ ¥à ¢¥áâ¢ 
∥F (x′′) − F (x′)∥m > µ∥x′′ − x′∥m. �§ ¥£® ¦¥ á«¥¤ã¥â, çâ® ∥y′′ − y′∥m > µ∥G(y′′) − G(y′)∥m ¤«ï
«î¡ëå y′′ ¨ y′ ¨§ F (Br(x0)), â.¥. ãá«®¢¨¥ �¨¯è¨æ  ¤«ï ®â®¡à ¦¥¨ï G.

�«ï äãªæ¨¨ F (x) = x3 ¨§ ¯à¨¬¥à  2 ®æ¥ª¨, ãáâ ®¢«¥®© ¢ â¥®à¥¬¥, ®ª®«® ªà¨â¨ç¥áª®©
â®çª¨ x0 = 0, ®ç¥¢¨¤®, ¥â: à §®áâì |F (x)−F (0)| = |x|3 ¥¢®§¬®¦® ®æ¥¨âì á¨§ã ¢¥«¨ç¨®©
const |x| ¯à¨ ¬ «ëå x. � ª ¯®ª §ë¢ ¥â á«¥¤ãîé¥¥ ã¯à ¦¥¨¥, íâ® ¢¥à® ¨ ¢ ®¡é¥¬ á«ãç ¥.

�¯à ¦¥¨¥. �á«¨ ¢ ãá«®¢¨ïå â¥®à¥¬ë x0 | ªà¨â¨ç¥áª ï â®çª , â® ãâ¢¥à¦¤¥¨¥ â¥®-
à¥¬ë § ¢¥¤®¬® ¥¢¥à®. �®íâ®¬ã ®¡à â®¥ ®â®¡à ¦¥¨¥, ¥á«¨ ®® áãé¥áâ¢ã¥â, ¥ ã¤®¢«¥â¢®àï¥â
ãá«®¢¨î �¨¯è¨æ .

�« áá ¥¯à¥àë¢ëå ®â®¡à ¦¥¨© F , ã ª®â®àëå áãé¥áâ¢ã¥â ¨ ¥¯à¥àë¢® ®¡à â®¥ ®â®¡à -
¦¥¨¥ F−1 ç áâ® ¢®§¨ª ¥â ¢ à §«¨çëå § ¤ ç å. �«ï â ª¨å ®â®¡à ¦¥¨© ¥â ¥®¡å®¤¨¬®áâ¨
âà¥¡®¢ âì á®¢¯ ¤¥¨ï à §¬¥à®áâ¥© ¯à®áâà áâ¢, ¢ ª®â®àëå § ¤ ë F ¨ F−1.

�¯à¥¤¥«¥¨¥. �®¬¥®¬®àä¨§¬®¬ ¤¢ãå ¬®¦¥áâ¢ E, E ⊂ Rm, ¨ Ẽ, Ẽ ⊂ RM ,  §ë¢ ¥âáï

â ª ï ¡¨¥ªæ¨ï F : E → Ẽ, çâ® ®¡  ®â®¡à ¦¥¨ï F ¨ F−1 ¥¯à¥àë¢ë ¢® ¢á¥å â®çª å ¬®¦¥áâ¢

E ¨ Ẽ á®®â¢¥âáâ¢¥®.

�ãªæ¨ï F (x) = x3 ¨§ ¯à¨¬¥à  2 | £®¬¥®¬®àä¨§¬, ® ¥ ¤¨ää¥®¬®àä¨§¬ ¯àï¬®©.
�ç¥¢¨¤®, áã¯¥à¯®§¨æ¨ï £®¬¥®¬®àä¨§¬®¢ â ª¦¥ £®¬¥®¬®àä¨§¬.

�¥®à¥¬  (® ¤¨ää¥®¬®àä¨§¬¥). �ãáâì F | £®¬¥®¬®àä¨§¬ ¬¥¦¤ã ®âªàëâë¬¨ ¬®¦¥áâ¢ ¬¨

E ¨ Ẽ ¨§ Rm, ã¤®¢«¥â¢®àïîé¨© ãá«®¢¨î: F | £« ¤ª®¥ ®â®¡à ¦¥¨¥, ¥ ¨¬¥îé¥¥ ªà¨â¨ç¥áª¨å

â®ç¥ª. �®£¤  F−1 | £« ¤ª®¥   Ẽ ®â®¡à ¦¥¨¥ ¨, á«¥¤®¢ â¥«ì®, F | ¤¨ää¥®¬®àä¨§¬.

�®ª   §   â ¥ « ì á â ¢ ®. �®ª ¦¥¬ á ç «  ¤¨ää¥à¥æ¨àã¥¬®áâì ®â®¡à ¦¥¨ï G = F−1 ¢ ¯à®-

¨§¢®«ì®© â®çª¥ y0 ¨§ Ẽ. � ª ª ª Ẽ = F (E), â® y0 = F (x0) ¤«ï ¥ª®â®à®© â®çª¨ x0 ¨§ E. �ãáâì
L = dx0F . �® ãá«®¢¨î L ∈ Isom (Rm).

�®ª ¦¥¬, çâ® dy0G = L−1 (â®â ä ªâ, çâ® ¨ª ª®¥ ¤àã£®¥ «¨¥©®¥ ®â®¡à ¦¥¨¥ ¥ ¬®¦¥â
¡ëâì ¤¨ää¥à¥æ¨ «®¬ G á«¥¤ã¥â ¨§ «¥¬¬ë ® ¤¨ää¥à¥æ¨à®¢ ¨¨ ®¡à â®£® ®â®¡à ¦¥¨ï; ®
¢ íâ®© «¥¬¬¥ ¯à¥¤¯®« £ ¥âáï ¤¨ää¥à¥æ¨àã¥¬®áâì G,    ¬ ã¦® ¥ñ ¤®ª § âì).

� á¨«ã ®æ¥ª¨ á¨§ã  ©¤ãâáï â ª¨¥ ¯®«®¦¨â¥«ìë¥ ç¨á«  r ¨ µ, çâ®

Br(x0) ⊂ E ¨ ∥F (x)− F (x0)∥m > µ∥x− x0∥m ¤«ï ¢á¥å x ¨§ è à  Br(x0).

�®áª®«ìªã ®â®¡à ¦¥¨¥ G ¥¯à¥àë¢®,  ©¤ñâáï â ª®© à ¤¨ãá ρ, çâ®

Bρ(y0) ⊂ Ẽ ¨ G(y) ∈ Br(x0) ¯à¨ y ∈ Bρ(y0).

�®£¤  ®æ¥ª  á¨§ã ¤«ï F ¤ ñâ ®æ¥ªã á¢¥àåã ¤«ï G:

∥G(y)−G(y0)∥m 6 1

µ
∥y − y0∥m, ¥á«¨ ∥y − y0∥m < ρ.

� ª ª ª L | ¤¨ää¥à¥æ¨ « F ¢ â®çª¥ x0, â® áãé¥áâ¢ã¥â â ª®¥ ®â®¡à ¦¥¨¥ α : E → Rm, çâ®
limx0 ∥α∥m = 0 ¨

F (x)− F (x0) = L(x− x0) + ∥x− x0∥m α(x) ¤«ï ¢á¥å x ∈ E
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(¯à¨ íâ®¬ ¬ë ¬®¦¥¬ ¨ ¡ã¤¥¬ áç¨â âì, çâ® α(x0) = Om, â.¥. ®â®¡à ¦¥¨¥ α ¥¯à¥àë¢® ¢ â®çª¥
x0). �®§ì¬ñ¬ ¢ íâ®¬ à ¢¥áâ¢¥ x = G(y), £¤¥ y | ¯à®¨§¢®«ì ï â®çª  è à  Bρ(y0). �ë ¯®«ãç¨¬

y − y0 = L (G(y)−G(y0)) + ∥G(y)−G(y0)∥m α
(
G(y)

)
.

�«¥¤®¢ â¥«ì®,

L−1(y − y0) = G(y)−G(y0) + ∥G(y)−G(y0)∥m L−1(α (G(y))),
â.¥.

G(y) = G(y0) + L−1(y − y0)− ∥G(y)−G(y0)∥m L−1 (α (
G(y)

))
.

�â®¡ë ã¡¥¤¨âìáï ¢ â®¬, çâ® L−1 | ¤¥©áâ¢¨â¥«ì® ¤¨ää¥à¥æ¨ « G ¢ â®çª¥ y0,  ¬ ®áâ «®áì
¯à®¢¥à¨âì á®®â®è¥¨¥

∥G(y)−G(y0)∥m L−1 (α (
G(y)

))
= o (∥y − y0∥m) ¯à¨ y → y0.

�® ®® ®ç¥¢¨¤®, â ª ª ª ∥G(y)−G(y0)∥m 6 1
µ ∥y − y0∥m ¨ ¯à¨ y → y0

L−1 (α (
G(y)

))
→ L−1 (α(G(y0))) = L−1 (α(x0)) = L−1 (Om) = Om,

¯®áª®«ìªã ¢á¥ âà¨ ®â®¡à ¦¥¨ï L−1, α ¨ G ¥¯à¥àë¢ë.
�â ª, ¤¨ää¥à¥æ¨àã¥¬®áâì ®â®¡à ¦¥¨ï G ¨ à ¢¥áâ¢® dy0G = (dFx0)

−1 ãáâ ®¢«¥ë. �«ï
§ ¢¥àè¥¨ï ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë  ¤® ¯à®¢¥à¨âì £« ¤ª®áâì ®¡à â®£® ®â®¡à ¦¥¨ï. �«ï

íâ®£® ¤®ª ¦¥¬ ¥¯à¥àë¢®áâì ª ¦¤®© ç áâ®© ¯à®¨§¢®¤®© ∂Gk

∂yj
  ¬®¦¥áâ¢¥ Ẽ. �ãáâì y |

¯à®¨§¢®«ì ï â®çª  ¨§ Ẽ ¨ x = G(y). �®£¤  x ∈ E, y = F (x) ¨ G′(y) = (F ′(x))−1. � âà¨æ  �ª®¡¨

G′(y) ®¡à §®¢   ç áâë¬¨ ¯à®¨§¢®¤ë¬¨ ∂Gk

∂yj
(y). � ª ª ª ®  á®¢¯ ¤ ¥â á ¬ âà¨æ¥© (F ′(x))−1,

â® ¯®«ì§ãïáì ¢ëà ¦¥¨¥¬ í«¥¬¥â®¢ ®¡à â®© ¬ âà¨æë ç¥à¥§ ®¯à¥¤¥«¨â¥«ì ¨  «£¥¡à ¨ç¥áª¨¥
¤®¯®«¥¨ï ®¡à é ¥¬®© ¬ âà¨æë, ¬ë ¯®«ãç ¥¬ (¤«ï ¢á¥å j, k)

∂Gk

∂yj
(y) =

1

detF ′(x)
Ajk (F

′(x)) =
1

detF ′(G(y))
Ajk (F

′(G(y))) .

�¨¬¢®« Akj ®¡®§ ç ¥â  «£¥¡à ¨ç¥áª®¥ ¤®¯®«¥¨¥ í«¥¬¥â 
∂Fk

∂xj
(x) ¬ âà¨æë �ª®¡¨ F ′(x) ( -

¯®¬¨¬, çâ® ¯à¨ ¯®áâà®¥¨¨ ®¡à â®© ¬ âà¨æë ¬ âà¨æ , ®¡à §®¢  ï  «£¥¡à ¨ç¥áª¨¬¨ ¤®¯®«-
¥¨ï¬¨, âà á¯®¨àã¥âáï). �á¥ ç áâë¥ ¯à®¨§¢®¤ë¥ ª®®à¤¨ âëå äãªæ¨© ®â®¡à ¦¥¨ï F
¥¯à¥àë¢ë   E,   ¯®íâ®¬ã â ¬ ¥¯à¥àë¢ë ®¯à¥¤¥«¨â¥«¨ detF ′ ¨ Ajk (F

′). �«¥¤®¢ â¥«ì®,

  Ẽ ¥¯à¥àë¢ë áã¯¥à¯®§¨æ¨¨ detF ′(G) ¨ Ajk (F
′(G)). �¥à¢ ï ¨§ ¨å ¥ ®¡à é ¥âáï ¢ ã«ì,

â ª ª ª ¢áî¤ã detF ′ ̸= 0 (®â®¡à ¦¥¨¥ F ¥ ¨¬¥¥â ªà¨â¨ç¥áª¨å â®ç¥ª). �®íâ®¬ã ¯à®¨§¢®¤ ï
∂Gk

∂yj
, à ¢ ï ®â®è¥¨î íâ¨å áã¯¥à¯®§¨æ¨©, ¥¯à¥àë¢    Ẽ. �¥®à¥¬  ¤®ª §  .

�¥àñ¬áï ª ®á®¢®© â¥¬¥ íâ®£® ¯ à £à ä  | ¯®«ãç¥¨î à¥§ã«ìâ â , ¯®§¢®«ïîé¥£® áã¤¨âì
® áãé¥áâ¢®¢ ¨¨ ¨ £« ¤ª®áâ¨ ®¡à â®£® ®â®¡à ¦¥¨ï, ¨áå®¤ï «¨èì ¨§ ¨ä®à¬ æ¨¨ ®¡ ®â®¡à ¦¥-
¨¨ F . � ¬ ®áâ «®áì ¨§¡ ¢¨âìáï ®â ¯®á«¥¤¥£® ¬¥è îé¥£® ¯à¥¤¯®«®¦¥¨ï | ¬®¦¥áâ¢® F (E)
®âªàëâ®. � ª¨¥ á¢®©áâ¢  ®â®¡à ¦¥¨ï F £ à â¨àãîâ íâ®? �®áª®«ìªã ¬ë ¬®¦¥¬  ¤¥ïâìáï  
¯®«ãç¥¨¥ «¨èì «®ª «ì®£® à¥§ã«ìâ â , íâ®â ¢®¯à®á á«¥¤ã¥â ãâ®ç¨âì: ª ª¨¥ á¢®©áâ¢  ®â®¡à -
¦¥¨ï F £ à â¨àãîâ, çâ® ¥£® § ç¥¨¥ ¢ ¯à®¨§¢®«ì®© â®çª¥ x0 ®ª ¦¥âáï ¢ãâà¨ ¬®¦¥áâ¢ 
F
(
Br(x0)

)
? � ¯à¨¬¥à, ¥ ¬®¦¥â «¨ á«ãç¨âìáï â ª, çâ® è à Br(x0) ¯¥à¥¢®¤¨âáï ®â®¡à ¦¥¨¥¬

F ¢ ª ª®©-â® ¤àã£®© è à, ® ¯à¨ íâ®¬ â®çª  F (x0) ®ª § « áì   ¥£® £à ¨æ¥?
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� ®¤®¬¥à®¬ á«ãç ¥ ¢áñ ¯à®áâ®: ã äãªæ¨¨ F , ¥¯à¥àë¢®©   ¨â¥à¢ «¥ I ¢¥é¥áâ¢¥®©
®á¨, «¨èì ¥ñ  ¨¡®«ìè¥¥ ¨  ¨¬¥ìè¥¥ § ç¥¨ï (¥á«¨ ®¨ áãé¥áâ¢ãîâ) «¥¦ â   £à ¨æ¥ ¬®-
¦¥áâ¢  § ç¥¨© F (I). �®íâ®¬ã ¤«ï â®£®, çâ®¡ë § ç¥¨¥ F (x0) ¢ ¯à®¨§¢®«ì®© â®çª¥ x0, x0 ∈ I,
®ª § «®áì ¢ãâà¨ ¬®¦¥áâ¢  F

(
(x0 − r, x0 + r)

)
, ã¦®, çâ®¡ë F ¥ ¨¬¥«  «®ª «ìëå íªáâà¥-

¬ã¬®¢   I,   íâ® à ¢®á¨«ì® áâà®£®© ¬®®â®®áâ¨ F . �á«¨ äãªæ¨ï F ¤¨ää¥à¥æ¨àã¥¬ ,
â® ¤«ï íâ®£® ¤®áâ â®ç®, çâ®¡ë ¯à®¨§¢®¤ ï F ′ ¨£¤¥ ¥ ®¡à é « áì ¢ ã«ì. � ªà â®¬ á«ãç ¥
¥â ¯®ïâ¨ï ¬®®â®®áâ¨, ®   «®£ ¥à ¢¥áâ¢  F ′ ̸= 0 ¥áâì | íâ® ®¡à â¨¬®áâì dF . �®¦®
 ¤¥ïâìáï, çâ® ¯à¨ ®âáãâáâ¢¨¨ ªà¨â¨ç¥áª¨å â®ç¥ª § ç¥¨¥ F (x0) «¥¦¨â ¢ãâà¨ F

(
Br(x0)

)
¤«ï

¢á¥å r > 0. �à¥¦¤¥ ç¥¬ ã¡¥¤¨âìáï ¢ íâ®¬, ¢¢¥¤ñ¬ ¨ ª®à®âª® ®¡áã¤¨¬ ®¤® ¯®«¥§®¥ ¯®ïâ¨¥,
¥¯®áà¥¤áâ¢¥® á¢ï§ ®¥ á ®¡áã¦¤ ¥¬ë¬¨ ¢®¯à®á ¬¨.

�¯à¥¤¥«¥¨¥. �â®¡à ¦¥¨¥ F : E → Rm, § ¤ ®¥   ®âªàëâ®¬ ¬®¦¥áâ¢¥ E, E ⊂ Rm,
 §ë¢ ¥âáï ®âªàëâë¬, ¥á«¨ ®¡à § F (E0) «î¡®£® ®âªàëâ®£® ¯®¤¬®¦¥áâ¢  E0 ⊂ E ®âªàëâ.

�¥ á«¥¤ã¥â ¯ãâ âì íâ® ®¯à¥¤¥«¥¨¥ á ®¯à¥¤¥«¥¨¥¬ ¥¯à¥àë¢®áâ¨ ®â®¡à ¦¥¨ï, § ¤ ®£®
  ®âªàëâ®¬ ¬®¦¥áâ¢¥ (â ¬ £®¢®à¨âáï ®â ®âªàëâ®áâ¨ ¯à®®¡à § ).

�¥£ª® ¢¨¤¥âì, çâ® ®âªàëâ®áâì ®â®¡à ¦¥¨ï à ¢®á¨«ì  ¨â¥à¥áãîé¥¬ã  á á¢®©áâ¢ã |
¢áïª®¥ § ç¥¨¥ F (x0) «¥¦¨â ¢ãâà¨ ¬®¦¥áâ¢  F

(
Br(x0)

)
(¤«ï «î¡®£® à ¤¨ãá  r, «¨èì ¡ë

Br(x0) ⊂ E).
�ç¥¢¨¤®, £®¬¥®¬®àä¨§¬ ¬¥¦¤ã ¤¢ã¬ï ®âªàëâë¬¨ ¯®¤¬®¦¥áâ¢ ¬¨ ¯à®áâà áâ¢  Rm |

íâ® ®âªàëâ®¥ ®â®¡à ¦¥¨¥. � ç áâ®áâ¨, â ª®¢® «î¡®¥ ®â®¡à ¦¥¨¥ ¨§ Isom (Rm),   ¯à¨m = 1 |
«î¡ ï ¥¯à¥àë¢ ï ¨ áâà®£® ¬®®â® ï   ¨â¥à¢ «¥ äãªæ¨ï. �àã£¨å ®¤®¬¥àëå ®âªàëâëå
®â®¡à ¦¥¨© ¥â, â ª çâ® x2, sinx, 1

1+x2 ¨ â.¯. ¥ ®âªàëâë   ¯àï¬®©. � ªà â®¬ á«ãç ¥
á®¤¥à¦ â¥«ìë¥ ¯à¨¬¥àë ¬®¦® ¯®«ãç¨âì á ¯®¬®éìî á«¥¤ãîé¥£® ãâ¢¥à¦¤¥¨ï.

�¥®à¥¬  (®¡ ®âªàëâ®¬ ®â®¡à ¦¥¨¨). �ãáâì E | ®âªàëâ®¥ ¬®¦¥áâ¢® ¢ Rm ¨ F : E → Rm

| £« ¤ª®¥ ®â®¡à ¦¥¨¥, ¥ ¨¬¥îé¥¥ ªà¨â¨ç¥áª¨å â®ç¥ª. �®£¤  F | ®âªàëâ®¥ ®â®¡à ¦¥¨¥.

�®ª   §   â ¥ « ì á â ¢ ®. �®áâ â®ç® ¯à®¢¥à¨âì, çâ® ¤«ï «î¡®£® è à  B = Br(a) ⊂ E â®çª 
b = F (a) «¥¦¨â ¢ãâà¨ F (B). �à¨ íâ®¬ ¬ë ¬®¦¥¬ áç¨â âì, çâ® § ¬ªãâë© è à B = Br(a)
á®¤¥à¦¨âáï ¢ E. �¬¥ìè¨¢ à ¤¨ãá ¢ á«ãç ¥ ¥®¡å®¤¨¬®áâ¨, ¬ë ¬®¦¥¬, ®¯¨à ïáì   â¥®à¥¬ã ®¡
®æ¥ª¥ á¨§ã ¯à¨à é¥¨ï £« ¤ª®£® ®â®¡à ¦¥¨ï, áç¨â âì â ª¦¥ à ¤¨ãá r áâ®«ì ¬ «ë¬, çâ® ¤«ï
¥ª®â®à®£® ¯®«®¦¨â¥«ì®£® ç¨á«  µ á¯à ¢¥¤«¨¢® ¥à ¢¥áâ¢®

∥F (x)− F (a)∥m > µ ∥x− a∥m (x ∈ B).

�à®¢¥à¨¬ â¥¯¥àì, çâ® è à Bρ(b) à ¤¨ãá  ρ =
1
2µr á®¤¥à¦¨âáï ¢ F (B):

¤«ï «î¡®© â®çª¨ y0, ∥y0 − b∥m < ρ, áãé¥áâ¢ã¥â â ª ï â®çª  x0 ∈ B, çâ® y0 = F (x0).

�«ï íâ®£® § ä¨ªá¨àã¥¬ ¢¥ªâ®à y0 = (y◦1 , . . . , y
◦
m) ¤® ª®æ  à ááã¦¤¥¨© ¨ ®¯à¥¤¥«¨¬   E ¢á¯®-

¬®£ â¥«ìãî äãªæ¨î:

ψ(x) = ∥F (x)− y0∥2m =
m∑

k=1

(Fk(x)− y◦k)
2.

�â® ¥¯à¥àë¢® ¤¨ää¥à¥æ¨àã¥¬ ï   E äãªæ¨ï. � ©¤ñ¬ minB ψ. �® â¥®à¥¬¥ �¥©¥àèâà áá 

íâ®â ¬¨¨¬ã¬ ¤®áâ¨£ ¥âáï ¢ ¥ª®â®à®© â®çª¥ x0 è à  B. �¡¥¤¨¬áï ¢ â®¬, çâ® ®  «¥¦¨â ¢ãâà¨
è à  B. �«ï íâ®£® ¤®ª ¦¥¬, çâ®   ¥£® £à ¨æ¥ § ç¥¨ï äãªæ¨¨ ψ á«¨èª®¬ ¡®«ìè¨¥ (¡®«ìè¥,
ç¥¬ ¢ æ¥âà¥ è à ).

�® ¢ë¡®àã â®çª¨ y0 ¬ë ¨¬¥¥¬

ψ(a) = ∥F (a)− y0∥2m = ∥b− y0∥2m < ρ2.
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�á«¨ ¦¥ x ∈ ∂B, â.¥. ∥x− a∥m = r, â®√
ψ(x) = ∥F (x)− y0∥m = ∥F (x)− F (a) + b− y0∥m > ∥F (x)− F (a)∥m − ∥b− y0∥m >

> µ∥x− a∥m − ρ = µr − ρ = ρ.

�â ª, ψ(a) < ρ2 < ψ(x) ¤«ï «î¡®© £à ¨ç®© â®çª¨ x è à  B. �®íâ®¬ã ¬¨¨¬ã¬ äãªæ¨¨ ψ
¤®áâ¨£ ¥âáï ¢ãâà¨ ¥£®, â.¥. x0 ∈ B. �® â®£¤  ¢á¥ ç áâë¥ ¯à®¨§¢®¤ë¥ äãªæ¨¨ ψ ¢ â®çª¥ x0
à ¢ë ã«î:

0 =
∂ψ

∂xj
(x0) = 2

m∑
k=1

(
Fk(x0)− y◦k

) ∂Fk

∂xj
(x0) (j = 1, . . . ,m).

� ª¨¬ ®¡à §®¬, ç¨á«  Fk(x0) − y◦k (k = 1, . . . ,m) ã¤®¢«¥â¢®àïîâ ®¤®à®¤®© á¨áâ¥¬¥ «¨¥©ëå

ãà ¢¥¨© á ¥®á®¡¥®© ¬ âà¨æ¥© F ′(x0) =
(

∂Fk

∂xj
(x0)

)
16j,k6m

( ¯®¬¨¬, çâ® detF ′ ̸= 0   E).

�«¥¤®¢ â¥«ì®, ¢á¥ íâ¨ ç¨á«  à ¢ë ã«î, â.¥. y0 = F (x0) ∈ F (B). �®áª®«ìªã y0 |¯à®¨§¢®«ì ï
â®çª  ¨§ è à  Bρ(b), ¬ë ¯®«ãç ¥¬, çâ® ¢¥áì ® á®¤¥à¦¨âáï ¢ F (B). �¥®à¥¬  ¤®ª §  .

�¥¯¥àì ã  á ¢áñ £®â®¢® ¤«ï ¯®«ãç¥¨ï ®á®¢®£® à¥§ã«ìâ â .

�¥®à¥¬  (®¡ ®¡à â®¬ ®â®¡à ¦¥¨¨). �ãáâì E | ®âªàëâ®¥ ¯®¤¬®¦¥áâ¢® ¯à®áâà áâ¢  Rm

¨ F : E → Rm | £« ¤ª®¥ ®â®¡à ¦¥¨¥, ¥ ¨¬¥îé¥¥ ªà¨â¨ç¥áª¨å â®ç¥ª. �®£¤  F | «®ª «ìë©
¤¨ää¥®¬®àä¨§¬, â.¥. ¤«ï «î¡®© â®çª¨ x0 ¨§ E  ©¤ñâáï â ª®© è à B = Br(x0), B ⊂ E, çâ®
¬®¦¥áâ¢® F (B) ®âªàëâ® ¢ Rm,   áã¦¥¨¥ F |B | ¤¨ää¥®¬®àä¨§¬ ¬¥¦¤ã B ¨ F (B).

� ç áâ®áâ¨, ®¡à â®¥ ®â®¡à ¦¥¨¥ G := ( F |B)−1 ¥¯à¥àë¢® ¤¨ää¥à¥æ¨àã¥¬®   F (B).
� ® ª   §   â ¥ « ì á â ¢ ®. �® á«¥¤áâ¢¨î ¨§ â¥®à¥¬ë ®¡ ®æ¥ª¥ á¨§ã ¯à¨à é¥¨ï £« ¤ª®£® ®â®¡-

à ¦¥¨ï áãé¥áâ¢ã¥â â ª®© è à B = Br(x0), B ⊂ E, çâ® ®â®¡à ¦¥¨¥ F ¨ê¥ªâ¨¢®   B ¨

®¡à â®¥ ®â®¡à ¦¥¨¥ G = ( F |B)−1 ¥¯à¥àë¢®   F (B), â.¥. F |B | £®¬¥®¬®àä¨§¬. �® â¥®à¥-
¬¥ ®¡ ®âªàëâ®¬ ®â®¡à ¦¥¨¨ ¬®¦¥áâ¢® F (B) ®âªàëâ®. �®íâ®¬ã ®áâ «®áì á®á« âìáï   â¥®à¥¬ã
® ¤¨ää¥®¬®àä¨§¬¥ (§ ¬¥¨¢ ¢ ¥© ¬®¦¥áâ¢® E è à®¬ B). �¥®à¥¬  ¤®ª §  .

§3. �â®á¨â¥«ìë© íªáâà¥¬ã¬ äãªæ¨¨ ¥áª®«ìª¨å ¯¥à¥¬¥ëå

�® á â    ® ¢ ª   §   ¤   ç ¨. �  ¯à ªâ¨ª¥ ç áâ® ¢®§¨ª ¥â â ª ï § ¤ ç :   ®âªàëâ®¬ ¬®-
¦¥áâ¢¥ E, E ⊂ Rm, § ¤   £« ¤ª ï äãªæ¨ï f : E → R. �à¥¡ã¥âáï  ©â¨ ¥ñ íªáâà¥¬ «ìë¥
§ ç¥¨ï, ® ¥   ¢áñ¬ ¬®¦¥áâ¢¥ E,   «¨èì   ¥£® ¯®¤¬®¦¥áâ¢¥, ®¡à §®¢ ®¬ â¥¬¨ â®çª ¬¨,
ª®â®àë¥ ã¤®¢«¥â¢®àïîâ ¤®¯®«¨â¥«ìë¬ ãá«®¢¨ï¬ (ãà ¢¥¨ï¬ á¢ï§¨):

φ1(x) = 0, . . . , φn(x) = 0.

� ¯à¨¬¥à, ¥á«¨  ¤®  ©â¨ maxK f   ª®¬¯ ªâ¥ K, K ⊂ E, â® ¯à¨å®¤¨âáï à áá¬ âà¨¢ âì
¤¢¥ ¢®§¬®¦®áâ¨: â®çª  x∗, ¢ ª®â®à®© f ¤®áâ¨£ ¥â  ¨¡®«ìè¥£® § ç¥¨ï (®  áãé¥áâ¢ã¥â ¯®
â¥®à¥¬¥ �¥©¥àèâà áá ),  å®¤¨âáï ¢ãâà¨ ¨«¨   £à ¨æ¥ ª®¬¯ ªâ  K. � ¯¥à¢®¬ á«ãç ¥ ¢áñ
áà ¢¨â¥«ì® ¯à®áâ® | â®£¤ 

grad f(x∗) = Om, â.¥.
∂f

∂x1
(x∗) = . . . =

∂f

∂xm
(x∗) = 0.

�áâ ñâáï à¥è¨âì íâã á¨áâ¥¬ã, ¢ ª®â®à®© ç¨á«® ãà ¢¥¨© á®¢¯ ¤ ¥â á ç¨á«®¬ ¥¨§¢¥áâëå.
�® ¢â®à®¬ á«ãç ¥, ª®£¤  x∗ ∈ ∂K, à ¢¥áâ¢® grad f(x∗) = Om, ¢®®¡é¥ £®¢®àï, ¥ ¢ë¯®«-

ï¥âáï. �®áª®«ìªã ¯à¨ m > 1 ¬®¦¥áâ¢® ∂K á®¤¥à¦¨â ¡¥áª®¥ç® ¬®£® â®ç¥ª, ¦¥« â¥«ì®
 ©â¨ ¯à¨§ ª, ¢ë¤¥«ïîé¨© áà¥¤¨ ¨å â®çª¨ \¯®¤®§à¨â¥«ìë¥   íªáâà¥¬ã¬" (¢ ®¤®¬¥à®¬
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á«ãç ¥ ¢ íâ®¬ ¥â ¥®¡å®¤¨¬®áâ¨, â ª ª ª £à ¨æ  ®âà¥§ª  á®áâ®¨â «¨èì ¨§ ¤¢ãå â®ç¥ª; ¯®íâ®¬ã
¤®áâ â®ç® áà ¢¨âì § ç¥¨ï äãªæ¨¨ f   ª®æ å ®âà¥§ª  á ¥ñ § ç¥¨ï¬¨ ¢® ¢á¥å ¢ãâà¥¨å
áâ æ¨® àëå â®çª å).

�â®¡ë ¤ âì ¥ª®â®à®¥ ¯à¥¤áâ ¢«¥¨¥ ® â®¬, çâ® ¬®£«® ¡ë ¯®á«ã¦¨âì íâ¨¬ ¯à¨§ ª®¬ ¢
ªà â®¬ á«ãç ¥, à áá¬®âà¨¬ â ªãî § ¤ çã. �  ª àâ¥ å®«¬¨áâ®© ¬¥áâ®áâ¨ ®â¬¥ç¥  ¤®à®£ .
� ª  ©â¨ ¥ñ á ¬ãî ¢ëá®ªãî ¨ á ¬ãî ¨§ªãî â®çª¨? � ç¥ £®¢®àï,   ®âªàëâ®¬ ¬®¦¥áâ¢¥ E,
E ⊂ R2, § ¤   äãªæ¨ï f (§ ç¥¨¥ f(x) à ¢® ¢ëá®â¥ §¥¬®© ¯®¢¥àå®áâ¨ ¢ â®çª¥ x, x ∈ E).
�à®¬¥ â®£®, ¢ E «¥¦¨â £« ¤ª ï ªà¨¢ ï ℓ (¤®à®£ ). �à¥¡ã¥âáï  ©â¨

h∗ = max
x∈ℓ

f(x) ¨ h∗ = min
x∈ℓ

f(x).

� à¨á®¢ ¢   ª àâ¥ «¨¨î ¯®áâ®ï®© ¢ëá®âë h, h > h∗ ¨«¨ h < h∗, ¬ë ¯®«ãç¨¬, çâ® ® 
¥ ¨¬¥¥â ®¡é¨å â®ç¥ª á ªà¨¢®© ℓ. �¨¨ï, á®®â¢¥âáâ¢ãîé ï ¯à®¬¥¦ãâ®ç®© ¢ëá®â¥ h ∈ (h∗, h

∗),
¯¥à¥á¥ª ¥âáï á ℓ. �á«¨ ¯ à ¬¥âà h ¯à¨¡«¨¦ âì ª h∗, â® â®çª¨ ¯¥à¥á¥ç¥¨ï ¡ã¤ãâ á¡«¨¦ âìáï, ¨ ¢
¯à¥¤¥«ì®¬ á«ãç ¥ h = h∗ «¨¨ï {x ∈ E | f(x) = h∗} ª®áñâáï ªà¨¢®© ℓ ¢ ¨áª®¬®© â®çª¥ x∗. � ª¨¬
®¡à §®¬, ª á â¥«ì ï ª «¨¨¨ {x ∈ E | f(x) = h∗}, â.¥. ¯àï¬ ï ⟨grad f(x∗), x − x∗⟩ = 0 ï¢«ï¥âáï
®¤®¢à¥¬¥® ¨ ª á â¥«ì®© ª ªà¨¢®© ℓ ¢ â®çª¥ x∗. �á«¨ íâ  ªà¨¢ ï § ¤ ñâáï ãà ¢¥¨¥¬ φ(x) =
0, â® ⟨gradφ(x∗), x− x∗⟩ = 0 | ãà ¢¥¨¥ ª á â¥«ì®© ª ℓ ¢ â®çª¥ x∗. �®¢¯ ¤¥¨¥ ª á â¥«ìëå
à ¢®á¨«ì® ¯à®¯®àæ¨® «ì®áâ¨ £à ¤¨¥â®¢ grad f(x∗) ¨ gradφ(x∗): áãé¥áâ¢ã¥â â ª®¥ ç¨á«® λ,
çâ® grad f(x∗) = λ gradφ(x∗), â.¥.

∂f

∂x1
(x∗) = λ

∂φ

∂x1
(x∗) ¨

∂f

∂x2
(x∗) = λ

∂φ

∂x2
(x∗).

�â® ¨ ¥áâì ¨áª®¬ë© ªà¨â¥à¨© ¢ à áá¬ âà¨¢ ¥¬®© ¤¢ã¬¥à®© § ¤ ç¥: æ¥®© ¢¢¥¤¥¨ï ®¢®© ¥¨§-
¢¥áâ®© λ ¬ë  è«¨ ¤¢  ¤®¯®«¨â¥«ìëå ãà ¢¥¨ï, ª®â®àë¥ ¢¬¥áâ¥ á ãà ¢¥¨¥¬ φ(x1, x2) = 0,
á¢ï§ë¢ îé¨¬ ¯¥à¥¬¥ë¥ x1 ¨ x2, ®¡à §ãîâ á¨áâ¥¬ã ¨§ âàñå ãà ¢¥¨© á âà¥¬ï ¥¨§¢¥áâë¬¨.

� «®£¨ç®¥ ï¢«¥¨¥, ¢®§¨ª îé¥¥ ¯à¨ à áá¬®âà¥¨¨ ¡®«¥¥ ®¡é¥© § ¤ ç¨, ®¯¨áë¢ ¥âáï á«¥-
¤ãîé¥© â¥®à¥¬®©.

�¥®à¥¬  (¥®¡å®¤¨¬®¥ ãá«®¢¨¥ ®â®á¨â¥«ì®£® íªáâà¥¬ã¬ ). �ãáâì äãªæ¨ï f : E → R
¥¯à¥àë¢® ¤¨ää¥à¥æ¨àã¥¬    ®âªàëâ®¬ ¬®¦¥áâ¢¥ E,E ⊂ Rm. �ãáâì ¥éñ φ = (φ1, . . . , φn) :
E → Rn, n < m, | ¥¯à¥àë¢® ¤¨ää¥à¥æ¨àã¥¬®¥ ®â®¡à ¦¥¨¥ ¨ Eφ = {x ∈ E |φ(x) = On}.
�®¯ãáâ¨¬, çâ® x0 ∈Eφ | â®çª  «®ª «ì®£® íªáâà¥¬ã¬  f   Eφ ¨ à £ ¬ âà¨æë �ª®¡¨ φ′(x0)
¬ ªá¨¬ «ì® ¢®§¬®¦ë©: rankφ′(x0) = n.

�®£¤  £à ¤¨¥â grad f(x0) «¨¥©® § ¢¨á¨â ®â £à ¤¨¥â®¢ gradφ1(x0), . . . , gradφn(x0).

�á«®¢¨¥ rankφ′(x0) = n ®§ ç ¥â, çâ® áâà®ª¨ ¬ âà¨æë φ′(x0), â.¥. £à ¤¨¥âë gradφ1(x0), . . . ,
gradφn(x0), «¨¥©® ¥§ ¢¨á¨¬ë. �¥®à¥¬  ãâ¢¥à¦¤ ¥â, çâ® ¤«ï ¥ª®â®àëå ç¨á¥« λ1, . . . , λn
¢ë¯®«ï¥âáï à ¢¥áâ¢®

grad f(x0) =

n∑
k=1

λk gradφk(x0).

�â® á¨áâ¥¬  m ãà ¢¥¨©, ¢ ª®â®à®© m + n ¥¨§¢¥áâëå: ª ª®®à¤¨ â ¬ x◦1, . . . , x
◦
m ¨áª®¬®£®

¢¥ªâ®à  x0 ¤®¡ ¢¨«¨áì ®¢ë¥ ¥¨§¢¥áâë¥ ª®íää¨æ¨¥âë λ1, . . . , λn. �å  §ë¢ îâ ¬®¦¨â¥«ï¬¨
� £à ¦ . �à®¬¥ íâ¨å m ãà ¢¥¨©, ã  á ¥áâì ¥éñ n ãà ¢¥¨© á¢ï§¨

φ1(x
◦
1, . . . , x

◦
m) = 0

...............................

φn(x
◦
1, . . . , x

◦
m) = 0.
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�â ª, ¤«ï ¯®¨áª  â®çª¨ ®â®á¨â¥«ì®£® «®ª «ì®£® íªáâà¥¬ã¬  äãªæ¨¨ m ¯¥à¥¬¥ëå,
ª®â®àë© ®¡ãá«®¢«¥ n ãà ¢¥¨ï¬¨ á¢ï§¨,  ¤® à¥è¨âì á¨áâ¥¬ã ¨§ m+ n ãà ¢¥¨© á â ª¨¬ ¦¥
ç¨á«®¬ ¥¨§¢¥áâëå.

� ® ª   §   â ¥ « ì á â ¢ ®. �¥ ã¬ «ïï ®¡é®áâ¨, ¡ã¤¥¬ áç¨â âì f(x0) = 0 (íâ®£® ¬®¦® ¤®¡¨âìáï,
§ ¬¥¨¢ äãªæ¨î f äãªæ¨¥© f − f(x0)). �®¯ãáâ¨¬, çâ® ãâ¢¥à¦¤¥¨¥ â¥®à¥¬ë ¥ ¢ë¯®«¥®:
grad f(x0) «¨¥©® ¥ § ¢¨á¨â ®â gradφ1(x0), . . . , gradφn(x0). �¡¥¤¨¬áï ¢ â®¬, çâ® ¢ íâ®¬ á«ãç ¥
â®çª  x0 ¥ ¬®¦¥â ¡ëâì â®çª®© «®ª «ì®£® íªáâà¥¬ã¬  äãªæ¨¨ f   ¬®¦¥áâ¢¥ Eφ.

� ç «  à §¡¥àñ¬ ®á®¢®© á«ãç © á ¬ ªá¨¬ «ìë¬ ç¨á«®¬ ãà ¢¥¨© á¢ï§¨: n = m − 1.
�¢¥¤ñ¬ ®¢®¥ ®â®¡à ¦¥¨¥ F : E → Rm, ¤¥©áâ¢ãîé¥¥   ¢¥ªâ®à x ¨§ E ¯® ¯à ¢¨«ã F (x) =(
f(x), φ(x)) = (f(x), φ1(x), . . . , φm−1(x)

)
. �®£¤  F (x0) = (f(x0), φ(x0)) =

(
0,Om−1

)
= Om ¨

F ′(x0) =

∥∥∥∥∥∥∥
grad f(x0)
gradφ1(x0)
...............

gradφm−1(x0)

∥∥∥∥∥∥∥ =
∥∥∥∥∥∥∥∥

∂f
∂x1

(x0) . . . ∂f
∂xm

(x0)
∂φ1
∂x1

(x0) . . . ∂φ1
∂xm

(x0)
. . . . . . . . .

∂φm−1

∂x1
(x0) . . . ∂φm−1

∂xm
(x0)

∥∥∥∥∥∥∥∥ .
�â® ª¢ ¤à â ï m × m ¬ âà¨æ . �® á¤¥« ®¬ã ¯à¥¤¯®«®¦¥¨î ¥ñ ¯¥à¢ ï áâà®ª  «¨¥©®
¥ § ¢¨á¨â ®â ®áâ «ìëå áâà®ª, ª®â®àë¥ ¢ á¢®î ®ç¥à¥¤ì «¨¥©® ¥§ ¢¨á¨¬ë ¯® ãá«®¢¨î â¥®-
à¥¬ë. �«¥¤®¢ â¥«ì®, detF ′(x0) ̸= 0. � ª ª ª äãªæ¨ï x 7→ detF ′(x) ¥¯à¥àë¢    E, â®
detF ′(x) ̸= 0, â.¥. dxF ∈ Isom (Rm) ¢¡«¨§¨ x0. �® â¥®à¥¬¥ ®¡ ®âªàëâ®¬ ®â®¡à ¦¥¨¨ ¤«ï
¤®áâ â®ç® ¬ «®£® è à  B á æ¥âà®¬ ¢ â®çª¥ x0 ¥£® ®¡à § F (B) | ®âªàëâ®¥ ¬®¦¥áâ¢® ¢
Rm. �®áª®«ìªã Om = F (x0) ∈ F (B), ¬ë ¯®«ãç ¥¬, çâ® Om | ¢ãâà¥ïï â®çª  ¬®¦¥áâ¢ 
F (B). �«¥¤®¢ â¥«ì®, ¯à¨ ¤®áâ â®ç® ¬ «®¬ ¯®«®¦¨â¥«ì®¬ ε ¢¥ªâ®àë

(
ε,Om−1

)
¨
(
−ε,Om−1

)
ï¢«ïîâáï § ç¥¨ï¬¨ ®â®¡à ¦¥¨ï F   è à¥ B: áãé¥áâ¢ãîâ â ª¨¥ â®çª¨ x+, x− ∈ B, çâ®
F (x+) =

(
ε,Om−1

)
¨ F (x−) =

(
−ε,Om−1

)
. �® ®¯à¥¤¥«¥¨î ®â®¡à ¦¥¨ï F íâ® ®§ ç ¥â, çâ®(

f(x±), φ(x±)
)
=

(
±ε,Om−1

)
, â.¥. f(x±) = ±ε ¨ φ(x±) = Om−1. �â®à®¥ à ¢¥áâ¢® ®§ ç ¥â,

çâ® x± ∈ Eφ. � ª¨¬ ®¡à §®¬, äãªæ¨ï f ¯à¨¨¬ ¥â ª ª ¯®«®¦¨â¥«ìë¥, â ª ¨ ®âà¨æ â¥«ìë¥
§ ç¥¨ï   ¬®¦¥áâ¢¥ Eφ, ¯à¨çñ¬ íâ® ¯à®¨áå®¤¨â áª®«ì ã£®¤® ¡«¨§ª® ª x0 (â®çª¨ x± ¯à¨ ¤-
«¥¦ â è àã B, à ¤¨ãá ª®â®à®£® ¬®¦® ¢§ïâì áª®«ì ã£®¤® ¬ «ë¬). �®íâ®¬ã áã¦¥¨¥ äãªæ¨¨
f   ¬®¦¥áâ¢® Eφ ¥ ¨¬¥¥â «®ª «ì®£® íªáâà¥¬ã¬  ¢ â®çª¥ x0. �â ª, ¤®¯ãé¥¨¥ «¨¥©®©
¥§ ¢¨á¨¬®áâ¨ £à ¤¨¥â  grad f(x0) ®â gradφ1(x0), . . . , gradφm−1(x0) ¯à¨¢®¤¨â ª ¯à®â¨¢®à¥ç¨î.

�ãáâì â¥¯¥àì n 6 m − 2. �¢¥¤ñ¬ íâ®â á«ãç © ª ã¦¥ à áá¬®âà¥®©  ¬¨ á¨âã æ¨¨ á ¬ ª-
á¨¬ «ìë¬ ç¨á«®¬ ãà ¢¥¨© á¢ï§¨. � á¨«ã ãá«®¢¨ï (£à ¤¨¥âë äãªæ¨© φ1, . . . , φn ¢ â®çª¥
x0 «¨¥©® ¥§ ¢¨á¨¬ë) ¨ á¤¥« ®£® ¯à¥¤¯®«®¦¥¨ï (grad f(x0) «¨¥©® ¥§ ¢¨á¨¬ ®â ¨å)
¯àï¬®ã£®«ì ï ¬ âà¨æ  ∥∥∥∥∥∥∥

grad f(f0)
gradφ1(x0)

. . .
gradφn(x0)

∥∥∥∥∥∥∥ =
∥∥∥∥∥∥∥∥

∂f
∂x1

(x0) . . . ∂f
∂xm

(x0)
∂φ1
∂x1

(x0) . . . ∂φ1
∂xm

(x0)
. . . . . . . . .

∂φn

∂x1
(x0) . . . ∂φn

∂xm
(x0)

∥∥∥∥∥∥∥∥
¨¬¥¥â ¬ ªá¨¬ «ì® ¢®§¬®¦ë© à £ n + 1. �¥ ã¬ «ïï ®¡é®áâ¨, ¡ã¤¥¬ áç¨â âì, çâ® «¨¥©®
¥§ ¢¨á¨¬ë ¥ñ ¯¥à¢ë¥ áâ®«¡æë (¢ ¯à®â¨¢®¬ á«ãç ¥ á«¥¤ã¥â ¨§¬¥¨âì ã¬¥à æ¨î ¯¥à¥¬¥ëå),
¨ ¯®íâ®¬ã ª¢ ¤à â ï ¬ âà¨æ 

A =

∥∥∥∥∥∥∥∥
∂f
∂x1

(x0) . . . ∂f
∂xn+1

(x0)
∂φ1
∂x1

(x0) . . . ∂φ1
∂xn+1

(x0)
. . . . . . . . .

∂φn

∂x1
(x0) . . . ∂φn

∂xn+1
(x0)

∥∥∥∥∥∥∥∥
¥®á®¡¥ ï: detA ̸= 0.
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�â®¡ë á¢¥áâ¨ á¨âã æ¨î ª ã¦¥ à áá¬®âà¥®©, ã¢¥«¨ç¨¬ ç¨á«® ãà ¢¥¨© á¢ï§¨ ¤® m − 1,
¤®¡ ¢¨¢ ¥éñ m− n− 1 ®£à ¨ç¥¨¥: φj(x)=0, £¤¥ φj(x)=xj+1 − x◦j+1 ¯à¨ n+ 16 j <m. � ª¨¬
®¡à §®¬, ¬ë § ¬¥ï¥¬ ¬®¦¥áâ¢® Eφ ¬¥ìè¨¬ ¬®¦¥áâ¢®¬ Ẽφ, à áá¬ âà¨¢ ï ¢ Eφ â®«ìª® â¥
â®çª¨, ã ª®â®àëå ¯®á«¥¤¨¥m−n−1 ª®®à¤¨ â § ä¨ªá¨à®¢ ë ¨ á®¢¯ ¤ îâ á á®®â¢¥âáâ¢ãîé¨¬¨

ª®®à¤¨ â ¬¨ â®çª¨ x0 (\«¨è¨¥ ª®®à¤¨ âë § ¬®à®¦¥ë"). �á®, çâ® x0 ∈ Ẽφ ¨ ¢ íâ®© â®çª¥

äãªæ¨ï f ¨¬¥¥â «®ª «ìë© íªáâà¥¬ã¬   Ẽφ (¯®áª®«ìªã ®  ¨¬¥¥â ¥£®   ¡®«ìè¥¬ ¬®¦¥áâ¢¥
Eφ).

�¥¯¥àì ãà ¢¥¨ï á¢ï§¨ § ¤ îâáï à ¢¥áâ¢®¬ φ̃(x) = Om−1, £¤¥ φ̃ : E → Rm−1 | ®â®¡à ¦¥-
¨¥ á ª®®à¤¨ âë¬¨ äãªæ¨ï¬¨ φ1, . . . , φm−1. �à®¢¥à¨¬, çâ® £à ¤¨¥âë grad f(x0), gradφ1(x0),

. . . , gradφm−1(x0) «¨¥©® ¥§ ¢¨á¨¬ë. �â® à ¢®á¨«ì® â®¬ã, çâ® ª¢ ¤à â ï ¬ âà¨æ  Ã, ®¡-
à §®¢  ï â ª¨¬¨ áâà®ª ¬¨, ¥®á®¡¥ ï. �á®, çâ®

Ã =

∥∥∥∥∥∥∥
grad f(x0)
gradφ1(x0)
...............

gradφm−1(x0)

∥∥∥∥∥∥∥ =
∥∥∥∥∥∥∥∥

∂f
∂x1

(x0) . . . ∂f
∂xm

(x0)
∂φ1
∂x1

(x0) . . . ∂φ1
∂xm

(x0)
. . . . . . . . .

∂φm−1

∂x1
(x0) . . . ∂φm−1

∂xm
(x0)

∥∥∥∥∥∥∥∥ =
∥∥∥∥A C
O I

∥∥∥∥ .
�¤¥áì O | ã«¥¢ ï ¬ âà¨æ  á m − n − 1 áâà®ª®© ¨ n + 1 áâ®«¡æ®¬, ¯àï¬®ã£®«ì ï ¬ âà¨æ  C
®¡à §®¢   ç áâë¬¨ ¯à®¨§¢®¤ë¬¨ ¯® xn+2, . . . , xm äãªæ¨© f, φ1, . . . , φn,   I | ¥¤¨¨ç ï

ª¢ ¤à â ï ¬ âà¨æ  à §¬¥à  (m − n − 1) × (m − n − 1). �®áª®«ìªã det Ã = detA ̸= 0, ¢¥ªâ®à
grad f(x0) «¨¥©® ¥ § ¢¨á¨â ®â ¢¥ªâ®à®¢ gradφ1(x0), . . . , gradφm−1(x0). �® â®£¤ , ª ª ã¦¥

¤®ª § ®, äãªæ¨ï f ¥ ¨¬¥¥â ¢ â®çª¥ x0 «®ª «ì®£® íªáâà¥¬ã¬    ¬®¦¥áâ¢¥ Ẽφ (¨ â¥¬ ¡®«¥¥
  Eφ). �¥®à¥¬  ¤®ª §  .

�à¨¬¥à. � ¤¨¬   «¨â¨ç¥áª®¥ ¤®ª § â¥«ìáâ¢® ¯®«ãç¥®£® ¤àã£¨¬ á¯®á®¡®¬ ¢ ªãàá¥ ¢ëá-
è¥©  «£¥¡àë ¢ ¦®£® ãâ¢¥à¦¤¥¨ï: ¢áïª ï ª¢ ¤à â ï ¢¥é¥áâ¢¥ ï á¨¬¬¥âà¨ç ï ¬ âà¨æ 
¨¬¥¥â ¢¥é¥áâ¢¥®¥ á®¡áâ¢¥®¥ ç¨á«®.

�«ï íâ®£® ¬ âà¨æ¥ A = (ajk)16j,k6m, ajk = akj , á®¯®áâ ¢¨¬ ª¢ ¤à â¨çãî ä®à¬ã

Q(x) = xAxT =
∑

16j,k6m

aj,kxjxk (x ∈ Rm).

�® â¥®à¥¬¥ �¥©¥àèâà áá  ®  ¤®áâ¨£ ¥â  ¨¡®«ìè¥£® § ç¥¨ï   ¥¤¨¨ç®© áä¥à¥ Sm−1 = {x ∈
Rm | ∥x∥m = 1}, â.¥. áãé¥áâ¢ã¥â à¥è¥¨¥ § ¤ ç¨

 ©â¨ maxQ(x) ¯à¨ ãá«®¢¨¨ x21 + . . .+ x2m = 1.

�¤¥áì â®«ìª® ®¤® ãà ¢¥¨¥ á¢ï§¨ φ(x) = x21 + . . . + x2m − 1 = 0 ¨ ¯à¥¤¯®«®¦¥¨¥ â¥®à¥¬ë
¢ë¯®«¥®: rankφ′(x) = 1 ¢áî¤ã   Sm−1, â ª ª ª gradφ(x) = (2x1, . . . , 2xm) = 2x ̸= Om.
�® ¤®ª § ®© â¥®à¥¬¥ ¢ â®© â®çª¥ x0 = (x◦1, . . . , x

◦
m), £¤¥ ª¢ ¤à â¨ç ï ä®à¬  Q ¯à¨¨¬ ¥â

 ¨¡®«ìè¥¥   Sm−1 § ç¥¨¥, ¤«ï ¥ª®â®à®£® ¢¥é¥áâ¢¥®£® ç¨á«  λ ¢ë¯®«ï¥âáï à ¢¥áâ¢®
gradQ(x0) = λ gradφ(x0), â.¥. 2λx

◦
j =

∂ Q
∂xj

(x0) ¯à¨ j = 1, . . . ,m. � ª ª ª

Q(x) = a11x
2
1 + . . .+ ammx

2
m + 2

(
a12x1x2 + . . .+ am−1,mxm−1xm

)
,

â® ¬ë ¯®«ãç ¥¬, çâ®

2λx◦j =
∂Q

∂xj
(x0) = 2

m∑
k=1

ajkx
◦
k (j = 1, . . . ,m), â.¥. 2λxT0 = 2AxT0 .

�®íâ®¬ã λ | á®¡áâ¢¥®¥ ç¨á«® ¬ âà¨æë A.
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�®¬®¦¨¢ à ¢¥áâ¢® AxT0 = λxT0 á«¥¢    x0 ¬ë ¢¨¤¨¬, çâ® Q(x0) = x0Ax
T
0 = λx0 x

T
0 =

λ∥x0∥2m = λ, â.¥.   ¥¤¨¨ç®© áä¥à¥  ¨¡®«ìè¥¥ § ç¥¨¥ ª¢ ¤à â¨ç®© ä®à¬ë ¤®áâ¨£ ¥âáï  
á®¡áâ¢¥®¬ ¢¥ªâ®à¥ ¨ à ¢® á®¡áâ¢¥®¬ã ç¨á«ã.

§4. �¥ï¢®¥ ®â®¡à ¦¥¨¥

�¤¥áì ¬ë § ©¬ñ¬áï ¡®«¥¥ á«®¦®©, ç¥¬ ¢ ¯¥à¢®¬ ¯ à £à ä¥, § ¤ ç¥© | ¨áá«¥¤®¢ ¨¥¬ á¨-
áâ¥¬ë ¥áª®«ìª¨å ãà ¢¥¨©. � áá¬®âà¨¬ á¨áâ¥¬ã ¨§ n ãà ¢¥¨© ®â®á¨â¥«ì® â ª®£® ¦¥ ç¨á« 
¥¨§¢¥áâëå y1, . . . , yn 

F1(x1, . . . , xm, y1, . . . , yn) = 0,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Fn(x1, . . . , xm, y1, . . . , yn) = 0
á ¢¥é¥áâ¢¥ë¬¨ ¯ à ¬¥âà ¬¨ x1, . . . , xm.

� á«ãç ¥ n = 1 ¬ë ¢®§¢à é ¥¬áï ª § ¤ ç¥ ® ¥ï¢®© äãªæ¨¨. �¡à é¥¨¥ ®â®¡à ¦¥¨ï
(á¬. §2) | â ª¦¥ ç áâë© á«ãç © à¥è¥¨ï á¨áâ¥¬ë ãà ¢¥¨©, ¢ ª®â®à®© m = n,   äãªæ¨¨
F1, . . . , Fm ¨¬¥îâ á¯¥æ¨ «ìë© ¢¨¤:

Fj(x1, . . . , xm, y1, . . . , yn) = F̃j(y1, . . . , ym)− xj ¤«ï j = 1, . . . ,m.

� íâ®¬ á«ãç ¥ ãà ¢¥¨ï á¨áâ¥¬ë á¢®¤ïâáï ª ãà ¢¥¨ï¬ F̃j(y1, . . . , ym) = xj , ¨ ¬ë ¯à¨å®¤¨¬

ª § ¤ ç¥ ®¡à é¥¨ï ®â®¡à ¦¥¨ï F̃ : § ï ¢¥ªâ®à x = (x1, . . . , xm),  ¤®  ©â¨ â ª®© ¢¥ªâ®à

y = (y1, . . . , ym), çâ® F̃ (y) = x (¯® áà ¢¥¨î á §2 x ¨ y ¯®¬¥ï«¨áì ¬¥áâ ¬¨).
� ¤ ç  ®¡ ®¡à é¥¨¨ ®â®¡à ¦¥¨ï ¨¬¥¥â «¨èì «®ª «ì®¥ à¥è¥¨¥. �®íâ®¬ã ¤ «¥¥, ¯à¨

à¥è¥¨¨ ¡®«¥¥ ®¡é¥© § ¤ ç¨ ® ¥ï¢®¬ ®â®¡à ¦¥¨¨, à¥çì ¯®©¤ñâ ® ¯®«ãç¥¨¨ â®«ìª® «®ª «ì-
ëå à¥§ã«ìâ â®¢: § ï, çâ® ¯à¨ ª ª®¬-â®  ¡®à¥ ¯ à ¬¥âà®¢ á¨áâ¥¬  ãà ¢¥¨© ¨¬¥¥â à¥è¥¨¥,
¬®¦® «¨ § ª«îç¨âì, çâ® ®  ¨¬¥¥â à¥è¥¨¥ ¨ ¯à¨ ¬ «®¬ ¨§¬¥¥¨¨ íâ¨å ¯ à ¬¥âà®¢? �®¦®
«¨ íâ® à¥è¥¨¥ ¤¨ää¥à¥æ¨à®¢ âì ¯® ¯ à ¬¥âà ¬?

�®âï ¨§ãç¥¨¥ ¥ï¢®© äãªæ¨¨ ãª« ¤ë¢ ¥âáï ¢ ®¢ãî, ¡®«¥¥ ®¡éãî áå¥¬ã, ãá¨«¨ï, § âà -
ç¥ë¥ ¢ ¯à¥¤ë¤ãé¥¬ ¯ à £à ä¥, ¥  ¯à áë | ¨á¯®«ì§®¢ ¨¥ ¬®®â®®áâ¨ ®ç¥ì  £«ï¤®
¨ ¤ ñâ ¥ â®«ìª® «®ª «ìë© à¥§ã«ìâ â (á¬. â¥®à¥¬ã ® £« ¤ª®áâ¨ ¥ï¢®© äãªæ¨¨).

�à¨ ®¡áã¦¤¥¨¨ íâ¨å ¢®¯à®á®¢ æ¥«¥á®®¡à §® ®âª § âìáï ®â èª®«ìëå ®¡®§ ç¥¨© ¨ ¨á-
¯®«ì§®¢ âì ¡®«¥¥ ª®¬¯ ªâãî ¢¥ªâ®àãî § ¯¨áì. �®£¤   è  § ¤ ç  ¢ë£«ï¤¨â â ª: ¨¬¥¥âáï
®â®¡à ¦¥¨¥ F ¬®¦¥áâ¢  E, E ⊂ Rm+n, ¢ ¯à®áâà áâ¢® Rn. �§¢¥áâ®, çâ® F (x0, y0) = On ¯à¨
¥ª®â®àëå x0 ¨§ Rm ¨ y0 ¨§ Rn. �¥à® «¨, çâ® ¤«ï «î¡®£® ¢¥ªâ®à  x ¨§ Rm ¤®áâ â®ç® ¡«¨§ª®£®
ª x0  ©¤ñâáï â ª®© ¢¥ªâ®à y ¨§ Rn (§ ¢¨áïé¨© ®â x), çâ® (x, y) ∈ E ¨ F (x, y) = On? �á«¨ íâ®
¤¥©áâ¢¨â¥«ì® â ª, â® ¢¡«¨§¨ â®çª¨ x0 ®¯à¥¤¥«¥® ®â®¡à ¦¥¨¥ G, á®¯®áâ ¢«ïîé¥¥ ¯ à ¬¥âàã
x ¢¥ªâ®à y = G(x) | à¥è¥¨¥ ãà ¢¥¨ï F (x, y) = On, â.¥. F (x,G(x)) = On. � íâ®¬ á«ãç ¥
£®¢®àïâ, çâ® ¢¡«¨§¨ â®çª¨ x0 ¥ï¢®¥ ®â®¡à ¦¥¨¥ G § ¤ ñâáï ãà ¢¥¨¥¬ F (x, y) = On. � è¥
æ¥«ì | ¯®«ãç¨âì ¤®áâ â®ç®¥ ãá«®¢¨¥ áãé¥áâ¢®¢ ¨ï ¥ï¢®£® ®â®¡à ¦¥¨ï ¨ ¨áá«¥¤®¢ âì ¥£®
á¢®©áâ¢  (¥¯à¥àë¢®áâì ¨ ¤¨ää¥à¥æ¨àã¥¬®áâì).

� ª ¨ ¢ ç áâ®¬ á«ãç ¥ íâ®© § ¤ ç¨ (®¡à é¥¨¥ ¤¨ää¥à¥æ¨àã¥¬®£® ®â®¡à ¦¥¨ï) ®á®¢ ï
¨¤¥ï à¥è¥¨ï ¯à¥¦ïï | íâ® «¨¥ à¨§ æ¨ï. � ¤® ¢®á¯®«ì§®¢ âìáï â¥¬, çâ® «®ª «ì® ¤¨ää¥-
à¥æ¨àã¥¬®¥ ®â®¡à ¦¥¨¥ \¯®çâ¨ «¨¥©®". �®á¬®âà¨¬ á ç « , ¥ á«¥¤ï §  áâà®£®áâìî à á-
áã¦¤¥¨©, ª ª âà áä®à¬¨àã¥âáï  è  § ¤ ç , ¥á«¨ § ¬¥¨âì § ç¥¨¥ F (x, y) ¡®«¥¥ ¯à®áâë¬

F̃ (x, y) = F (x0, y0) +
(
d(x0,y0)F

)
(x− x0, y − y0).

� âà¨æ  �ª®¡¨ F ′(x0, y0) ®¡à §®¢   ç áâë¬¨ ¯à®¨§¢®¤ë¬¨ ª®®à¤¨ âëå äãªæ¨© Fk, k =
1, . . . , n, ¯® ¯¥à¥¬¥ë¬ x1, . . . , xm ¨ y1, . . . , yn:

F ′(x0, y0) =

∥∥∥∥∥∥
∂F1
∂x1

(x0, y0) . . . ∂F1
∂xm

(x0, y0)
∂F1
∂y1

(x0, y0) . . . ∂F1
∂yn

(x0, y0)
. . . . . . . . . . . . . . . . . .

∂Fn

∂x1
(x0, y0) . . . ∂Fn

∂xm
(x0, y0)

∂Fn

∂y1
(x0, y0) . . . ∂Fn

∂yn
(x0, y0)

∥∥∥∥∥∥ .
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� áâë¥ ¯à®¨§¢®¤ë¥ ¯® ¯¥à¥¬¥ë¬ x1, . . . , xm ®¡à §ãîâ «¥¢ãî ¯®¤¬ âà¨æã | ®¡®§ ç¨¬
¥ñ F ′

x(x0, y0), ¢ ª®â®à®© m áâ®«¡æ®¢ ¨ n áâà®ª,   ¯à®¨§¢®¤ë¥ ¯® ¯¥à¥¬¥ë¬ y1, . . . , yn ®¡à §ãîâ
¯à ¢ãî ª¢ ¤à âãî ¯®¤¬ âà¨æã à §¬¥à  n× n | ¥ñ ®¡®§ ç¨¬ F ′

y(x0, y0):

F ′
x(x0, y0) =

∥∥∥∥∥∥
∂F1
∂x1

(x0, y0) . . . ∂F1
∂xm

(x0, y0)
. . . . . . . . .

∂Fn

∂x1
(x0, y0) . . . ∂Fn

∂xm
(x0, y0)

∥∥∥∥∥∥ , F ′
y(x0, y0) =

∥∥∥∥∥∥
∂F1
∂y1

(x0, y0) . . . ∂F1
∂yn

(x0, y0)
. . . . . . . . .

∂Fn

∂y1
(x0, y0) . . . ∂Fn

∂yn
(x0, y0)

∥∥∥∥∥∥ .
�¬ á®®â¢¥âáâ¢ãîâ «¨¥©ë¥ ®â®¡à ¦¥¨ï LX ∈ L mn ¨ LY ∈ L nn (\¤¨ää¥à¥æ¨ «ë ¨áå®¤®£®
®â®¡à ¦¥¨ï F ¯® x ¨ y"; â®ç¥¥, íâ® áã¦¥¨ï d(x0,y0)F   ¯®¤¯à®áâà áâ  ¢¥ªâ®à®¢ ¨§ Rm+n,
ã ª®â®àëå à ¢ë ã«î ¯®á«¥¤¨¥ n ¨ á®®â¢¥âáâ¢¥® ¯¥à¢ë¥ m ª®®à¤¨ â). �®£¤  ¤«ï «î¡ëå
¢¥ªâ®à®¢ H ∈ Rm ¨ h ∈ Rn ¢ë¯®«ï¥âáï à ¢¥áâ¢®(

d(x0,y0)F
)
(H,h) = LX(H) + LY (h).

�«¥¤®¢ â¥«ì®,

F̃ (x, y) = F (x0, y0) + LX(x− x0) + LY (y − y0).

�®íâ®¬ã ãà ¢¥¨¥ F (x, y) = On, ª®â®à®¬ã ã¤®¢«¥â¢®àï¥â â®çª  (x0, y0), § ¬¥ï¥âáï \¯®å®¦¨¬
ãà ¢¥¨¥¬"

LX(x− x0) + LY (y − y0) ≈ On.

�â®¡ë à¥è¨âì ¥£® ®â®á¨â¥«ì® y, ã¦  ®¡à â¨¬®áâì ®â®¡à ¦¥¨ï LY , â.¥. ¥à ¢¥áâ¢®
det F ′

y(x0, y0) ̸= 0. � íâ®¬ á«ãç ¥

y ≈ y0 − L−1
Y

(
Lx(x− x0)

)
.

�®çªã (x0, y0)  §®¢ñ¬ ¥¢ëà®¦¤¥®©, ¥á«¨ det F ′
y(x0, y0) ̸= 0. �¥¢ëà®¦¤¥®áâì â®çª¨ | íâ®

¬®£®¬¥àë©   «®£ ¥à ¢¥áâ¢  F ′
m+1 ̸= 0, ¢®§¨ªè¥£® ¯à¨ ¨áá«¥¤®¢ ¨¨ ¥ï¢®© äãªæ¨¨.

�¥®à¥¬  (® ¥ï¢®¬ ®â®¡à ¦¥¨¨). �ãáâì E | ®âªàëâ®¥ ¯®¤¬®¦¥áâ¢® ¯à®áâà áâ¢  Rm+n

¨ F : E → Rn | £« ¤ª®¥   E ®â®¡à ¦¥¨¥.
�®£¤  ãà ¢¥¨¥ F = On ¢¡«¨§¨ ª ¦¤®© ¥¢ëà®¦¤¥®© â®çª¨, ã¤®¢«¥â¢®àïîé¥© íâ®¬ã

ãà ¢¥¨î, § ¤ ñâ ¥¤¨áâ¢¥®¥ ¥ï¢®¥ ®â®¡à ¦¥¨¥ ¨ ®® £« ¤ª®¥: ¥á«¨ ¢¥ªâ®àë x0 ∈ Rm ¨

y0 ∈ Rn â ª®¢ë, çâ® (x0, y0) ∈ E, F (x0, y0) = On ¨ det
(

∂Fk

∂yj
(x0, y0)

)
16j,k6n

̸= 0, â® áãé¥áâ¢ãîâ

â ª¨¥ ¯®«®¦¨â¥«ìë¥ ç¨á«  δ ¨ �, çâ®
1) (x, y) ∈ E, ¥á«¨ ∥x− x0∥m < δ, ∥y − y0∥n < �;
2) ¤«ï «î¡®£® x, ∥x−x0∥m<δ, áãé¥áâ¢ã¥â ¥¤¨áâ¢¥ë© ¢¥ªâ®à G(x)∈Rn, ∥G(x)−y0∥n<�,

ã¤®¢«¥â¢®àïîé¨© ãà ¢¥¨î F (x,G(x)) = On; ¢ ç áâ®áâ¨ G(x0) = y0;
3) ®â®¡à ¦¥¨¥ G ¥¯à¥àë¢® ¤¨ää¥à¥æ¨àã¥¬® ¢ è à¥ ∥x− x0∥m < δ;
4) á¯à ¢¥¤«¨¢® à ¢¥áâ¢®

G′(x0) = −
(
F ′
y(x0, y0)

)−1 ◦ F ′
x(x0, y0).

� â¥®à¥¬¥ à ¤¨ ¯à®áâ®âë ä®à¬ã«¨à®¢ª¨ ¯à¥¤¯®« £ ¥âáï «¨¥© ï ¥§ ¢¨á¨¬®áâì ¯®á«¥¤-

¨å n áâ®«¡æ®¢ ¬ âà¨æë �ª®¡¨. �á«¨ ª ª¨¥-â® ¤àã£¨¥ ¥ñ n áâ®«¡æ®¢ «¨¥©® ¥§ ¢¨á¨¬ë, â®
á®®â¢¥âáâ¢ãîé¨¥ ¨¬ n ¯¥à¥¬¥ëå ¬®¦® ¢ëà §¨âì ç¥à¥§ ®áâ «ìë¥ m ¯¥à¥¬¥ëå.

�â¬¥â¨¬ ¥éñ, çâ® ç¨á«  δ ¨ � § ¢¨áïâ ¥ â®«ìª® ®â E ¨ F , ® ¨ ®â â®çª¨ (x0, y0) ¨§ E.

� ® ª   §   â ¥ « ì á â ¢ ®. �¢¥¤ñ¬ ¤®ª §ë¢ ¥¬®¥ ãâ¢¥à¦¤¥¨¥ ª ã¦¥ à áá¬®âà¥®¬ã ¢ §2 ç áâ-
®¬ã á«ãç î | â¥®à¥¬¥ ®¡ ®¡à â®¬ ®â®¡à ¦¥¨¨. �â® ã¤ ñâáï á¤¥« âì §  áçñâ ã¢¥«¨ç¥¨ï
à §¬¥à®áâ¨ § ¤ ç¨.
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�¯à¥¤¥«¨¬ ®¢®¥ ®â®¡à ¦¥¨¥ � : E → Rm+n, ¤¥©áâ¢ãîé¥¥ ¯® ¯à ¢¨«ã

�(x, y) = (x, F (x, y)) ¤«ï «î¡®© â®çª¨ (x, y) ¨§ E.

�¥à¢ë¥ m ª®®à¤¨ âëå äãªæ¨© ®â®¡à ¦¥¨ï � | «¨¥©ë¥ äãªæ¨¨ (íâ® ª®®à¤¨ âë¥
äãªæ¨¨ â®¦¤¥áâ¢¥®£® ®â®¡à ¦¥¨ï). �¨ ¥¯à¥àë¢® ¤¨ää¥à¥æ¨àã¥¬ë. �®á«¥¤¨¥ n ª®-
®à¤¨ âëå äãªæ¨© ®â®¡à ¦¥¨ï � ¥¯à¥àë¢® ¤¨ää¥à¥æ¨àã¥¬ë ¯® ãá«®¢¨î (íâ® ª®®à¤¨-
 âë¥ äãªæ¨¨ ®â®¡à ¦¥¨ï F ). �®íâ®¬ã ®â®¡à ¦¥¨¥ � ¥¯à¥àë¢® ¤¨ää¥à¥æ¨àã¥¬®   E.
�£® ¬ âà¨æ  �ª®¡¨ ¢ ¯à®¨§¢®«ì®© â®çª¥ (x, y) ¬®¦¥áâ¢  E à ¢ 

�′(x, y) =

∥∥∥∥∥∥
∂�1
∂x1

(x, y) . . . ∂�1
∂xm

(x, y) ∂�1
∂y1

(x, y) . . . ∂�1
∂yn

(x, y)
. . . . . . . . . . . . . . . . . .

∂�m+n

∂x1
(x, y) . . . ∂�m+n

∂xm
(x, y) ∂�m+n

∂y1
(x, y) . . . ∂�m+n

∂yn
(x, y)

∥∥∥∥∥∥ .
�® ®¯à¥¤¥«¥¨î �k(x, y) = xk ¤«ï k 6 m ¨ �k(x, y) = Fk−m(x, y) ¤«ï k > m. � ç áâ®áâ¨,

∂�k

∂xj
=

{
1, ¥á«¨ k = j,

0, ¥á«¨ k ̸= j,

∂�k

∂yi
= 0 ¤«ï k, j = 1, . . . ,m ¨ i = 1, . . . , n.

�«¥¤®¢ â¥«ì®, ¬ âà¨æ  �′(x, y) ¨¬¥¥â ª«¥â®çãî áâàãªâãàã:

�′(x, y) =

∥∥∥∥ Im Omn

A(x, y) B(x, y)

∥∥∥∥ ,
£¤¥ Im | ¥¤¨¨ç ï ¬ âà¨æ  à §¬¥à  m×m, Omn | ã«¥¢ ï ¬ âà¨æ  (m áâà®ª ¨ n áâ®«¡æ®¢),
  ¬ âà¨æë A(x, y) ¨ B(x, y) | «¥¢ ï ¨ ¯à ¢ ï ç áâ¨ ¬ âà¨æë F ′(x, y):

A(x, y) =

∥∥∥∥∥∥
∂F1
∂x1

(x, y) . . . ∂F1
∂xm

(x, y)
. . . . . . . . .

∂Fn

∂x1
(x, y) . . . ∂Fn

∂xm
(x, y)

∥∥∥∥∥∥ , B(x, y) =

∥∥∥∥∥∥
∂F1
∂y1

(x, y) . . . ∂F1
∂yn

(x, y)
. . . . . . . . .

∂Fn

∂y1
(x, y) . . . ∂Fn

∂yn
(x, y)

∥∥∥∥∥∥ .
�®íâ®¬ã

det�′(x, y) = detB(x, y) = det

(
∂Fk

∂yi
(x, y)

)
16i,k6n

̸= 0 ¢¡«¨§¨ â®çª¨ (x0, y0).

�® â¥®à¥¬¥ ®¡ ®¡à â®¬ ®â®¡à ¦¥¨¨ � | «®ª «ìë© ¤¨ää¥®¬®àä¨§¬: ¤«ï ¯à®¨§¢®«ì®©
â®çª¨ (x0, y0) áãé¥áâ¢ãîâ áâ®«ì ¬ «ë© è à B, B ⊂ E, á æ¥âà®¬ ¢ (x0, y0), çâ® áã¦¥¨¥ �|B
¤¨ää¥®¬®àä® ®â®¡à ¦ ¥â B   ®âªàëâ®¥ ¬®¦¥áâ¢® �(B). �§ï¢ â®çªã (x0, y0), ã¤®¢«¥â¢®àïî-
éãî à ¢¥áâ¢ã F (x0, y0) = On, ¯®«ãç¨¬, çâ® �(x0, y0) =

(
x0, F (x0, y0)

)
= (x0,On) | ¢ãâà¥ïï

â®çª  ¬®¦¥áâ¢  �(B).

�ãáâì 	 = (�|B)
−1
, 	 : �(B) → B. �á®, çâ® 	(x0,On) = (x0, y0). � íâ®£® ®â®¡à ¦¥¨ï

¯¥à¢ë¥ m ª®®à¤¨ âëå äãªæ¨© â¥ ¦¥, çâ® ã �: 	j(x, y) = xj ¤«ï j = 1, . . . ,m ¨ (x, y) ∈ �(B).
�®íâ®¬ã 	 ¬®¦® § ¯¨á âì ¢ ¢¨¤¥ 	(x, y) = (x, θ(x, y)), £¤¥ θ | £« ¤ª®¥ ®â®¡à ¦¥¨¥ ¨§ �(B) ¢
Rn. �à¨ x = x0 ¨ y = y0 ¬ë ¯®«ãç ¥¬ (x0, y0) = 	(x0,On) = (x0, θ(x0,On)), â.¥. y0 = θ(x0,On).
�® ®¯à¥¤¥«¥¨î ®â®¡à ¦¥¨© �, 	 ¨ θ ¤«ï ¢áïª®© â®çª¨ (x, y) ¨§ �(B) ¢ë¯®«ï¥âáï à ¢¥áâ¢®

(x, y) = �
(
	(x, y)

)
= �

(
x, θ(x, y)

)
=

(
x, F (x, θ(x, y))

)
.

� ç áâ®áâ¨, ¥á«¨ (x,On) ∈ �(B), â®

(x,On) =
(
x, F (x, θ(x,On)

)
, â.¥. On = F

(
x, θ(x,On)

)
.
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�®íâ®¬ã ¢¥ªâ®à G(x) := θ(x,On) ã¤®¢«¥â¢®àï¥â ãà ¢¥¨î F (x,G(x)) = On, ¥á«¨ (x,On) ∈ �(B).
�®áª®«ìªã (x0,On) | ¢ãâà¥ïï â®çª  ¬®¦¥áâ¢  �(B), áãé¥áâ¢ã¥â áâ®«ì ¬ «®¥ ¯®«®¦¨â¥«ì-
®¥ ç¨á«® δ, çâ® (x, y) ∈ �(B), ¥á«¨ ∥x − x0∥m < δ ¨ ∥y∥n < δ. � ç áâ®áâ¨, (x,On) ∈ �(B)
¤«ï â ª¨å x, â.¥. G ®¯à¥¤¥«¥® ¢® ¢á¥å â®çª å è à  ∥x− x0∥m < δ. � ñ¬ ®â®¡à ¦¥¨¥ G £« ¤-
ª®¥, â ª ª ª ¥£® ª®®à¤¨ âë¥ äãªæ¨¨ ¯®«ãç¥ë áã¦¥¨¥¬ ª®®à¤¨ âëå äãªæ¨© £« ¤ª®£®
®â®¡à ¦¥¨ï θ.

�â¬¥â¨¬, çâ® G(x0) = θ(x0,On) = y0 ¨ (x,G(x)) = (x, θ(x,On)) = 	(x,On) ∈ B, ¥á«¨
(x,On) ∈ �(B) (¢ ç áâ®áâ¨, íâ® ¢¥à® ¤«ï ¢á¥å x ¨§ è à  ∥x− x0∥m < δ).

�ãáâì � > 0 â ª®¢®, çâ® ∥G(x)− y0∥n < � ¯à¨ ∥x− x0∥m < δ. �¬¥ìè¨¢ ç¨á«  δ ¨ �, ¥á«¨
íâ® ¥®¡å®¤¨¬®, ¬ë ¬®¦¥¬ áç¨â âì, çâ® (x, y) ∈ B, ª ª â®«ìª® ∥x − x0∥m < δ ¨ ∥y − y0∥n < �.
�á«¨ ¤«ï â ª¨å x ¨ y ®ª ¦¥âáï, çâ® F (x, y) = On, â®

�(x, y) =
(
x, F (x, y)

)
= (x,On) =

(
x, F (x,G(x))

)
= �(x,G(x)).

�®£¤  y = G(x), â ª ª ª � ¢§ ¨¬® ®¤®§ ç®   è à¥ B ¨ ¥¬ã ¯à¨ ¤«¥¦ â â®çª¨ (x, y),
(x,G(x)). � ª¨¬ ®¡à §®¬, ¤«ï ª ¦¤®£® x, ∥x − x0∥m < δ, ãà ¢¥¨¥ F (x, y) = On ¨¬¥¥â ¥¤¨-
áâ¢¥®¥ à¥è¥¨¥ y, ã¤®¢«¥â¢®àïîé¥¥ ¥à ¢¥áâ¢ã ∥y − y0∥n < � (¨ íâ® à¥è¥¨¥ | y = G(x)).

�áâ «®áì ¢ëç¨á«¨âì dx0G. �ãáâì LX ¨ LY | «¨¥©ë¥ ®â®¡à ¦¥¨ï, ¯®à®¦¤ ¥¬ë¥ ¬ âà¨-
æ ¬¨ A(x0, y0) ¨ B(x0, y0) (à ¤¨ ¯à®áâ®âë ®¡®§ ç¥¨© ¬ë ¥ ®â¬¥ç ¥¬ § ¢¨á¨¬®áâì LX ¨ LY ®â
x0 ¨ y0). �®á¯®«ì§ã¥¬áï ¤¨ää¥à¥æ¨àã¥¬®áâìî ®â®¡à ¦¥¨ï F ¢ â®çª¥ (x0, y0):

F (x, y) = F (x0, y0) +
(
d(x0,y0)F

)
(x− x0, y − y0) + ∥(x− x0, y − y0)∥m+nα(x, y) =

= LX(x− x0) + LY (y − y0) + ∥(x− x0, y − y0)∥m+nα(x, y),

£¤¥ α : E → Rn ¨ α(x0, y0) = lim
(x,y)→(x0,y0)

α(x, y) = On. �§ï¢ y = G(x), ∥x− x0∥m < δ, ¯®«ãç¨¬:

On = F (x,G(x)) = LX(x− x0) + LY (G(x)−G(x0)) + ∥
(
x− x0, G(x)−G(x0)

)
∥m+nα(x,G(x)).

�® ãá«®¢¨î Ly ∈ Isom(Rn). �®íâ®¬ã

G(x) = G(x0)− L−1
Y

(
LX(x− x0)

)
− ∥

(
x− x0, G(x)−G(x0)

)
∥m+nL

−1
Y (α(x,G(x))) .

�®áª®«ìªã ®â®¡à ¦¥¨¥ G ¤¨ää¥à¥æ¨àã¥¬® ¢ â®çª¥ x0, ¢¡«¨§¨ x0 ¢ë¯®«ï¥âáï ¥à ¢¥áâ¢®
∥G(x)−G(x0)∥n 6 C∥x− x0∥m á ¥ª®â®àë¬ ª®íää¨æ¨¥â®¬ C. �®íâ®¬ã

∥(x− x0, G(x)−G(x0))∥m+n =
√
∥x− x0∥2m + ∥G(x)−G(x0)∥2n 6 ∥x− x0∥m

√
1 + C2.

�à®¬¥ â®£®,
lim

x→x0
L−1
Y (α(x,G(x))) = L−1

Y (α(x0, G(x0))) = L−1
Y (On) = On

¨, á«¥¤®¢ â¥«ì®, ¯à¨ x→ x0

G(x) = G(x0)− L−1
Y (LX(x− x0)) + o

(
∥x− x0∥m

)
,

â.¥. dx0G = −L−1
Y ◦LX . �«¥¬¥âë ¬ âà¨æ [LX ] = A(x0, y0) ¨ [LY ] = B(x0, y0) ¥¯à¥àë¢® § ¢¨áïâ

®â (x0, y0), ¯à¨çñ¬ ¢â®à ï ¬ âà¨æ  ®¡à â¨¬  ¥ â®«ìª® ¢ â®çª¥ (x0, y0), ® ¨ ¢® ¢á¥å â®çª å ¤®áâ -
â®ç® ¡«¨§ª¨å ª (x0, y0). �à®¬¥ â®£® y0 = G(x0) ¥¯à¥àë¢® § ¢¨á¨â ®â x0. �®íâ®¬ã í«¥¬¥âë
¬ âà¨æ A(x0, G(x0)) ¨ B(x0, G(x0)),   á«¥¤®¢ â¥«ì®, ¨ ¬ âà¨æë B−1(x0, G(x0)) · A(x0, G(x0)),
¥¯à¥àë¢® § ¢¨áïâ ®â x0. � ª¨¬ ®¡à §®¬, ®â®¡à ¦¥¨¥ dx0G = −L−1

Y ◦LX ¥¯à¥àë¢® § ¢¨á¨â
®â x0, â.¥. ®â®¡à ¦¥¨¥ G £« ¤ª®¥.

�¥®à¥¬  ¤®ª §  .


