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§ 1. �«®é ¤ì ¯«®áª®© ä¨£ãàë ¨ ¨­â¥£à «

�¯à¥¤¥«ñ­­ë© ¨­â¥£à « | íâ® á¯®á®¡ ®æ¥­¨âì äã­ªæ¨î \¢ æ¥«®¬"*), á®¯®áâ ¢¨¢
¥© ç¨á«®, å à ªâ¥à¨§ãîé¥¥ \áà¥¤­¥¥" §­ ç¥­¨¥ äã­ªæ¨¨ (ç¥¬ ¡®«ìè¥ äã­ªæ¨ï, â¥¬
¡®«ìè¥ íâ® ç¨á«®). �§¢¥áâ­ë ­¥áª®«ìª® ®¯à¥¤¥«¥­¨© ¨­â¥£à «  ®â äã­ªæ¨¨ ¯® ¯à®¬¥-
¦ãâªã. �á«¨ äã­ªæ¨ï ­¥¯à¥àë¢­ ,   ¯à®¬¥¦ãâ®ª ª®­¥ç­ë© ¨ § ¬ª­ãâë©, â® ¢á¥ íâ¨
®¯à¥¤¥«¥­¨ï ¯à¨¢®¤ïâ ª ®¤­®¬ã ¨ â®¬ã ¦¥.

�¤¥áì ¡ã¤¥â ¨á¯®«ì§®¢ ­® ®¯à¥¤¥«¥­¨¥, ®á­®¢ ­­®¥ ­  £¥®¬¥âà¨ç¥áª¨å á®®¡à ¦¥-
­¨ïå, á¢ï§ ­­ëå á ¯®­ïâ¨¥¬ ¯«®é ¤¨ ¯«®áª®© ä¨£ãàë. �à¥¨¬ãé¥áâ¢® â ª®£® ¯®¤å®¤ 
¢ ¯à®áâ®â¥ ¨ ­ £«ï¤­®áâ¨, å®âï á ¬® ¯®­ïâ¨¥ \¯«®é ¤ì ¬­®¦¥áâ¢ " âà¥¡ã¥â ­¥ª®â®àëå
¯®ïá­¥­¨©.

�â® ¦¥ â ª®¥ ¯«®é ¤ì? �ãáâì F | á¨áâ¥¬  ¢á¥å ®£à ­¨ç¥­­ëå ¯®¤¬­®¦¥áâ¢ ¯«®á-
ª®áâ¨ R2 (¢á¥¢®§¬®¦­ë¥ ¯«®áª¨¥ \ä¨£ãàë"). �­ ç¥ £®¢®àï, ¢ª«îç¥­¨¥ E ∈ F ®§­ ç ¥â,
çâ® ¢ R2 ­ ©¤ñâáï ªàã£, á®¤¥à¦ é¨© ¬­®¦¥áâ¢® E. �à®áâ¥©è ï ä¨£ãà  | ¯àï¬®ã£®«ì-
­¨ª á® áâ®à®­ ¬¨ ¯ à ««¥«ì­ë¬¨ ®áï¬ ª®®à¤¨­ â: P = ⟨a, b⟩ × ⟨A,B⟩. �£® ¯«®é ¤ì
®¡®§­ ç¨¬ |P | = (b− a)(B −A). �­  ¯®¤à®¡­® ¨§ãç « áì ¢ èª®«¥.

�¯à¥¤¥«¥­¨¥. �«®é ¤ìî ­ §ë¢ ¥âáï äã­ªæ¨ï σ : F 7→ [0,+∞), ®¡« ¤ îé ï
á¢®©áâ¢ ¬¨ {

σ(P ) = |P | ¤«ï «î¡®£® ¯àï¬®ã£®«ì­¨ª  P ;

σ(E) = σ(E1) + σ(E2), ¥á«¨ E = E1 ∪ E2 ¨ E1 ∩ E2 = ∅.

� ª¨¬ ®¡à §®¬, ¯«®é ¤ì íâ®, á ®¤­®© áâ®à®­ë, ¯à¨¢ëç­ë© ¬ â¥¬ â¨ç¥áª¨© ®¡ê¥ªâ
| ­¥®âà¨æ â¥«ì­ ï äã­ªæ¨ï á ª®­¥ç­ë¬¨ §­ ç¥­¨ï¬¨. �® á ¤àã£®© áâ®à®­ë, ®­ 
§ ¤ ­  ­  ¤®¢®«ì­® ­¥®¡ëç­®¬ ¬­®¦¥áâ¢¥. �à£ã¬¥­â íâ®© äã­ªæ¨¨ | ­¥ ç¨á«® ¨«¨
¢¥ªâ®à,   ®£à ­¨ç¥­­®¥ ¯®¤¬­®¦¥áâ¢® ¯«®áª®áâ¨ (â.¥. ¯«®áª ï ä¨£ãà ).

�¥à¢®¥ á¢®©áâ¢® ¯«®é ¤¨ ­ §ë¢ ¥âáï ­®à¬¨à®¢ª®©,   ¢â®à®¥ |  ¤¤¨â¨¢­®áâìî.

�á«¨ Ẽ ⊂ E ⊂ R2, â® ¬­®¦¥áâ¢® E à á¯ ¤ ¥âáï ­  ­¥¯¥à¥á¥ª îé¨¥áï ç áâ¨ Ẽ ¨ E \ Ẽ.
� ª ª ª ¢á¥ §­ ç¥­¨ï ¯«®é ¤¨ ­¥®âà¨æ â¥«ì­ë, â® σ(E) = σ(Ẽ) + σ(E \ Ẽ) > σ(Ẽ).
�®íâ®¬ã ¯«®é ¤ì ¬®­®â®­­ :

σ(Ẽ) 6 σ(E), ¥á«¨ Ẽ ⊂ E ⊂ R2.

�âáî¤  áà §ã á«¥¤ã¥â, çâ® ¬­®¦¥áâ¢®, á®¤¥à¦ é¥¥áï ¢ £®à¨§®­â «ì­®¬ ¨«¨ ¢¥àâ¨ª «ì-
­®¬ ®âà¥§ª¥, ¨¬¥¥â ­ã«¥¢ãî ¯«®é ¤ì.

� èª®«ì­®¬ ªãàá¥ ¨á¯®«ì§ãîâáï ¨ ¤àã£¨¥ á¢®©áâ¢  ¯«®é ¤¨, ­ ¯à¨¬¥à, à ¢¥­áâ¢®
¯«®é ¤¥© ª®­£àãí­â­ëå ä¨£ãà. �¤­ ª®, ¤«ï ¯®áâà®¥­¨ï ¨­â¥£à «  ®­¨ ­¥ ¯®âà¥¡ãîâ-
áï. �®«¥¥ â®£®, ¤«ï ­ è¨å æ¥«¥© ¤®áâ â®ç­ë «¨èì â ª¨¥ âà¨ á¢®©áâ¢  | ­®à¬¨à®¢ª ,
¬®­®â®­­®áâì ¨ ®á« ¡«¥­­ ï  ¤¤¨â¨¢­®áâì: ¥á«¨ ¢¥àâ¨ª «ì­ ï (¨«¨ £®à¨§®­â «ì­ ï)
¯àï¬ ï à §¡¨¢ ¥â ä¨£ãàã E ­  «¥¢ãî ¨ ¯à ¢ãî (á®®â¢¥âáâ¢¥­­®, ­  ­¨¦­îî ¨ ¢¥àå-
­îî) ­¥¯¥à¥á¥ª îé¨¥áï ç áâ¨ E− ¨ E+, â® σ(E) = σ(E−) + σ(E+).

*) � â¨­áª®¥ á«®¢® \integer" ®§­ ç ¥â \æ¥«ë©".
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�à¨­ï¢ íâ¨  ªá¨®¬ë, ¬ë ¬®¦¥¬ ¯®«ì§®¢ âìáï ®á« ¡«¥­­®©  ¤¤¨â¨¢­®áâìî ¨ ¯à¨
¬¥­¥¥ ®£à ­¨ç¨â¥«ì­ëå ¯à¥¤¯®«®¦¥­¨ïå | ¯¥à¥á¥ç¥­¨¥ e = E− ∩ E+ ­¥ ®¡ï§ â¥«ì­®
áç¨â âì ¯ãáâë¬. �¥©áâ¢¨â¥«ì­®, ¥£® ¯«®é ¤ì à ¢­  ­ã«î, â ª ª ª ®­® á®¤¥à¦¨âáï ¢
®âà¥§ª¥ (¢¥àâ¨ª «ì­®¬ ¨«¨ £®à¨§®­â «ì­®¬). �®íâ®¬ã ¬­®¦¥áâ¢  E+ ¨ E+ \ e ¨¬¥îâ
à ¢­ë¥ ¯«®é ¤¨,   E− ¨ E+ \ e ®¡à §ãîâ à §¡¨¥­¨¥ ¨áå®¤­®© ä¨£ãàë E ­  ­¥¯¥à¥á¥-
ª îé¨¥áï ç áâ¨, çâ® ¯®§¢®«ï¥â ¢®á¯®«ì§®¢ âìáï ®á« ¡«¥­­®©  ¤¤¨â¨¢­®áâìî:

σ(E−) + σ(E+) = σ(E−) + σ(E+ \ e) = σ
(
E− ∪ (E+ \ e)

)
= σ(E).

� ¬¥ç ­¨¥. � á¢ï§¨ á ¯à¨¢¥¤ñ­­ë¬ ®¯à¥¤¥«¥­¨¥¬ ¢®§­¨ª îâ â ª¨¥ ¥áâ¥áâ¢¥­­ë¥
¢®¯à®áë: áãé¥áâ¢ã¥â «¨ ¯«®é ¤ì? ¥¤¨­áâ¢¥­­  «¨ ®­ ? ª ª ¥ñ ¢ëç¨á«ïâì?

�  ¯¥à¢ë© ¢®¯à®á ®â¢¥â ¨­âã¨â¨¢­® ïá¥­ | ª®­¥ç­®, áãé¥áâ¢ã¥â. �¤­ ª®, ä®à-
¬ «ì­®¥ ¤®ª § â¥«ìáâ¢® âà¥¡ã¥â ®¯à¥¤¥«ñ­­ëå ãá¨«¨© (á¬. ¤ «¥¥ ã¯à ¦­¥­¨¥).

�¥ ¢áñ â ª ¯à®áâ® á® ¢â®àë¬ ¢®¯à®á®¬. �ª §ë¢ ¥âáï, ¢®¯à¥ª¨ ¨­âã¨â¨¢­®¬ã ¯à¥¤-
áâ ¢«¥­¨î, ¯«®é ¤ì ­¥ ¥¤¨­áâ¢¥­­ . � áç áâìî, íâ® ¬®¦¥â ¯à®ï¢¨âìáï «¨èì ­  \¯«®-
å¨å" ¬­®¦¥áâ¢ å, ¯®áâà®¨âì ª®â®àë¥ ­¥¯à®áâ®. �¨ ¢ ª ª¨å ¯à¨«®¦¥­¨ïå â ª¨¥ ¢ë-
çãà­ë¥ ä¨£ãàë ­¥ ¢áâà¥ç îâáï. � ª ¬ë ã¡¥¤¨¬áï, áãé¥áâ¢ã¥â ®ç¥­ì è¨à®ª¨© ª« áá
¬­®¦¥áâ¢, ª ¦¤®¬ã ¨§ ª®â®àëå ¢á¥ ¯«®é ¤¨ (â.¥. ­¥®âà¨æ â¥«ì­ë¥ ¬®­®â®­­ë¥ äã­ª-
æ¨¨ σ, ¯®¤ç¨­ñ­­ë¥ ­®à¬¨à®¢ª¥ ¨ ®á« ¡«¥­­®©  ¤¤¨â¨¢­®áâ¨) ¯à¨¯¨áë¢ îâ ®¤­® ¨ â®
¦¥ §­ ç¥­¨¥.

�â® ¦¥ ª á ¥âáï ¯®á«¥¤­¥£® ¢®¯à®á  | \ª ª ¢ëç¨á«ïâì ¯«®é ¤ì?", â® ¨¬¥­­® ¬­®-
£®ç¨á«¥­­ë¥ ¯®¯ëâª¨ ®â¢¥â¨âì ­  ­¥£® ¯à¨¢¥«¨ ª á®§¤ ­¨î ¨­â¥£à «ì­®£® ¨áç¨á«¥­¨ï
| íää¥ªâ¨¢­®£® ¨­áâàã¬¥­â  ¤«ï ¢ëç¨á«¥­¨ï ¤«¨­, ¯«®é ¤¥©, ®¡êñ¬®¢ ¨ ¤àã£¨å ¢¥-
«¨ç¨­, á¢ï§ ­­ëå á ªà¨¢®«¨­¥©­ë¬¨ ä¨£ãà ¬¨ (­  ¯«®áª®áâ¨ ¨«¨ ¢ ¯à®áâà ­áâ¢¥).
�¥à¢®­ ç «ì­®¬ã §­ ª®¬áâ¢ã á íâ¨¬ ¨áç¨á«¥­¨¥¬ ¨ ¯®á¢ïéñ­ ¤ «ì­¥©è¨© â¥ªáâ. �®
á­ ç «  ã¡¥¤¨¬áï, çâ® ¤¢  áå®¤­ëå ¨ ¥áâ¥áâ¢¥­­ëå ¯®áâà®¥­¨ï ¬®£ãâ ¯à¨¢¥áâ¨ ª à §-
­ë¬ ¯«®é ¤ï¬.

�¯à ¦­¥­¨¥. �ãáâì E ∈ F . �«ï ¯à®¨§¢®«ì­®£® ª®­¥ç­®£® ­ ¡®à  P(E) = {Pj}j
¯àï¬®ã£®«ì­¨ª®¢ (á® áâ®à®­ ¬¨, ¯ à ««¥«ì­ë¬¨ ®áï¬ ª®®à¤¨­ â), ®¡à §ãîé¨å ¯®ªàë-
â¨¥ ä¨£ãàë E, â.¥. E ⊂

∪
j Pj , ¯ãáâì |P(E)| =

∑
j |Pj | | \¯«®é ¤ì" ¯®ªàëâ¨ï P(E).

�®ª ¦¨â¥, çâ® äã­ªæ¨ï σ, § ¤ ¢ ¥¬ ï à ¢¥­áâ¢®¬

σ(E) = inf
P(E)

|P(E)|,

ï¢«ï¥âáï ¯«®é ¤ìî. �¡¥¤¨â¥áì, çâ® σ(E) ­¥ ¬¥­ï¥âáï ¯à¨ á¤¢¨£¥ ¬­®¦¥áâ¢  E.

�â® ¨§¬¥­¨âáï, ¥á«¨ ªà®¬¥ ª®­¥ç­®£® ­ ¡®à  ¯àï¬®ã£®«ì­¨ª®¢ à áá¬ âà¨¢ âì ¨

¨å ¯®á«¥¤®¢ â¥«ì­®áâ¨? �ãáâì ¯®á«¥¤®¢ â¥«ì­®áâì ¯àï¬®ã£®«ì­¨ª®¢ P̃(E) = {Pj}j∈N
¯®ªàë¢ ¥â ä¨£ãàã E: E ⊂

∪∞
j=1 Pj . �«®é ¤ìî â ª®£® ¯®ªàëâ¨ï ­ §®¢ñ¬ ç¨á«®

|P̃(E)
∣∣ = ∞∑

j=1

|Pj | = lim
j→∞

(
|P1|+ . . .+ |Pj |

)
.

�â® ¯à¨¢®¤¨â ª ­¥áª®«ìª® ¨­®¬ã ®¯à¥¤¥«¥­¨î:

σ̃(E) = inf
P̃(E)

|P̃(E)|.
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�¥£ª® ¢¨¤¥âì, çâ® äã­ªæ¨ï σ̃ â ª¦¥ ï¢«ï¥âáï ¯«®é ¤ìî.
�¥¯¥àì ­¨¦­ïï £à ­ì ¨é¥âáï ¯® ¡®«¥¥ è¨à®ª®¬ã ¬­®¦¥áâ¢ã ¯®ªàëâ¨© (¯®ªàëâ¨¥

ª®­¥ç­ë¬ ­ ¡®à®¬ ¯àï¬®ã£®«ì­¨ª®¢ ¥áâì ç áâ­ë© á«ãç © ¯®ªàëâ¨ï ¯®á«¥¤®¢ â¥«ì-
­®áâìî | ¤®áâ â®ç­® ¢§ïâì ¢ ­¥© «¨èì ª®­¥ç­®¥ ç¨á«® ­¥¯ãáâëå ¯àï¬®ã£®«ì­¨ª®¢).
�®íâ®¬ã σ̃(E) 6 σ(E) ¤«ï «î¡®© ä¨£ãàë E. �ª §ë¢ ¥âáï, ¤«ï ­¥ª®â®àëå ¬­®¦¥áâ¢
íâ® ­¥à ¢¥­áâ¢® áâà®£®¥, â.¥. ¯«®é ¤¨ σ ¨ σ̃ à §«¨ç­ë.

�¯à ¦­¥­¨¥.  ) �®ª ¦¨â¥, çâ® σ̃(E) = 0, ¥á«¨ â®çª¨ ¬­®¦¥áâ¢  E ¬®¦­® § ­ã-
¬¥à®¢ âì: E = {(x1, y1), . . . , (xn, yn), . . . }.

¡) �®ª ¦¨â¥, çâ® σ(E) = 1, ¥á«¨ ¬­®¦¥áâ¢® E \¯«®â­® à á¯®«®¦¥­®" ¢ [0, 1]2 (â.¥.
áª®«ì ã£®¤­® ¬ «ë© ªàã£ ¢ íâ®¬ ª¢ ¤à â¥ á®¤¥à¦¨â â®çªã ¨§ E).

¢) �à¨¢¥¤¨â¥ ¯à¨¬¥à ¬­®¦¥áâ¢  E={(x1, y1), . . . , (xn, yn), . . . }, ã¤®¢«¥â¢®àïîé¥£®
ãá«®¢¨î ã¯à ¦­¥­¨ï ¡). �®£¤  σ̃(E) = 0< 1 = σ(E) ¨ ¯®íâ®¬ã σ̃ ̸= σ (®¤­ ª®, ª ª ¬ë
¢áª®à¥ ã¡¥¤¨¬áï, σ̃(E)=σ(E) ¤«ï ¢á¥å \¥áâ¥áâ¢¥­­ëå" ¬­®¦¥áâ¢ E).

�«ï ¤ «ì­¥©è¥£® ­ ¬ ¯®âà¥¡ãîâáï ¤¢  ¯à®áâëå ¯®­ïâ¨ï. � ¦¤®© äã­ªæ¨¨ f ,
§ ¤ ­­®© ­  ª ª®¬-â® ¬­®¦¥áâ¢¥, á®¯®áâ ¢¨¬ ¤¢¥ ­®¢ë¥ äã­ªæ¨¨ f+ = max{f, 0} ¨
f− = max{−f, 0} | ¯®«®¦¨â¥«ì­ ï ¨ ®âà¨æ â¥«ì­ ï ç áâ¨ äã­ªæ¨¨ f . �â¬¥â¨¬ ¨å
®ç¥¢¨¤­ë¥ á¢®©áâ¢ :

f+, f− > 0; f = f+ − f−; |f | = f+ + f−.

�®¤£à ä¨ª®¬ ­¥®âà¨æ â¥«ì­®© äã­ªæ¨¨ f , § ¤ ­­®© ­  ¬­®¦¥áâ¢¥ X, X ⊂ R,
­ §ë¢ ¥âáï ¬­®¦¥áâ¢® ­  ¯«®áª®áâ¨

Pf =
{
(x, y) ∈ R2

∣∣x ∈ X, 0 6 y 6 f(x)
}
.

�®¤£à ä¨ª áã¦¥­¨ï äã­ªæ¨¨ f ­  ¬­®¦¥áâ¢® A, A ⊂ X, ¡ã¤¥¬ ®¡®§­ ç âì á¨¬¢®«®¬
Pf (A). �á­®, çâ® ¯®¤£à ä¨ª ®£à ­¨ç¥­­®© äã­ªæ¨¨ | ­¥ª®â®à ï ä¨£ãà  ­  ¯«®áª®-
áâ¨, â.¥. Pf (A) ∈ F , ¥á«¨ ¬­®¦¥áâ¢® A ®£à ­¨ç¥­®. �á­®¢­®© ¨­â¥à¥á ¤«ï ¤ «ì­¥©-
è¥£® ¯à¥¤áâ ¢«ïîâ «¨èì ¯®¤£à ä¨ª¨ äã­ªæ¨©, ­¥¯à¥àë¢­ëå ­  ª®­¥ç­ëå § ¬ª­ãâëå
¯à®¬¥¦ãâª å. �® â¥®à¥¬¥ �¥©¥àèâà áá  â ª¨¥ äã­ªæ¨¨ ®£à ­¨ç¥­ë ¨ ¯®íâ®¬ã ¨å
¯®¤£à ä¨ª¨ ¯à¨­ ¤«¥¦ â ª« ááã F .

�¥¯¥àì ã ­ á ¢áñ £®â®¢® ¤«ï ¯à¨­ïâ¨ï ®á­®¢­®£® ®¯à¥¤¥«¥­¨ï.

�¯à¥¤¥«¥­¨¥. �ãáâì äã­ªæ¨ï f ­¥¯à¥àë¢­  ­  ¯à®¬¥¦ãâª¥ [a, b]. �­â¥£à «®¬

®â f ¯® [a, b] ­ §ë¢ ¥âáï ç¨á«® σ(Pf+)− σ(Pf−). �­® ®¡®§­ ç ¥âáï á¨¬¢®«®¬
∫ b

a
f .

� ç áâãî ¯à¨å®¤¨âáï ¨­â¥£à¨à®¢ âì äã­ªæ¨î, § ¤ ­­ãî ­  ¡®«¥¥ è¨à®ª®¬ ¬­®-

¦¥áâ¢¥, ç¥¬ ¯à®¬¥¦ãâ®ª, ¯® ª®â®à®¬ã ¢¥¤ñâáï ¨­â¥£à¨à®¢ ­¨¥. �®£¤ 
∫ b

a
f ¯®­¨¬ ¥âáï

ª ª ¨­â¥£à « ®â áã¦¥­¨ï f ­  [a, b] (¥á«¨ ®­® ­¥¯à¥àë¢­® ­  íâ®¬ ¯à®¬¥¦ãâª¥).

�§ ®¯à¥¤¥«¥­¨ï áà §ã á«¥¤ã¥â, çâ® ¤«ï ­¥®âà¨æ â¥«ì­®© äã­ªæ¨¨
∫ b

a
f = σ(Pf ).

�®íâ®¬ã ¨­â¥£à « ®â â ª®© äã­ªæ¨¨ ¨¬¥¥â ¯à®áâ®© £¥®¬¥âà¨ç¥áª¨© á¬ëá« | íâ® ¯«®-
é ¤ì ¥ñ ¯®¤£à ä¨ª , «¥¦ é¥£® ­ ¤ íâ¨¬ ¯à®¬¥¦ãâª®¬. � ç áâ­®áâ¨, ¨­â¥£à « ®â

­¥®âà¨æ â¥«ì­®© ­¥¯à¥àë¢­®© äã­ªæ¨¨ ­¥®âà¨æ â¥«¥­. �¤¥áì ¯®¤à §ã¬¥¢ ¥âáï, çâ®
a6b. � á«ãç ¥ a=b, ¯®¤£à ä¨ª ¢ëà®¦¤ ¥âáï ¢ ¢¥àâ¨ª «ì­ë© ®âà¥§®ª, ¯«®é ¤ì ª®â®-
à®£® à ¢­  ­ã«î. �®íâ®¬ã

∫ a

a
f =0 (à §ã¬¥¥âáï, íâ® à ¢¥­áâ¢® á¯à ¢¥¤«¨¢® ­¥ â®«ìª®

¤«ï ­¥®âà¨æ â¥«ì­ëå, ­® ¨ ¤«ï ¢á¥å ­¥¯à¥àë¢­ëå äã­ªæ¨©). �  ­¥¢ëà®¦¤¥­­®¬ ¯à®-
¬¥¦ãâª¥ (â.¥. ¯à¨ a < b) ¨­â¥£à « ®â ­¥®âà¨æ â¥«ì­®© äã­ªæ¨¨ ¬®¦¥â à ¢­ïâìáï ­ã«î
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¢ ¥¤¨­áâ¢¥­­®¬ á«ãç ¥ | ¥á«¨ ¢áî¤ã ­  [a, b] ®­  à ¢­  ­ã«î. �¥©áâ¢¨â¥«ì­®, ¥á«¨
f(x0) > 0 ¢ ­¥ª®â®à®© â®çª¥ x0 ¨§ [a, b], â® ¤«ï ¤®áâ â®ç­® ¡«¨§ª¨å ª x0 â®ç¥ª x ¢ë¯®«-
­ï¥âáï ­¥à ¢¥­áâ¢® f(x) > 1

2f(x0). �®íâ®¬ã ¯®¤£à ä¨ª Pf á®¤¥à¦¨â ¯àï¬®ã£®«ì­¨ª

¢ëá®âë 1
2f(x0) á ­¥¢ëà®¦¤¥­­ë¬ ®á­®¢ ­¨¥¬. �«®é ¤ì â ª®£® ¯àï¬®ã£®«ì­¨ª  ¯®«®-

¦¨â¥«ì­  ¨ â¥¬ ¡®«¥¥ ¯®«®¦¨â¥«ì­  ¯«®é ¤ì ¯®¤£à ä¨ª , â.¥.
∫ b

a
f = σ

(
Pf

)
> 0.

�á­®, çâ® ã¬­®¦¥­¨¥ äã­ªæ¨¨ f ­  −1 ¬¥­ï¥â ¬¥áâ ¬¨ ¥ñ ¯®«®¦¨â¥«ì­ãî ¨ ®âà¨-

æ â¥«ì­ãî ç áâ¨, â ª çâ®
∫ b

a
(−f) = −

∫ b

a
f . �â¬¥â¨¬ ¥éñ, çâ® ¢ á«ãç ¥, ª®£¤  äã­ªæ¨ï

¯®áâ®ï­­  ­  [a, b], áª ¦¥¬ f ≡ C, §­ ç¥­¨¥ ¨­â¥£à «  ®ç¥¢¨¤­®:
∫ b

a
f = (b − a)C (¯à¨

C > 0 ¨­â¥£à « à ¢¥­ ¯«®é ¤¨ ¯®¤£à ä¨ª , â.¥. ¯«®é ¤¨ ¯àï¬®ã£®«ì­¨ª  [a, b]×[0, C]).
�à¨­ïâ®¥ íª®­®¬­®¥ ®¡®§­ ç¥­¨¥

∫ b

a
f ã¤®¡­® ¢ â¥®à¥â¨ç¥áª¨å à ááã¦¤¥­¨ïå, ­®

¬®¦¥â ¢ë§¢ âì § âàã¤­¥­¨ï ¯à¨ ¢ëç¨á«¥­¨ïå. �­®£¨¥ äã­ªæ¨¨ § ¤ îâáï ä®à¬ã« ¬¨,
ª®â®àë¥ ¥áâ¥áâ¢¥­­® ¡ë«® ¡ë ¨á¯®«ì§®¢ âì ¯®¤ §­ ª®¬ ¨­â¥£à «  ¢¬¥áâ® á¨¬¢®«  f .
�¤­ ª® ¢ â ª¨å ä®à¬ã« å § ç áâãî ¨á¯®«ì§ãîâáï ¯ à ¬¥âàë, çâ® ¬®¦¥â ¯à¨¢¥áâ¨
ª ¯ãâ ­¨æ¥. � ¯à¨¬¥à, ä®à¬ã«  x cos y ¬®¦¥â § ¤ ¢ âì ¨ «¨­¥©­ãî äã­ªæ¨î x 7→
x cos y, ¨ âà¨£®­®¬¥âà¨ç¥áªãî äã­ªæ¨î y 7→ x cos y. �â®¡ë ¨§¡¥¦ âì ¢®§­¨ª îé¨å

§ âàã¤­¥­¨©, ¨á¯®«ì§ãîâ ¡®«¥¥ ¯®¤à®¡­®¥ ®¡®§­ ç¥­¨¥ ¨­â¥£à « :
∫ b

a
f(x) dx. �¤¥áì

¤®¯®«­¨â¥«ì­ë© í«¥¬¥­â dx ãª §ë¢ ¥â, çâ® à áá¬ âà¨¢ ¥âáï \äã­ªæ¨ï ®â  à£ã¬¥­â 
x", â.¥. äã­ªæ¨ï x 7→ f(x). � ¢ë¡®à¥ á¨¬¢®« , ãª §ë¢ îé¥£® ­   à£ã¬¥­â äã­ªæ¨¨,
¥áâì ¡®«ìè ï á¢®¡®¤  (­®, ª®­¥ç­®, ­¥ á«¥¤ã¥â ¡à âì ã¦¥ \§ ­ïâë¥" á¨¬¢®«ë| a, b, f, d

¨«¨
∫
). � ª¨¬ ®¡à §®¬,

∫ b

a
f(x) dx =

∫ b

a
f(t) dt =

∫ b

a
f(é) dé =

∫ b

a
f(z) dz (íâ®, ª®­¥ç­®,

­¥ â¥®à¥¬ ,   á®£« è¥­¨¥ ®¡ ®¡®§­ ç¥­¨¨). � â® ¦¥ ¢à¥¬ï ¤«ï «î¡®£® x̃ ∈ [a, b] ¨­â¥£à «∫ b

a
f(x̃) dx à ¢¥­ (b− a)f(x̃) (§¤¥áì ¨­â¥£à¨àã¥âáï ¯®áâ®ï­­ ï äã­ªæ¨ï).
�®à¬ «ì­®, §­ ç¥­¨¥ ¨­â¥£à «  § ¢¨á¨â ­¥ â®«ìª® ®â ¨­â¥£à¨àã¥¬®© äã­ªæ¨¨ ¨

¯à®¬¥¦ãâª  ¨­â¥£à¨à®¢ ­¨ï, ­® â ª¦¥ ¨ ®â â®£®, ª ª ï ¯«®é ¤ì σ ¨á¯®«ì§ã¥âáï ¢
®¯à¥¤¥«¥­¨¨. �¤­ ª®, ª ª ¬ë ã¡¥¤¨¬áï ¢ á«¥¤ãîé¥¬ ¯ à £à ä¥, ¢ ¤¥©áâ¢¨â¥«ì­®áâ¨
§ ¢¨á¨¬®áâ¨ ®â σ ­¥â. �ª §ë¢ ¥âáï, ¢á¥ ¯«®é ¤¨ ¯à¨¯¨áë¢ îâ ¯®¤£à ä¨ªã ­¥®âà¨æ -
â¥«ì­®© ­¥¯à¥àë¢­®© äã­ªæ¨¨ ®¤­® ¨ â® ¦¥ ç¨á«®.

§ 2. �á­®¢­ë¥ á¢®©áâ¢  ¨­â¥£à « 

� ¯¥à¢ãî ®ç¥à¥¤ì ®â¬¥â¨¬ äã­¤ ¬¥­â «ì­ë© ä ªâ, ¢ëâ¥ª îé¨© ¨§ ®á« ¡«¥­­®©
 ¤¤¨â¨¢­®áâ¨ ¯«®é ¤¨.

�¥®à¥¬  ( ¤¤¨â¨¢­®áâì ¨­â¥£à « ). �á«¨ äã­ªæ¨ï f ­¥¯à¥àë¢­  ­  ¯à®¬¥-
¦ãâª¥ [a, b], â® ¤«ï «î¡®£® c ∈ [a, b] á¯à ¢¥¤«¨¢® à ¢¥­áâ¢®

∫ b

a

f =

∫ c

a

f +

∫ b

c

f.

�®ª   §   â ¥ « ì á â ¢ ®. � §®¡êñ¬ ¯®¤£à ä¨ª¨ Pf+ ¨ Pf− ¢¥àâ¨ª «ì­®© ¯àï¬®© x = c.
�®£¤  ¢ á¨«ã ®á« ¡«¥­­®©  ¤¤¨â¨¢­®áâ¨ ¯«®é ¤¨ ¬ë ¨¬¥¥¬:∫ b

a

f = σ
(
Pf+

)
− σ

(
Pf−

)
= σ

(
Pf+([a, c])

)
+ σ

(
Pf+([c, b])

)
− σ

(
Pf−([a, c])

)
− σ

(
Pf−([c, b])

)
.
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� §­®áâì ¯¥à¢®© ¨ âà¥âì¥© ¯«®é ¤¥© à ¢­  ¨­â¥£à «ã
∫ c

a
f ,   à §­®áâì ¢â®à®© ¨ ç¥â-

¢ñàâ®© ¯«®é ¤¥© | ¨­â¥£à «ã
∫ b

c
f . �

� ¯®¬®éìî ¨­¤ãªæ¨¨ à¥§ã«ìâ â â¥®à¥¬ë ¬®¦­® «¥£ª® ®¡®¡é¨âì:∫ b

a

f =

∫ c1

a

f +

∫ c2

c1

f + . . .+

∫ b

cn

f, ¥á«¨ a 6 c1 . . . 6 cn 6 b.

�«¥¤ãîé ï â¥®à¥¬  à á¯à®áâà ­ï¥â ­  ¯à®¨§¢®«ì­ë¥ ­¥¯à¥àë¢­ë¥ äã­ªæ¨¨ ­¥à -
¢¥­áâ¢®, ª®â®à®¥ ¤«ï ­¥®âà¨æ â¥«ì­ëå äã­ªæ¨© ®ç¥¢¨¤­® ¨§ £¥®¬¥âà¨ç¥áª¨å á®®¡à -
¦¥­¨© (â®ç­¥¥, ¨§ ¬®­®â®­­®áâ¨ ¯«®é ¤¨).

�¥®à¥¬  (¬®­®â®­­®áâì ¨­â¥£à « ). �á«¨ ­  ¯à®¬¥¦ãâª¥ [a, b] äã­ªæ¨¨ f, g

­¥¯à¥àë¢­ë ¨ f 6 g, â®
∫ b

a
f 6

∫ b

a
g.

�®ª   §   â ¥ « ì á â ¢ ®. �§ ­¥à ¢¥­áâ¢  f 6 g á«¥¤ã¥â, çâ® f+ 6 g+ ¨ f− > g−.
�®íâ®¬ã Pf+ ⊂ Pg+ ¨ Pf− ⊃ Pg− . � ª ª ª ¯«®é ¤ì ¬®­®â®­­ , â® ¬ë ¯®«ãç ¥¬, çâ®

σ(Pf+) 6 σ(Pg+) ¨ σ(Pf−) > σ(Pg−).

�«¥¤®¢ â¥«ì­®,∫ b

a

f = σ
(
Pf+

)
− σ

(
Pf−

)
6 σ

(
Pg+

)
− σ

(
Pg−

)
=

∫ b

a

g. �

�®ª § ­­ ï â¥®à¥¬  ¤¥« ¥â ¯®­ïâ­ë¬ ®¡®à®â à¥ç¨ \¯à®¨­â¥£à¨à®¢ ¢ ­¥à ¢¥­áâ¢®

f 6 g ¯® ¯à®¬¥¦ãâªã [a, b], ¯®«ãç¨¬ ­¥à ¢¥­áâ¢®
∫ b

a
f 6

∫ b

a
g".

�â¬¥â¨¬ ç áâ­ë© á«ãç © â¥®à¥¬ë:

(b− a)min
[a,b]

f 6
∫ b

a

f 6 (b− a)max
[a,b]

f

(¯® â¥®à¥¬¥ �¥©¥àèâà áá  f ¤®áâ¨£ ¥â á¢®¨å ­ ¨¡®«ìè¥£® ¨ ­ ¨¬¥­ìè¥£® §­ ç¥­¨© ­ 
[a, b]). �¥©áâ¢¨â¥«ì­®, ¤«ï ¯®«ãç¥­¨ï, ­ ¯à¨¬¥à, ¯à ¢®£® ­¥à ¢¥­áâ¢  á«¥¤ã¥â ¯à¨¬¥-
­¨âì â¥®à¥¬ã ª ¯®áâ®ï­­®© äã­ªæ¨¨ g ≡ max

[a,b]
f (â.¥. ¯à®¨­â¥£à¨à®¢ âì ­¥à ¢¥­áâ¢®

f 6 max
[a,b]

f).

�«¥¤áâ¢¨¥ (®æ¥­ª   ¡á®«îâ­®© ¢¥«¨ç¨­ë ¨­â¥£à « ). �ãáâì äã­ªæ¨ï f
­¥¯à¥àë¢­  ­  ¯à®¬¥¦ãâª¥ [a, b]. �®£¤ 

∣∣∣∫ b

a

f
∣∣∣ 6 ∫ b

a

|f |.

�®ª   §   â ¥ « ì á â ¢ ®. �à®¨­â¥£à¨àã¥¬ ¤¢®©­®¥ ­¥à ¢¥­áâ¢® −|f | 6 f 6 |f |:∫ b

a

(−|f |) 6
∫ b

a

f 6
∫ b

a

|f |, â® ¥áâì −
∫ b

a

|f | 6
∫ b

a

f 6
∫ b

a

|f |

(¯®á«¥ ®¯à¥¤¥«¥­¨ï ¡ë«® ®â¬¥ç¥­®, çâ® ¬¨­ãá ¥¤¨­¨æã ¬®¦­® ¢ë­®á¨âì §  §­ ª ¨­â¥-
£à « ). �®á«¥¤­¥¥ ¤¢®©­®¥ ­¥à ¢¥­áâ¢® à ¢­®á¨«ì­® ¤®ª §ë¢ ¥¬®¬ã. �
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�«¥¤áâ¢¨¥ (â¥®à¥¬  ® áà¥¤­¥¬ §­ ç¥­¨¨). �á«¨ äã­ªæ¨ï f ­¥¯à¥àë¢­  ­ 
¯à®¬¥¦ãâª¥ [a, b], â® ­ ©¤ñâáï â ª®¥ ç¨á«® c ∈ [a, b], çâ®

∫ b

a

f = (b− a)f(c).

� £¥®¬¥âà¨ç¥áª®© â®çª¨ §à¥­¨ï íâ® ãâ¢¥à¦¤¥­¨¥ ¯®çâ¨ ®ç¥¢¨¤­®: ¥á«¨ äã­ªæ¨ï
f ­¥®âà¨æ â¥«ì­ , â® ¯«®é ¤ì ¯®¤£à ä¨ª  à ¢­  ¯«®é ¤¨ ¯àï¬®ã£®«ì­¨ª  á â¥¬ ¦¥
®á­®¢ ­¨¥¬ ¨ ­¥ª®â®à®© \¯à®¬¥¦ãâ®ç­®©" ¢ëá®â®© f(c), â.¥. ¯®¤£à ä¨ª ¬®¦­® â ª
à §à¥§ âì £®à¨§®­â «ì­®© ¯àï¬®©, çâ® ¥£® ç áâì, «¥¦ é ï ­ ¤ ­¥©, ¡ã¤¥â ¨¬¥âì âã ¦¥
¯«®é ¤ì, çâ® ¨ ä¨£ãà , «¥¦ é ï ¯®¤ ¯àï¬®©, ­® ¢ëè¥ £à ä¨ª  äã­ªæ¨¨.

� ® ª   §   â ¥ « ì á â ¢ ®. �á«¨ a = b, â® ­¥ç¥£® ¤®ª §ë¢ âì | ®¡¥ ç áâ¨ ¯à®¢¥àï¥¬®£®
à ¢¥­áâ¢  à ¢­ë ­ã«î (¨ c = a). � «¥¥ áç¨â ¥¬, çâ® a < b. �®á¯®«ì§ã¥¬áï ®â¬¥ç¥­­ë¬
ç áâ­ë¬ á«ãç ¥¬ â¥®à¥¬ë. �®£¤ 

min
[a,b]

f 6 1

b− a

∫ b

a

f 6 max
[a,b]

f,

â.¥. ç¨á«® If = 1
b−a

∫ b

a
f ¯à¨­ ¤«¥¦¨â ¯à®¬¥¦ãâªã [min f,max f ] = f([a, b]) (íâ® à -

¢¥­áâ¢® á¯à ¢¥¤«¨¢® ¯® â¥®à¥¬¥ ® á®åà ­¥­¨¨ ¯à®¬¥¦ãâª ). �®íâ®¬ã If | ®¤­® ¨§
§­ ç¥­¨© äã­ªæ¨¨ f ­  [a, b], â.¥. áãé¥áâ¢ã¥â â ª®©  à£ã¬¥­â c ∈ [a, b], çâ® f(c) = If .
�áâ «®áì § ¬¥â¨âì, çâ® ¯®«ãç¥­­®¥ à ¢¥­áâ¢® á®¢¯ ¤ ¥â á ãâ¢¥à¦¤¥­¨¥¬ á«¥¤áâ¢¨ï. �

� ¬¥ç ­¨¥. �¨á«® If ­ §ë¢ îâ áà¥¤­¨¬ §­ ç¥­¨¥¬ äã­ªæ¨¨ f ­  ¯à®¬¥¦ãâª¥
[a, b]. � ª ¬ë ã¡¥¤¨«¨áì, ®­® § ª«îç¥­® ¬¥¦¤ã min f ¨ max f .

�¯à¥¤¥«¥­¨¥. �ãáâì äã­ªæ¨ï f ­¥¯à¥àë¢­  ­  ¯à®¬¥¦ãâª¥ [a, b]. �®£¤  äã­ªæ¨ï
� : [a, b] → R, ¤¥©áâ¢ãîé ï ¯® ¯à ¢¨«ã

�(x) =

∫ x

a

f ¤«ï x ∈ [a, b],

­ §ë¢ ¥âáï ¨­â¥£à «®¬ á ¯¥à¥¬¥­­ë¬ ¢¥àå­¨¬ ¯à¥¤¥«®¬.

�«¥¤ãîé ï â¥®à¥¬  ãáâ ­ ¢«¨¢ ¥â ¢ ¦­ë© à¥§ã«ìâ â: ã ª ¦¤®© ­¥¯à¥àë¢­®© ­ 
¯à®¬¥¦ãâª¥ äã­ªæ¨¨ ¨¬¥¥âáï ¯¥à¢®®¡à §­ ï.

�¥®à¥¬  (� àà®ã). � ãá«®¢¨ïå ®¯à¥¤¥«¥­¨ï äã­ªæ¨ï � ï¢«ï¥âáï ¯¥à¢®®¡à §­®©
äã­ªæ¨¨ f ­  ¯à®¬¥¦ãâª¥ [a, b]:

�′(x) = f(x) ¤«ï «î¡®£® x ¨§ [a, b].

�®ª   §   â ¥ « ì á â ¢ ®. � ä¨ªá¨àã¥¬ ¯à®¨§¢®«ì­ãî â®çªã x ¨§ [a, b] ¨ ¤®ª ¦¥¬, çâ®

R(y) = �(y)−�(x)
y−x −→

y→x
f(x) (¢áî¤ã ¤ «¥¥ y ∈ [a, b] ¨ y ̸= x). � á¨«ã  ¤¤¨â¨¢­®áâ¨

¨­â¥£à «  ¯à¨ y > x ¤à®¡ì R(y) ¬®¦­® § ¯¨á âì ¢ ¢¨¤¥

R(y) =
�(y)− �(x)

y − x
=

1

y − x

(∫ y

a

f −
∫ x

a

f
)
=

1

y − x

∫ y

x

f.
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�¯à ¢  áâ®¨â áà¥¤­¥¥ §­ ç¥­¨¥ äã­ªæ¨¨ f ­  ¯à®¬¥¦ãâª¥ [x, y]. �®íâ®¬ã áãé¥áâ¢ã¥â
â ª®¥ ç¨á«® cy ∈ [x, y], çâ® R(y) = f(cy). �á«¨ ¦¥ y < x, â® ¯® â¥¬ ¦¥ á®®¡à ¦¥­¨ï¬

R(y) =
�(x)− �(y)

x− y
=

1

x− y

(∫ x

a

f −
∫ y

a

f
)
=

1

x− y

∫ x

y

f = f(cy),

£¤¥ cy ∈ [y, x]. � ®¡®¨å á«ãç ïå ¬ë ¯®«ãç ¥¬ à ¢¥­áâ¢® R(y) = f(cy), ¯à¨çñ¬ cy ∈ [a, b]
¨ |cy − x| 6 |y − x|. �á­®, çâ® cy −→

y→x
x. �®áª®«ìªã äã­ªæ¨ï f ­¥¯à¥àë¢­ , ®âáî¤ 

á«¥¤ã¥â ­ã¦­®¥ ãâ¢¥à¦¤¥­¨¥: R(y) = f(cy) −→
y→x

f(x). �

�­ «®£¨ç­® ®¯à¥¤¥«ï¥âáï ¨­â¥£à « á ¯¥à¥¬¥­­ë¬ ­¨¦­¨¬ ¯à¥¤¥«®¬ 	(x) =
∫ b

x
f ¨

¤®ª §ë¢ ¥âáï, çâ® 	′(x) = −f(x). �¯à®ç¥¬, ¯®á«¥ â®£®, ª ª â¥®à¥¬  � àà®ã ¤®ª § ­ ,

íâ® áà §ã á«¥¤ã¥â ¨§ â®¦¤¥áâ¢  �(x) + 	(x) ≡
∫ b

a
f (á¬.  ¤¤¨â¨¢­®áâì ¨­â¥£à « ).

� ¢ ¥¬ë¥ â¥®à¥¬®© � àà®ã à ¢¥­áâ¢  ¬®¦­® § ¯¨á âì ¢ à §­®¬ ¢¨¤¥:

f(x) =
d

dx

(∫ x

a

f
)
=

d

dx

(∫ x

a

f(t) dt
)
=

(∫ x

a

f
)′

x
=

(∫ x

a

f(t) dt
)′

x

¨

−f(x) =
d

dx

(∫ b

x

f
)
=

d

dx

(∫ b

x

f(t) dt
)
=

(∫ b

x

f
)′

x
=

(∫ b

x

f(t) dt
)′

x
.

�¥¯¥àì ­¥âàã¤­® ¯à®¢¥à¨âì, çâ® ¥á«¨ äã­ªæ¨ï f ®¯à¥¤¥«¥­  ¨ ­¥¯à¥àë¢­  ­  ¯à®-
¨§¢®«ì­®¬ ¯à®¬¥¦ãâª¥ ⟨a, b⟩, −∞ 6 a < b 6 +∞, â® ¨ ­  ­ñ¬ ã f ¥áâì ¯¥à¢®®¡à §­ ï.
�ñ ¬®¦­® ¯®áâà®¨âì, ­ ¯à¨¬¥à, â ª: § ä¨ªá¨à®¢ ¢ ¯à®¨§¢®«ì­ãî â®çªã c ∈ (a, b), ¯®-
«®¦¨¬ F (x) =

∫ x

c
f ¤«ï x ∈ [c, b⟩ ¨ F (x) = −

∫ c

x
f ¤«ï x ∈ ⟨a, c] (¤«ï x = c ¢ ®¡®¨å

á«ãç ïå ¯®«ãç ¥âáï à ¢¥­áâ¢® F (c) = 0). �§ ãª § ­­ëå ä®à¬ã« áà §ã á«¥¤ã¥â, çâ®
F ′(x) = f(x) ¤«ï ¢á¥å x ¨§ ⟨a, b⟩.

�¥®à¥¬  � àà®ã ¯®§¢®«ï¥â ãáâ ­®¢¨âì á¢ï§ì ¬¥¦¤ã ¤¨ää¥à¥­æ¨ «ì­ë¬ ¨ ¨­â¥-
£à «ì­ë¬ ¨áç¨á«¥­¨ï¬¨. �á®¡¥­­® ­ £«ï¤­® ®­  ¢ëà ¦ ¥âáï á«¥¤ãîé¥© â¥®à¥¬®©,
ç áâ® ­ §ë¢ ¥¬®© ®á­®¢­®© â¥®à¥¬®© ¨­â¥£à «ì­®£® ¨áç¨á«¥­¨ï.

�¥®à¥¬  (ä®à¬ã«  �ìîâ®­  { �¥©¡­¨æ ). �ãáâì F | ¯¥à¢®®¡à §­ ï ­¥¯à¥-
àë¢­®© ­  ¯à®¬¥¦ãâª¥ [a, b] äã­ªæ¨¨ f . �®£¤ 

∫ b

a

f = F (b)− F (a).

�à¨à é¥­¨¥ F (b) − F (a) ¯¥à¢®®¡à §­®© ®¡ëç­® § ¯¨áë¢ îâ ¢ ¢¨¤¥ F (x)
∣∣∣x=b

x=a
¨«¨

¢ ªà âª®© ä®à¬¥ F
∣∣∣b
a
. �®£¤  ä®à¬ã«  �ìîâ®­  { �¥©¡­¨æ  ¯à¨­¨¬ ¥â ¢¨¤

∫ b

a

f = F
∣∣∣b
a

¨«¨ ¯®¤à®¡­¥¥

∫ b

a

f(x) dx = F (x)
∣∣∣x=b

x=a
.
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�®ª   §   â ¥ « ì á â ¢ ®. � ª ¨§¢¥áâ­®, ­  ¯à®¬¥¦ãâª¥ «î¡ë¥ ¤¢¥ ¯¥à¢®®¡à §­ë¥ ®¤-
­®© ¨ â®© ¦¥ äã­ªæ¨¨ à §«¨ç îâáï «¨èì ­  ª®­áâ ­âã. � ª ª ª ¯® â¥®à¥¬¥ � àà®ã
¨­â¥£à « á ¯¥à¥¬¥­­ë¬ ¢¥àå­¨¬ ¯à¥¤¥«®¬ � ï¢«ï¥âáï ¯¥à¢®®¡à §­®©, â® áãé¥áâ¢ã¥â
â ª®¥ ç¨á«® C, çâ® F (x) = �(x) + C ¤«ï ¢á¥å x ¨§ [a, b]. �ç¨âë¢ ï, çâ® �(a) = 0, ¬ë
«¥£ª® ¯®«ãç ¥¬ ­ã¦­®¥ à ¢¥­áâ¢®:

F (b)− F (a) =
(
�(b) + C

)
−
(
�(a) + C

)
= �(b) =

∫ b

a

f. �

� ¬¥ç ­¨¥. �¯à¥¤¥«¥­¨¥ ¯¥à¢®®¡à §­®© áã£ã¡®  ­ «¨â¨ç¥áª®¥, ®­® ­¨ª ª ­¥ á¢ï-
§ ­® á £¥®¬¥âà¨¥© ¨, ª®­¥ç­®, ­¥ á¢ï§ ­® á ¯®­ïâ¨¥¬ ¯«®é ¤¨. � â® ¦¥ ¢à¥¬ï ¯«®é ¤ì
¯®¤£à ä¨ª  ­¥¯à¥àë¢­®© ­¥®âà¨æ â¥«ì­®© äã­ªæ¨¨ ¯à®áâ® ¢ëà ¦ ¥âáï ç¥à¥§ §­ ç¥-
­¨ï ¯¥à¢®®¡à §­®© (­ã¦­® §­ âì «¨èì ¥ñ §­ ç¥­¨ï ­  ª®­æ å ¯à®¬¥¦ãâª ). �âáî-
¤  á«¥¤ã¥â, ¢ ç áâ­®áâ¨, çâ® ¢á¥ ¯«®é ¤¨, â.¥. ­¥®âà¨æ â¥«ì­ë¥ äã­ªæ¨¨, § ¤ ­­ë¥
­  ª« áá¥ F ¯«®áª¨å ä¨£ãà ¨ ã¤®¢«¥â¢®àïîé¨¥ âàñ¬  ªá¨®¬ ¬ (­®à¬¨à®¢ª , ¬®­®-
â®­­®áâì ¨ ®á« ¡«¥­­ ï  ¤¤¨â¨¢­®áâì), ®¤¨­ ª®¢® ¨§¬¥àïîâ ¯®¤£à ä¨ª ­¥¯à¥àë¢­®©
­¥®âà¨æ â¥«ì­®© äã­ªæ¨¨. �®áª®«ìªã ¢áïª ï ä¨£ãà , ¨§¬¥àï¥¬ ï ­  ¯à ªâ¨ª¥, à á-
¯ ¤ ¥âáï ­  ª®­¥ç­®¥ ç¨á«® â ª¨å ªà¨¢®«¨­¥©­ëå âà ¯¥æ¨©, áâ ­®¢¨âáï ïá­®, çâ® ¬­®-
¦¥áâ¢ , ª®â®àë¥ ¯®-à §­®¬ã ¨§¬¥àïîâáï à §­ë¬¨ ¯«®é ¤ï¬¨, ãáâà®¥­ë §­ ç¨â¥«ì­®
á«®¦­¥¥. �­¨ ¬®£ãâ ¯à¥¤áâ ¢«ïâì «¨èì â¥®à¥â¨ç¥áª¨© ¨­â¥à¥á.

� ª®­ç¨¢ ¯®áâà®¥­¨¥ ¨­â¥£à « , ¯¥à¥©¤ñ¬ â¥¯¥àì ª ¨§ãç¥­¨î ¥£®  à¨ä¬¥â¨ç¥áª¨å
á¢®©áâ¢, ®¡«¥£ç îé¨å ¢ëç¨á«¥­¨ï.

�¥®à¥¬  («¨­¥©­®áâì ¨­â¥£à « ). �á«¨ äã­ªæ¨¨ f, g ­¥¯à¥àë¢­ë ­  ¯à®¬¥-
¦ãâª¥ [a, b], â® ¤«ï «î¡ëå ª®íää¨æ¨¥­â®¢ C1, C2 ¢ë¯®«­ï¥âáï à ¢¥­áâ¢®∫ b

a

(C1f + C2g) = C1

∫ b

a

f + C2

∫ b

a

g.

� ç áâ­®áâ¨,
∫ b

a
(f ± g) =

∫ b

a
f ±

∫ b

a
g ¨

∫ b

a
(Cf) = C

∫ b

a
f .

� ® ª   §   â ¥ « ì á â ¢ ®. �ãáâì F, G | ¯¥à¢®®¡à §­ë¥ äã­ªæ¨© f, g á®®â¢¥âáâ¢¥­­®.
�®£¤  C1F+C2G| ¯¥à¢®®¡à §­ ï äã­ªæ¨¨ C1f+C2g. �¥©áâ¢¨â¥«ì­®, (C1F+C2G)

′ =
C1F

′ + C2G
′ = C1f +C2g. �¥¯¥àì ä®à¬ã«  �ìîâ®­  { �¥©¡­¨æ  ¯à¨¢®¤¨â ª ­ã¦­®¬ã

à ¢¥­áâ¢ã:∫ b

a

(C1f + C2g) = (C1F + C2G)
∣∣∣b
a
= C1 F

∣∣∣b
a
+C2G

∣∣∣b
a
= C1

∫ b

a

f + C2

∫ b

a

g. �

�à¨¬¥à (­¥à ¢¥­áâ¢® �¥¡ëè¥¢  ¤«ï ¬®­®â®­­ëå äã­ªæ¨©). � ç­ñ¬ á
í«¥¬¥­â à­®£® ­¥à ¢¥­áâ¢ : ¥á«¨ ®¡¥ äã­ªæ¨¨ f, g ¢®§à áâ îâ ­  ¯à®¬¥¦ãâª¥ [a, b]
(¨«¨ ®¡¥ ã¡ë¢ îâ), â®(

f(x)− f(y)
)(
g(x)− g(y)

)
> 0 ¤«ï ¢á¥å x, y ∈ [a, b].

�¥©áâ¢¨â¥«ì­®, ¬®¦­® áç¨â âì, çâ® y 6 x. �®£¤  ¤«ï ¢®§à áâ îé¨å äã­ªæ¨© à §-
­®áâ¨ f(x) − f(y) ¨ g(x) − g(y) ­¥®âà¨æ â¥«ì­ë,   ¤«ï ã¡ë¢ îé¨å äã­ªæ¨© ®­¨ ­¥
¯®«®¦¨â¥«ì­ë. � ®¡®¨å á«ãç ïå ¯à®¨§¢¥¤¥­¨¥ íâ¨å à §­®áâ¥© ­¥®âà¨æ â¥«ì­®.
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� «¥¥ ¡ã¤¥¬ áç¨â âì, çâ® äã­ªæ¨¨ f, g ­¥ â®«ìª® ¢®§à áâ îâ, ­® ¨ ­¥¯à¥àë¢­ë ­ 
[a, b]. �®£¤  ¯à¨ ä¨ªá¨à®¢ ­­®¬ §­ ç¥­¨¨ x ¢ «¥¢®© ç áâ¨ ­¥à ¢¥­áâ¢  áâ®¨â ­¥®âà¨-
æ â¥«ì­ ï ­¥¯à¥àë¢­ ï äã­ªæ¨ï ®â y. �­  ¨¬¥¥â ­¥®âà¨æ â¥«ì­ë© ¨­â¥£à «:

0 6
∫ b

a

(
f(x)− f(y)

)(
g(x)− g(y)

)
dy.

� áªàë¢ áª®¡ª¨ ¯®¤ íâ¨¬ ¨­â¥£à «®¬, ¬ë ¯®«ãç¨¬

0 6
∫ b

a

f(x)g(x) dy −
∫ b

a

f(x)g(y) dy −
∫ b

a

f(y)g(x) dy +

∫ b

a

f(y)g(y) dy =

= (b− a)f(x)g(x)− f(x)

∫ b

a

g(y) dy − g(x)

∫ b

a

f(y) dy +

∫ b

a

f(y)g(y) dy.

�¯à ¢  áâ®¨â ­¥¯à¥àë¢­ ï äã­ªæ¨ï ®â x, ¢á¥ §­ ç¥­¨ï ª®â®à®© ­¥®âà¨æ â¥«ì­ë. �®-
íâ®¬ã ­¥®âà¨æ â¥«¥­ ¨ ¨­â¥£à « ®â íâ®© äã­ªæ¨¨ (¤ «¥¥ ¤«ï ªà âª®áâ¨ ã¦¥ ¢§ïâë¥ ¯®
y ¨­â¥£à «ë § ¯¨áë¢ îâáï ¢ á®ªà éñ­­®© ä®à¬¥):

0 6 (b− a)

∫ b

a

f(x)g(x) dx−
∫ b

a

f(x)
(∫ b

a

g
)
dx−

∫ b

a

g(x)
(∫ b

a

f
)
dx+

∫ b

a

(∫ b

a

fg
)
dx.

�â®ïé¨¥ ¢ ªàã£«ëå áª®¡ª å \¢­ãâà¥­­¨¥" ¨­â¥£à «ë ï¢«ïîâáï ª®íää¨æ¨¥­â ¬¨ ¤«ï
\¢­¥è­¨å" ¨­â¥£à «®¢. �®íâ®¬ã

0 6 (b− a)

∫ b

a

f(x)g(x) dx−
(∫ b

a

g
)∫ b

a

f(x) dx−
(∫ b

a

f
)∫ b

a

g(x) dx+ (b− a)

∫ b

a

fg

¨, á«¥¤®¢ â¥«ì­®,

0 6 (b− a)

∫ b

a

fg −
∫ b

a

g ·
∫ b

a

f −
∫ b

a

f ·
∫ b

a

g + (b− a)

∫ b

a

fg = 2(b− a)

∫ b

a

fg − 2

∫ b

a

f ·
∫ b

a

g.

� à¥§ã«ìâ â¥ ¬ë ¯à¨å®¤¨¬ ª ­¥à ¢¥­áâ¢ã �¥¡ëè¥¢ :∫ b

a

f ·
∫ b

a

g 6 (b− a)

∫ b

a

fg.

�á«¨ à §¤¥«¨âì ®¡¥ ¥£® ç áâ¨ ­  (b − a)2 ¨ ¨á¯®«ì§®¢ âì ®¡®§­ ç¥­¨¥ If ¤«ï áà¥¤­¥£®
§­ ç¥­¨ï äã­ªæ¨¨ f (¨,  ­ «®£¨ç­® Ig, Ifg ¤«ï áà¥¤­¨å §­ ç¥­¨© äã­ªæ¨© g, fg), â®
íâ® ­¥à ¢¥­áâ¢® ¯à¨­¨¬ ¥â á®¢á¥¬ ¯à®áâ®© ¢¨¤: If · Ig 6 Ifg.

�â¬¥â¨¬, ­ ª®­¥æ, çâ® ¢ á«ãç ¥, ª®£¤  ®¤­  ¨§ äã­ªæ¨© ¢®§à áâ ¥â,   ¤àã£ ï ã¡ë-
¢ ¥â, ¢á¥ ­¥à ¢¥­áâ¢  § ¬¥­ïîâáï ­  ¯à®â¨¢®¯®«®¦­ë¥.

�¥®à¥¬  (¨­â¥£à¨à®¢ ­¨¥ ¯® ç áâï¬). �ãáâì u, v ∈ C1([a, b]). �®£¤ 

∫ b

a

uv′= uv
∣∣∣b
a
−
∫ b

a

u′v ¨«¨ ¯®¤à®¡­¥¥

∫ b

a

u(x)v′(x) dx=u(x)v(x)
∣∣∣x=b

x=a
−
∫ b

a

u′(x)v(x) dx.
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�®ª   §   â ¥ « ì á â ¢ ®. �­â¥£à¨àãï â®¦¤¥áâ¢® uv′ = (uv)′−u′v ¯® ¯à®¬¥¦ãâªã [a, b],
¬ë á ¯®¬®éìî ä®à¬ã«ë �ìîâ®­  { �¥©¡­¨æ  ¯®«ãç ¥¬ ¤®ª §ë¢ ¥¬®¥ à ¢¥­áâ¢®:∫ b

a

uv′ =

∫ b

a

(uv)′ −
∫ b

a

u′v = uv
∣∣∣b
a
−
∫ b

a

u′v. �

�®à¬ã«  �ìîâ®­  { �¥©¡­¨æ  ¯®¤áª §ë¢ ¥â á®£« è¥­¨¥, ª®â®à®¥ ã¤®¡­® ¨á¯®«ì§®-
¢ âì ¯à¨ ¢ëç¨á«¥­¨¨ ¨­â¥£à «®¢. �® á¨å ¯®à ¢ ®¡®§­ ç¥­¨¨ ®¯à¥¤¥«ñ­­®£® ¨­â¥£à « ∫ b

a
f ¯à¥¤¯®« £ «®áì, çâ® a 6 b. �à¨¬¥¬ â¥¯¥àì â ª®¥ á®£« è¥­¨¥: ¯® ®¯à¥¤¥«¥­¨î∫ a

b

f = −
∫ b

a

f.

�â® ¯à¨¤ ñâ á¬ëá« \¨­â¥£à «ã ®â a ¤® b" ¤«ï «î¡ëå a, b, «¨èì ¡ë äã­ªæ¨ï ¡ë«  ®¯à¥-
¤¥«¥­  ¨ ­¥¯à¥àë¢­  ¬¥¦¤ã a ¨ b, â.¥. ­  ¯à®¬¥¦ãâª¥ [min{a, b},max{a, b}]. �¥âàã¤­®
¯à®¢¥à¨âì, çâ® ¯à¨ â ª®¬ ¯®­¨¬ ­¨¨ á¨¬¢®« 

∫ b

a
f á®åà ­ï¥âáï ­¥ â®«ìª® ä®à¬ã« 

�ìîâ®­  { �¥©¡­¨æ , ­® ¤àã£¨¥ ä®à¬ã«ë ( ¤¤¨â¨¢­®áâì ¨ «¨­¥©­®áâì ¨­â¥£à « , â¥®-
à¥¬  ® áà¥¤­¥¬ §­ ç¥­¨¨, ¨­â¥£à¨à®¢ ­¨¥ ¯® ç áâï¬). �® á«¥¤ã¥â ®¡à â¨âì ¢­¨¬ ­¨¥
­  ­¥à ¢¥­áâ¢ , á¢ï§ ­­ë¥ á ¨­â¥£à « ¬¨. � ­¨å ãá«®¢¨¥ | ¢¥àå­¨© ¯à¥¤¥« ¨­â¥£à¨-
à®¢ ­¨ï ­¥ ¬¥­ìè¥ ­¨¦­¥£® | áãé¥áâ¢¥­­®, ®â ­¥£® ®âª § âìáï ­¥«ì§ï. � ¯à¨¬¥à,
¥á«¨ ¯® ª ª¨¬-â® ¯à¨ç¨­ ¬ ­¥ ¨§¢¥áâ­®, ª ª®¥ ¨§ ç¨á¥« a ¨ b ¡®«ìè¥, â®  ¡á®«îâ­ãî

¢¥«¨ç¨­ã ¨­â¥£à «  á«¥¤ã¥â ®æ¥­¨¢ âì â ª:
∣∣∫ b

a
f
∣∣ 6 ∣∣∫ b

a
|f |

∣∣.
�¥®à¥¬  (§ ¬¥­  ¯¥à¥¬¥­­®© ¢ ¨­â¥£à «¥). �ãáâì f ∈ C(⟨a, b⟩) ¨ φ ∈

C1(⟨α, β⟩), ¯à¨çñ¬ φ(⟨α, β⟩) ⊂ ⟨a, b⟩. �®£¤  ¤«ï «î¡ëå ç¨á¥« p, q ¨§ ⟨α, β⟩ á¯à ¢¥¤-
«¨¢® à ¢¥­áâ¢®

∫ q

p

f(φ)φ′ =

∫ φ(q)

φ(p)

f ¨«¨ ¯®¤à®¡­¥¥

∫ q

p

f(φ(t))φ′(t) dt =

∫ φ(q)

φ(p)

f(x) dx.

� ª¨¬ ®¡à §®¬, ¯à¨ § ¬¥­¥ ¯¥à¥¬¥­­®© ¢ ®¯à¥¤¥«ñ­­®¬ ¨­â¥£à «¥ ªà®¬¥ ¤¢ãå ¤¥©-
áâ¢¨© (§ ¬¥­  äã­ªæ¨¨ ¨ ¯¥à¥áçñâ ¤¨ää¥à¥­æ¨ « ), ¯à®¢®¤¨¬ëå ¯à¨ § ¬¥­¥ ¯¥à¥¬¥­-
­®© ¢ ­¥®¯à¥¤¥«ñ­­®¬ ¨­â¥£à «¥, ­ ¤® ¥éñ § ¬¥­¨âì ¯à¥¤¥«ë ¨­â¥£à¨à®¢ ­¨ï.

� ® ª   §   â ¥ « ì á â ¢ ®. �ãáâì F | ¯¥à¢®®¡à §­ ï äã­ªæ¨¨ f ­  ⟨a, b⟩. � ª ª ª
(F (φ))′ = F ′(φ)φ′ = f(φ)φ′, â® F (φ) | ¯¥à¢®®¡à §­ ï äã­ªæ¨¨ f(φ)φ′ ­  ⟨α, β⟩.
�¢ ¦¤ë ¨á¯®«ì§ãï ä®à¬ã«ã �ìîâ®­  { �¥©¡­¨æ , ¬ë ¯®«ãç ¥¬ ­ã¦­®¥ à ¢¥­áâ¢®:∫ q

p

f(φ)φ′ = F (φ)
∣∣∣q
p
= F (φ(q))− F (φ(p)) = F

∣∣∣φ(q)
φ(p)

=

∫ φ(q)

φ(p)

f. �

�à¨¬¥­ïï ¤®ª § ­­ãî ä®à¬ã«ã, £®¢®àïâ, çâ® áâ®ïé¨¥ ¢ ­¥© ¨­â¥£à «ë á¢ï§ ­ë
¯®¤áâ ­®¢ª®© x = φ(t). �à¨­ïâ®¥ ¯¥à¥¤ â¥®à¥¬®© á®£« è¥­¨¥ ¯®§¢®«¨«® § ¬¥â­® ã¯à®-
áâ¨âì ¥ñ ä®à¬ã«¨à®¢ªã. �®­¥ç­®, ­¥ ã¬ «ïï ®¡é­®áâ¨, ¬®¦­® ¡ë«® áç¨â âì, çâ® p 6 q.
�® ¡¥§ á¤¥« ­­®£® á®£« è¥­¨ï ¯à¨è«®áì ¡ë ä®à¬ã«¨à®¢ âì ¤¢  ãâ¢¥à¦¤¥­¨ï | ¯¥à-
¢®¥ ¤«ï á«ãç ï φ(p) 6 φ(q) (¢®§à áâ îé ï § ¬¥­  ¯¥à¥¬¥­­®©) ¨ ¢â®à®¥ ¤«ï á«ãç ï
φ(p) > φ(q) (ã¡ë¢ îé ïï § ¬¥­ ).
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� ¬¥­ã ¯¥à¥¬¥­­®© ¨á¯®«ì§ãîâ, çâ®¡ë ã¯à®áâ¨âì ¯®¤ë­â¥£à «ì­ãî äã­ªæ¨î

(â®ç­¥¥, ¯à®æ¥¤ãàã ¥ñ ¨­â¥£à¨à®¢ ­¨ï). � ª®© ¨§ ¨­â¥£à «®¢
∫ b

a
f ¨

∫ q

p
f(φ)φ′ ®ª -

¦¥âáï ¯à®é¥, § à ­¥¥ ­¥ ïá­®, íâ® § ¢¨á¨â ®â äã­ªæ¨© f ¨ φ. �­®£¤  æ¥«¥á®®¡à §­®

¯à¨¬¥­ïâì ä®à¬ã«ã \­ ¯àï¬ãî", ¯à®¢¥¤ï ¢ ¤ ­­®¬ ¨­â¥£à «¥
∫ b

a
f(x) dx § ¬¥­ã ¯¥à¥-

¬¥­­®© x = φ(t) (¯à¨ íâ®¬ ­¥®¡å®¤¨¬® ¯®¤®¡à âì ­ã¦­ë© ¯à®¬¥¦ãâ®ª á ª®­æ ¬¨ p
¨ q, ­  ª®â®à®¬ ¡ã¤¥â ¨§¬¥­ïâìáï ­®¢ ï ¯¥à¥¬¥­­ ï). � ¤àã£¨å á¨âã æ¨ïå ¯à¨å®¤¨â-
áï ¯à¥®¡à §®¢ë¢ âì ¨­â¥£à « \¢ ¯à®â¨¢®¯®«®¦­®¬ ­ ¯à ¢«¥­¨¨", ¢ë¤¥«¨¢ ã ¤ ­­®©
¯®¤ë­â¥£à «ì­®© äã­ªæ¨¨ ¬­®¦¨â¥«ì φ′ ¨ ¯à¥¤áâ ¢¨¢ ¥ñ ¢ ¢¨¤¥ f(φ)φ′.

� áá¬®âà¨¬ ¯à¨¬¥àë, ¨««îáâà¨àãîé¨¥ ãáâ ­®¢«¥­­ë¥ ¯à¨ñ¬ë ¢ëç¨á«¥­¨ï ¨­â¥-
£à «®¢. � ¯¥à¢ëå ç¥âëàñå ¯®¤ë­â¥£à «ì­ë¥ äã­ªæ¨¨ ­¥®âà¨æ â¥«ì­ë, â ª çâ® ¬ë
­ å®¤¨¬ ¯«®é ¤¨ ¨å ¯®¤£à ä¨ª®¢.

1) �ëç¨á«¨¬ ¨­â¥£à «
∫ 1

0
dx

(1+x2)
3
2
. �á­®¢­ãî âàã¤­®áâì ¯à¥¤áâ ¢«ï¥â ¨àà æ¨®-

­ «ì­®¥ ¢ëà ¦¥­¨¥
√
1 + x2. �­® §­ ç¨â¥«ì­® ã¯à®é ¥âáï ¯®á«¥ § ¬¥­ë ¯¥à¥¬¥­­®©

x = tg t. �á­®, çâ® ¢ ª ç¥áâ¢¥ ¯à®¬¥¦ãâª , ­  ª®â®à®¬ ¬¥­ï¥âáï ­®¢ ï ¯¥à¥¬¥­­ ï t,
¬®¦­® ¢§ïâì [0, π

4 ]. � à¥§ã«ìâ â¥ ¬ë ¯®«ãç¨¬∫ 1

0

dx

(1 + x2)
3
2

=

∫ π
4

0

1

(1 + tg2t)
3
2

dt

cos2 t
=

∫ π
4

0

cos t dt = sin t
∣∣∣π
4

0
=

√
2

2
.

2) �ëç¨á«¨¬ ¨­â¥£à «
∫ b

a
x

1+x4 dx. �¤¥áì ­ ¤® § ¬¥â¨âì, çâ® ç¨á«¨â¥«ì á â®ç­®áâìî

¤® ª®íää¨æ¨¥­â  à ¢¥­ ¯à®¨§¢®¤­®© ®â x2,   §­ ¬¥­ â¥«ì «¥£ª® ¢ëà ¦ ¥âáï ç¥à¥§ x2.
�®íâ®¬ã æ¥«¥á®®¡à §­® á¤¥« âì § ¬¥­ã ¯¥à¥¬¥­­®© y = φ(x) = x2:∫ b

a

x

1 + x4
dx =

∫ b

a

1
2φ

′(x)

1 + φ2(x)
dx =

1

2

∫ b2

a2

1

1 + y2
dy =

1

2
arctg y

∣∣∣b2
a2
=

arctg b2 − arctg a2

2
.

3) �ëç¨á«¥­¨¥ á«¥¤ãîé¥£® ¨­â¥£à «  ¯à®¢®¤¨âáï áå®¤­ë¬ ®¡à §®¬:∫ π
4

0

dx

4 sin2 x+ cos2 x
=

∫ π
4

0

1
cos2 x dx

(2tgx)2 + 1
=

1

2

∫ π
4

0

(2tgx)′dx

(2tgx)2 + 1
=

1

2

∫ 2

0

dy

y2 + 1
=

arctg 2

2
.

� á«¥¤ãîé¨å ¯à¨¬¥à å ¨á¯®«ì§ã¥âáï ¨­â¥£à¨à®¢ ­¨¥ ¯® ç áâï¬.

4) �ëç¨á«¨¬ ¨­â¥£à «
∫ e

1 lnx dx. � ª ç¥áâ¢¥ u(x) ¢®§ì¬ñ¬ lnx,   ¢ ª ç¥áâ¢¥ v(x)
| ¯à®áâ® x. �®£¤ ∫ e

1

lnx dx =

∫ e

1

u(x) v′(x) dx = u(x) v(x)
∣∣∣e
1
−
∫ e

1

u′(x) v(x) dx = x lnx
∣∣∣e
1
−
∫ e

1

1

x
x dx =

= e−
∫ e

1

1 dx = e− (e− 1) = 1.

5) �ëç¨á«¥­¨¥ ¨­â¥£à « 
∫ Nπ

0
x cosx dx (§¤¥áì N ∈ N) ¯®ª §ë¢ ¥â, ª ª ¡®«ìè¨¥

¯®«®¦¨â¥«ì­ë¥ §­ ç¥­¨ï äã­ªæ¨¨ ¬®£ãâ ¯®çâ¨ ¯®«­®áâìî ¯®£ è âìáï ¥ñ ®âà¨æ â¥«ì-
­ë¬¨ §­ ç¥­¨ï¬¨:∫ Nπ

0

x cosx dx =

∫ Nπ

0

x(sinx)′dx = x sinx
∣∣∣Nπ

0
−
∫ Nπ

0

sinx dx = 0 + cosx
∣∣∣Nπ

0
= (−1)N − 1.
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�á­®, çâ® ¤«ï ­¥æ¥«ëå §­ ç¥­¨© ¯ à ¬¥âà  N §  áçñâ ¤¢®©­®© ¯®¤áâ ­®¢ª¨ ¨­â¥£à «
¬®¦¥â ¡ëâì áª®«ì ã£®¤­® ¡®«ìè¨¬ (ª ª ¯®«®¦¨â¥«ì­ë¬, â ª ¨ ®âà¨æ â¥«ì­ë¬).

6) �­â¥£à¨à®¢ ­¨¥ ¯® ç áâï¬ ¯®§¢®«ï¥â ¨­®£¤  ®¡å®¤¨âìáï ¡¥§ ¯à¨¬¥­¥­¨ï ä®à¬ã-
«ë �ìîâ®­  { �¥©¡­¨æ . � ¯à¨¬¥à, ¯®¢â®à­®¥ ¨­â¥£à¨à®¢ ­¨¥ ¯® ç áâï¬ ¢ ¨­â¥£à «¥

I =
∫ t

0
sinλx
ex dx ¯à¨¢®¤¨â ª ¯à®áâ®¬ã ãà ¢­¥­¨î ®â­®á¨â¥«ì­® I. �¥©áâ¢¨â¥«ì­®,

I = −
∫ t

0

(e−x)′ sinλx dx = − sinλx

ex

∣∣∣t
0
+

∫ t

0

e−x(sinλx)′dx = − sinλt

et
− λ

∫ t

0

(e−x)′ cosλx dx.

�éñ à § ¯à®¨­â¥£à¨àã¥¬ ¯® ç áâï¬:

I = − sinλt

et
− λ

cosλx

ex

∣∣∣t
0
+λ

∫ t

0

e−x(cosλx)′dx = − sinλt

et
+ λ

(
1− cosλt

et

)
− λ2I.

�¥è¨¢ ¯®«ãç¨¢è¥¥áï ãà ¢­¥­¨¥ ®â­®á¨â¥«ì­® I, ¯®«ãç¨¬∫ t

0

sinλx

ex
dx =

1

1 + λ2

(
λ− sinλt+ λ cosλt

et

)
.

� áá¬ âà¨¢ ¥¬ë¥ ¢ á«¥¤ãîé¥¬ ¯à¨¬¥à¥ ¨­â¥£à «ë ¯à¨¢®¤ïâ ª § ¬¥ç â¥«ì­®© ä®à-
¬ã«¥ � ««¨á .

7) �ëç¨á«¨¬ ¨­â¥£à «ë

Wn =

∫ π
2

0

cosn x dx (n = 0, 1, 2, . . . ).

� à®áâ®¬ n ¯®¤ë­â¥£à «ì­ ï äã­ªæ¨ï ã¬¥­ìè ¥âáï. �®íâ®¬ã W0 > . . .>Wn−1 >Wn.
�á­®, çâ® W0=

π
2 ¨ W1=1. �ç¨â ï n>2, ¯®á«¥ ¨­â¥£à¨à®¢ ­¨ï ¯® ç áâï¬ ¯®«ãç¨¬:

Wn =

∫ π
2

0

cosn−1 x (sinx)′dx = sinx cosn−1 x
∣∣∣π
2

0
−
∫ π

2

0

sinx
(
cosn−1 x

)′
dx.

�¢®©­ ï ¯®¤áâ ­®¢ª  à ¢­  ­ã«î,   â ª ª ª
(
cosn−1 x

)′
= −(n− 1) sinx cosn−2 x, â®

Wn = (n− 1)

∫ π
2

0

sin2 x cosn−2 x dx = (n− 1)

∫ π
2

0

(1− cos2 x) cosn−2 x dx =

= (n− 1)

∫ π
2

0

(
cosn−2 x− cosn x

)
dx = (n− 1)

(
Wn−2 −Wn

)
.

�®íâ®¬ã ¨­â¥£à «ë Wn ã¤®¢«¥â¢®àïîâ à¥ªãàà¥­â­®© ä®à¬ã«¥

Wn =
n− 1

n
Wn−2 (n = 2, 3, . . . ).

�«ï çñâ­®£® n ¥ñ ¯®¢â®à­®¥ ¯à¨¬¥­¥­¨¥ ¤ ñâ ­ ¬

W2k =
2k − 1

2k
W2(k−1) =

2k − 1

2k

2k − 3

2k − 2
W2(k−2) = . . . =

(2k − 1)(2k − 3) · · · 3 · 1
(2k)(2k − 2) · · · 4 · 2

W0.
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�®áª®«ìªã W0 =
π
2 , ®âáî¤  á«¥¤ã¥â, çâ®*

) W2k =
(2k−1)!!
(2k)!!

π
2 . �­ «®£¨ç­® ¤®ª §ë¢ ¥âáï

à ¢¥­áâ¢® W2k+1 =
(2k)!!

(2k+1)!! . �â ª,

Wn =
(n− 1)!!

n!!
vn, £¤¥ vn =

{
1 ¯à¨ ­¥çñâ­®¬ n,
π
2 ¯à¨ çñâ­®¬ n.

�¥¯¥àì ­¥âàã¤­® ¯®«ãç¨âì ä®à¬ã«ã � ««¨á . �¥©áâ¢¨â¥«ì­®, â ª ª ª vnvn−1 ≡ π
2 , â®

WnWn−1 = vn
(n− 1)!!

n!!
vn−1

(n− 2)!!

(n− 1)!!
=

π

2

(n− 2)!!

n!!
=

π

2n
, â® ¥áâì WnWn−1 =

π

2n
.

�§ ­¥à ¢¥­áâ¢ Wn 6 Wn−1 6 Wn−2 = n
n−1Wn á«¥¤ã¥â, çâ® Wn ∼ Wn−1. �®íâ®¬ã

W 2
n ∼ WnWn−1 =

π
2n ¨, â ª¨¬ ®¡à §®¬, 2nW 2

n → π. �£à ­¨ç¨¢è¨áì ­¥çñâ­ë¬¨ ­®¬¥-

à ¬¨ n= 2k + 1, ¬ë ¯®«ãç¨¬ á®ªà éñ­­ãî § ¯¨áì ä®à¬ã«ë � ««¨á : 4kW 2
2k+1 → π.

� à §¢ñà­ãâ®¬ ¢¨¤¥ ®­  â ª®¢ :

π = lim
k→∞

4k
( 2 · 4 · · · (2k)
3 · 5 · · · (2k + 1)

)2
= lim

k→∞

1

k

(2
1
· 4
3
· 6
5
· · · 2k

2k − 1

)2
.

�â  ä®à¬ã«  § ¬¥ç â¥«ì­  â¥¬, çâ® ®­  ¤ ñâ (¢¯¥à¢ë¥ ¢ ¬ â¥¬ â¨ª¥) ¯à¥¤áâ ¢«¥­¨¥
ç¨á«  π ¢ ¢¨¤¥ ¯à¥¤¥«  ¯®á«¥¤®¢ â¥«ì­®áâ¨ à æ¨®­ «ì­ëå ç¨á¥«. �«ï ¯à ªâ¨ç¥áª¨å
¢ëç¨á«¥­¨© á ¡®«ìè®© â®ç­®áâìî ®­  ­¥ ¯à¨£®¤­ , ¯®áª®«ìªã ­ ©¤¥­­ ï à æ¨®­ «ì­ ï
¯®á«¥¤®¢ â¥«ì­®áâì ¬¥¤«¥­­® áå®¤¨âáï ª π. �­ ç¨â¥«ì­® ¡®«¥¥ íää¥ªâ¨¢­ë¥ á¯®á®¡ë
¡ë«¨ á®§¤ ­ë ¯®§¦¥ (á¬., ­ ¯à¨¬¥à, ¯. 410 ¢® ¢â®à®¬ â®¬¥ ªãàá  �.�.�¨åâ¥­£®«ìæ ).

§ 3. �­â¥£à «ì­®¥ ¯à¥¤áâ ¢«¥­¨¥ ®áâ âª  ¢ ä®à¬ã«¥ �¥©«®à 

�¤¥áì ¬ë ¯à¨¬¥­¨¬ ¨­â¥£à « ¤«ï áãé¥áâ¢¥­­®£® ¤®¯®«­¥­¨ï £« ¢­®£® à¥§ã«ìâ â 
¤¨ää¥à¥­æ¨ «ì­®£® ¨áç¨á«¥­¨ï | ä®à¬ã«ë �¥©«®à . � ¯®¬­¨¬, ¢áïª ï äã­ªæ¨ï,
¨¬¥îé ï ¢ â®çª¥ x0 ª®­¥ç­ãî r-î ¯à®¨§¢®¤­ãî, ¬®¦¥â ¡ëâì ¯à¥¤áâ ¢«¥­  ¢ ¢¨¤¥

f(x) = f(x0) + f ′(x0)(x− x0) +
f ′′(x0)

2
(x− x0)

2 + . . .+
f (r)(x0)

r!
(x− x0)

r + ρr(x),

£¤¥ ®áâ â®ª ρr(x) ¬ « á á«¥¤ãîé¥¬ á¬ëá«¥: ρr(x)=o
(
(x− x0)

r
)
¯à¨ x→x0 (à ¤¨ ã¯à®-

é¥­¨ï ®¡®§­ ç¥­¨© §¤¥áì ­¥ ®â¬¥ç¥­  § ¢¨á¨¬®áâì ®áâ âª  ®â äã­ªæ¨¨ f ¨ â®çª¨ x0).
� á®¦ «¥­¨î, ¯à¨ íâ®¬ ­¥â ­¨ª ª®© ¢®§¬®¦­®áâ¨ £ à ­â¨à®¢ âì ¬ «®áâì ª®­ªà¥â­®£®
§­ ç¥­¨ï ρr(x), ¤ ¦¥ ¥á«¨ ¨§¢¥áâ­®, çâ® à §­®áâì x−x0 ®ç¥­ì ¬ « . �«¥¤ãîé¨© à¥§ã«ì-
â â ¢®á¯®«­ï¥â íâ®â ¯à®¡¥« §  áçñâ ­¥ª®â®à®£® ãá¨«¥­¨ï ¯à¥¤¯®«®¦¥­¨© ® äã­ªæ¨¨.

�¥®à¥¬  (ä®à¬ã«  �¥©«®à  á ¨­â¥£à «ì­ë¬ ¯à¥¤áâ ¢«¥­¨¥¬ ®áâ âª ).
�ãáâì −∞ 6 a < b 6 ∞ ¨ f ∈ Cr+1(⟨a, b⟩) ¯à¨ ­¥ª®â®à®¬ r = 0, 1, 2 . . . . �®£¤  ¤«ï ¢á¥å
x, x0 ∈ ⟨a, b⟩ á¯à ¢¥¤«¨¢® à ¢¥­áâ¢®

ρr(x) =
1

r!

∫ x

x0

(x− t)rf (r+1)(t) dt.

*)�¨¬¢®« n!! ®¡®§­ ç ¥â ¯à®¨§¢¥¤¥­¨¥ ¢á¥å ­ âãà «ì­ëå ç¨á¥«, ­¥ ¯à¥¢®áå®¤ïé¨å n ¨ ®¤­®© á ­¨¬

çñâ­®áâ¨.



14 �.�.�®¤ª®àëâ®¢ \�������ð���� ��������"

�®ª   §   â ¥ « ì á â ¢ ®. �à¨ r = 0 ¤®áâ â®ç­® ¯à¨¬¥­¨âì ä®à¬ã«ã �ìîâ®­  { �¥©¡-
­¨æ  (¯®áª®«ìªã äã­ªæ¨ï f | ¯¥à¢®®¡à §­ ï á¢®¥© ¯à®¨§¢®¤­®© f ′):

f(x) = f(x0) +
(
f(x)− f(x0)

)
= f(x0) +

∫ x

x0

f ′(t) dt = f(x0) + ρ0(x).

�à¨ r = 1 ­ ¤® ¯à®¨­â¥£à¨à®¢ âì ¯® ç áâï¬ ¢ ¯®«ãç¨¢è¥¬áï ¨­â¥£à «¥ (¨­â¥£à¨àã¥¬
¯® t, ç¨á«  x, x0 | ¯ à ¬¥âàë):

f(x) = f(x0) +

∫ x

x0

f ′(t) d(t− x) = f(x0) + (t− x)f ′(t)
∣∣∣t=x

t=x0
−
∫ x

x0

(t− x) df ′(t) =

= f(x0) + f ′(x0)(x− x0) +

∫ x

x0

(x− t) f ′′(t) dt = f(x0) + f ′(x0)(x− x0) + ρ1(x).

� «¥¥ íâ®â ¯à®æ¥áá ¯®¢â®àï¥âáï. �«ï ä®à¬ «ì­®£® ¤®ª § â¥«ìáâ¢  ¢®á¯®«ì§ã¥¬áï ¨­-
¤ãªæ¨¥©. � §  ¨­¤ãªæ¨¨ ¯à¨ r = 0, 1 ã ­ á ã¦¥ ¥áâì. �®¯ãáâ¨¬, çâ® ¤«ï äã­ªæ¨©
ª« áá  Cr á¯à ¢¥¤«¨¢® ¨­â¥£à «ì­®¥ ¯à¥¤áâ ¢«¥­¨¥ (r − 1)-£® ®áâ âª :

ρr−1(x) =
1

(r − 1)!

∫ x

x0

(x− t)r−1f (r)(t) dt.

�«ï äã­ªæ¨¨ ª« áá  Cr+1 á ¯®¬®éìî ¨­â¥£à¨à®¢ ­¨ï ¯® ç áâï¬ íâ®â ¨­â¥£à « ¬®¦­®
¯à¥®¡à §®¢ âì:

ρr−1(x) = − 1

r!

∫ x

x0

f (r)(t) d(x− t)r = −f (r)(t)

r!
(x− t)r

∣∣∣t=x

t=x0
+
1

r!

∫ x

x0

(x− t)rdf (r)(t) =

=
f (r)(x0)

r!
(x− x0)

r +
1

r!

∫ x

x0

(x− t)rf (r+1)(t) dt.

�á¯®«ì§ãï ¤«ï r-£® ¬­®£®ç«¥­  �¥©«®à  ®¡®§­ ç¥­¨¥ Tr, ¬ë ¯à¨å®¤¨¬ ª à ¢¥­áâ¢ã

f(x) = Tr−1(x) + ρr−1(x) = Tr−1(x) +
f (r)(x0)

r!
(x− x0)

r +
1

r!

∫ x

x0

(x− t)rf (r+1)(t) dt =

= Tr(x) +
1

r!

∫ x

x0

(x− t)rf (r+1)(t) dt,

¨§ ª®â®à®£® á«¥¤ã¥â ­ã¦­®¥ ¨­â¥£à «ì­®¥ ¯à¥¤áâ ¢«¥­¨¥ r-£® ®áâ âª  ρr = f − Tr. �

� ¬¥ç ­¨¥. �¤¥« ¢ ¢ ¨­â¥£à «¥, ¯à¥¤áâ ¢«ïîé¥¬ ®áâ â®ª ρr(x), «¨­¥©­ãî § ¬¥-
­ã ¯¥à¥¬¥­­®© t = x0 + θ(x− x0), θ ∈ [0, 1], ¯®«ãç¨¬ â ª®¥ ¯®«¥§­®¥ à ¢¥­áâ¢®

ρr(x) =
(x− x0)

r+1

r!

∫ 1

0

(1− θ)rf (r+1)
(
x0 + θ(x− x0)

)
dθ.

� ¥£® ¯®¬®éìî ä®à¬ã«¥ �¥©«®à  ¬®¦­® ¯à¨¤ âì ¨§ïé­ë© ¢¨¤.
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�«¥¤áâ¢¨¥ (ä®à¬ã«  �¥©«®à  á ¯à¥¤áâ ¢«¥­¨¥¬ ®áâ âª  ¯® � £à ­¦ã).
� ãá«®¢¨ïå â¥®à¥¬ë ¬¥¦¤ã x ¨ x0 áãé¥áâ¢ã¥â â ª®¥ (§ ¢¨áïé¥¥ ®â f, x, x0, r) ç¨á«® x,

çâ® ρr(x) =
f(r+1)(x)
(r+1)! (x− x0)

r+1 ¨, á«¥¤®¢ â¥«ì­®,

f(x) = f(x0) + f ′(x0)(x− x0) + . . .+
f (r)(x0)

r!
(x− x0)

r +
f (r+1)(x)

(r + 1)!
(x− x0)

r+1.

� ç áâ­®áâ¨, ¥á«¨
∣∣f (r+1)

∣∣ 6 C ¢áî¤ã ¬¥¦¤ã x0 ¨ x, â® |ρr(x)| 6 C |x−x0|r+1
(r+1)! , â.¥.∣∣∣f(x)−(

f(x0)+f ′(x0)(x−x0)+
f ′′(x0)

2
(x−x0)

2+. . .+
f (r)(x0)

r!
(x−x0)

r
)∣∣∣ 6 C

|x− x0|r+1

(r + 1)!
.

�â® ­¥à ¢¥­áâ¢® ¯®§¢®«ï¥â ®æ¥­¨¢ âì ®âª«®­¥­¨¥ ¬­®£®ç«¥­  �¥©«®à  ®â äã­ªæ¨¨ ¢
ä¨ªá¨à®¢ ­­®© â®çª¥ x (¢ ®â«¨ç¨¥ ®â ¯à¥¤áâ ¢«¥­¨ï ®áâ âª  ¯® �¥ ­®, ¤ îé¥£® ¨­-
ä®à¬ æ¨î «¨èì ® ¯à¥¤¥«ì­®¬ ¯®¢¥¤¥­¨¨ ®áâ âª ).

� ® ª   §   â ¥ « ì á â ¢ ®. �ãáâì m ¨ M | ¬¨­¨¬ «ì­®¥ ¨ ¬ ªá¨¬ «ì­®¥ §­ ç¥­¨ï
¯à®¨§¢®¤­®© f (r+1) ­  ¯à®¬¥¦ãâª¥ á ª®­æ ¬¨ x0 ¨ x, â.¥.

m = min
06θ61

f (r+1)
(
x0 + θ(x− x0)

)
¨ M = max

06θ61
f (r+1)

(
x0 + θ(x− x0)

)
.

�®£¤  ¤«ï ¨­â¥£à «  I =
∫ 1

0 (1−θ)rf (r+1)
(
x0+θ(x−x0)

)
dθ á¯à ¢¥¤«¨¢  ¤¢®©­ ï ®æ¥­ª 

m

∫ 1

0

(1− θ)rdθ 6 I 6 M

∫ 1

0

(1− θ)rdθ.

� ª ª ª
∫ 1

0
(1 − θ)rdθ = − 1

r+1 (1 − θ)r+1
∣∣1
0
= 1

r+1 , ®âáî¤  á«¥¤ã¥â, çâ® m
r+1 6 I 6 M

r+1 ,

â.¥. ç¨á«® (r + 1)I «¥¦¨â ¬¥¦¤ã ¬¨­¨¬ «ì­ë¬ §­ ç¥­¨¥¬ m ¯à®¨§¢®¤­®© f (r+1) ¨ ¥ñ
¬ ªá¨¬ «ì­ë¬ §­ ç¥­¨¥¬ M . �®£« á­® â¥®à¥¬¥ �®«ìæ ­® { �®è¨ ® ¯à®¬¥¦ãâ®ç­®¬
§­ ç¥­¨¨ ®âáî¤  á«¥¤ã¥â, çâ® (r + 1)I = f (r+1)(x) ¤«ï ­¥ª®â®à®£®  à£ã¬¥­â  x, «¥¦ -
é¥£® ¬¥¦¤ã x0 ¨ x. �ç¨âë¢ ï ¯à¥¤áâ ¢«¥­¨¥ ®áâ âª  ρr(x) á ¯®¬®éìî ¨­â¥£à «  ¯®
¯à®¬¥¦ãâªã [0, 1], ¬ë ¢¨¤¨¬, çâ®

ρr(x) =
I

r!
(x− x0)

r+1 =
f (r+1)(x)

(r + 1)!
(x− x0)

r+1. �

� ­¥ª®â®àëå á«ãç ïå (ª®£¤  ¯à®¨§¢®¤­ ï f (r+1) ®ç¥­ì á¨«ì­® ¨§¬¥­ï¥âáï ¬¥¦¤ã
â®çª ¬¨ x ¨ x0) « £à ­¦¥¢  ä®à¬  ®áâ âª  ®ª §ë¢ ¥âáï ­¥¤®áâ â®ç­® ¨­ä®à¬ â¨¢­®©,
¯®áª®«ìªã ­¥ ïá­®, áª®«ì ¢¥«¨ª® §­ ç¥­¨¥ f (r+1)(x). �® ¥á«¨ (r + 1)-ï ¯à®¨§¢®¤­ ï
¬¥­ï¥âáï ­¥ á«¨èª®¬ ¡ëáâà®, â® ®ç¥­ì ã¤®¡­® ¯à¨¬¥­ïâì ä®à¬ã«ã �¥©«®à  ¨¬¥­­® á
â ª¨¬ ¯à¥¤áâ ¢«¥­¨¥¬ ®áâ âª .

�à¨¬¥à. �®«ãç¨¬ ä®à¬ã«ã ¤«ï ¯à¨¡«¨¦ñ­­®£® ¢ëç¨á«¥­¨ï ç¨á«  e. �«ï íâ®£®
¯à¨¬¥­¨¬ á«¥¤áâ¢¨¥ ª äã­ªæ¨¨ f(x) = ex á x0 = 0 ¨ x = 1. �®áª®«ìªã ¢ íâ®¬ á«ãç ¥
f (k)(0) = 1 ¤«ï ¢á¥å k, ¬ë ¯à¨å®¤¨¬ ª à ¢¥­áâ¢ã

e = f(1) = f(0) + f ′(0) + . . .+
f (r)(0)

r!
+

f (r+1)(x)

(r + 1)!
= 1 + 1 +

1

2!
+ . . .+

1

r!
+

ex

(r + 1)!
.
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� ª ª ª 0 6 x 6 1, â® ®âáî¤  á«¥¤ã¥â ¤¢ãáâ®à®­­ïï ®æ¥­ª  ¯®£à¥è­®áâ¨:

0 < e−
(
2 +

1

2!
+

1

3!
+ . . .+

1

(r − 1)!
+

1

r!

)
6 e

(r + 1)!
<

3

(r + 1)!
.

� ç áâ­®áâ¨, ¯à¨ r = 9 ¯à¨å®¤¨¬ ª ­¥à ¢¥­áâ¢ã

0 < e−
(
2 +

1

2!
+

1

3!
+

1

4!
+

1

5!
+

1

6!
+

1

7!
+

1

8!
+

1

9!

)
<

3

(10)!
<

3

3 · 106
= 10−6.

�.�®è¨ ®¡à â¨« ¢­¨¬ ­¨¥ ­  â®, çâ® ®æ¥­ª  ¯®£à¥è­®áâ¨ ¯®§¢®«ï¥â ¯à®áâ® ãáâ -
­®¢¨âì ¨àà æ¨®­ «ì­®áâì ç¨á«  e. �¥©áâ¢¨â¥«ì­®, ¥á«¨ e = m

n ¤«ï ­¥ª®â®àëåm,n ∈ N,
â®, ¢§ï¢ r = n, ¬ë ¯®«ãç¨¬

0 <
m

n
−
(
2 +

1

2!
+

1

3!
+ . . .+

1

(n− 2)!
+

1

(n− 1)!
+

1

n!

)
<

3

(n+ 1)!
.

�¬­®¦¨¬ íâ® ­¥à ¢¥­áâ¢® ­  n!:

0 < m (n− 1)!−
(
2 · n! + n!

2!
+

n!

3!
+ . . .+

n!

(n− 2)!
+

n!

(n− 1)!
+

n!

n!

)
<

3

n+ 1
.

�®áª®«ìªã 2<e<3, §­ ¬¥­ â¥«ì n ­¥ ¬¥­ìè¥ ¤¢ãå ¨, á«¥¤®¢ â¥«ì­®, 3
n+1 61. �®íâ®¬ã

0 < m (n− 1)!−
(
2 · n! + 3 · · · (n− 1)n+ 4 · · · (n− 1)n+ . . .+ (n− 1)n+ n+ 1

)
< 1.

�® ¢ á¥à¥¤¨­¥ íâ®£® ­¥à ¢¥­áâ¢  áâ®¨â æ¥«®¥ ç¨á«® (à §­®áâì æ¥«ëå), ª®â®à®¥ ­¥ ¬®¦¥â
«¥¦ âì ¢ ¨­â¥à¢ «¥ (0, 1). �â ª, ¯à¥¤¯®«®¦¥­¨¥ e = m

n ¢¥¤ñâ ª ¯à®â¨¢®à¥ç¨î.

�® ¢â®à®¬ â®¬¥ \�ãàá  ¤¨ää¥à¥­æ¨ «ì­®£® ¨ ¨­â¥£à «ì­®£® ¨áç¨á«¥­¨ï" �.�.�¨å-
â¥­£®«ìæ  (á¬. ¯. 319) ¤®ª §ë¢ ¥âáï §­ ç¨â¥«ì­® ¡®«¥¥ á¨«ì­®¥ ãâ¢¥à¦¤¥­¨¥�.�à¬¨â :
ç¨á«® e âà ­áæ¥­¤¥­â­® (®­® ­¥ ï¢«ï¥âáï ª®à­¥¬ ­¨ ª ª®£®  «£¥¡à ¨ç¥áª®£® ¬­®£®-
ç«¥­  á æ¥«ë¬¨ ª®íää¨æ¨¥­â ¬¨). � ç¨á«®¬ π ¢áñ á«®¦­¥¥. �¥¬¥æª¨© ¬ â¥¬ â¨ª
�.�¨­¤¥¬ ­, ®¯¨à ïáì ­  ¬¥â®¤ �à¬¨â , ¤®ª § « âà ­áæ¥­¤¥­â­®áâì π. �â®â à¥§ã«ì-
â â § ªàë« ¯à®¡«¥¬ã \ª¢ ¤à âãàë ªàã£ ", ¨­â¥à¥á®¢ ¢èãî ¥éñ  ­â¨ç­ëå ¬ â¥¬ â¨-
ª®¢. �§ âà ­áæ¥­¤¥­â­®áâ¨ π á«¥¤ã¥â, çâ® á ¯®¬®éìî æ¨àªã«ï ¨ «¨­¥©ª¨, ¨áå®¤ï ¨§
¥¤¨­¨ç­®£® ®âà¥§ª , ­¥¢®§¬®¦­® ¯®áâà®¨âì ®âà¥§®ª ¤«¨­ë π.

� ª § ¬¥â¨« �à¬¨â, ¡®«¥¥ á« ¡ë© à¥§ã«ìâ â | ¨àà æ¨®­ «ì­®áâì π | ¬®¦­® ¤®-
ª § âì ¤®¢®«ì­® ¯à®áâ®. � á«¥¤ãîé¥¬ ã¯à ¦­¥­¨¨ ¨§«®¦¥­  ¯à¥¤«®¦¥­­ ï ¨¬ ¨¤¥ï.
�ª §ë¢ ¥âáï, ¢ à¥è¥­¨¨ ¨ íâ®© \ à¨ä¬¥â¨ç¥áª®©" § ¤ ç¨ ã¤®¡­® ¨á¯®«ì§®¢ âì ¨­â¥-
£à «.

�¯à ¦­¥­¨¥ (¨àà æ¨®­ «ì­®áâì ç¨á«  π). �«ï ¯à®¨§¢®«ì­®£® ­®¬¥à  j ®¯à¥-
¤¥«¨¬ ¨­â¥£à «

Hj =
1

j!

∫ π
2

0

((π
2

)2 − x2
)j

cosx dx.

�§-§  ª®íää¨æ¨¥­â  1
j! ¨­â¥£à «ë Hj ¡ëáâà® áâà¥¬ïâáï ª ­ã«î:

0 < Hj 6
1

j!

∫ π
2

0

(π
2

)2j
cosx dx =

1

j!

(π
2

)2j
<

3j

j!
→ 0.



§ 4. �­â¥£à «ì­ë¥ áã¬¬ë 17

�¢ ¦¤ë ¯à®¨­â¥£à¨à®¢ ¢ ¯® ç áâï¬, ¤®ª ¦¨â¥ ä®à¬ã«ã ¯®­¨¦¥­¨ï ¤«ï íâ¨å ¨­-
â¥£à «®¢: Hj = (4j− 2)Hj−1−π2Hj−2. � ª ª ª H0 = 1 ¨ H1 = 2, â® ¨§ ­¥ñ á«¥¤ã¥â, çâ®
Hj \¯à®áâ® § ¢¨á¨â" ®â π2. �®ç­¥¥, ¤«ï ª ¦¤®£® ­®¬¥à  j áãé¥áâ¢ã¥â â ª®©  «£¥¡à ¨-
ç¥áª¨© ¬­®£®ç«¥­ Pj áâ¥¯¥­¨ ­¥ ¢ëè¥ j c æ¥«ë¬¨ ª®íää¨æ¨¥­â ¬¨, çâ® Hj = Pj(π

2).
�âáî¤  ã¦¥ ­¥á«®¦­® ¯®«ãç¨âì, çâ® ¯à¥¤¯®«®¦¥­¨¥ π2 = m

n , £¤¥ m,n ∈ N, ¢¥¤ñâ ª
¯à®â¨¢®à¥ç¨î. �¥©áâ¢¨â¥«ì­®, â ª ª ª ª®íää¨æ¨¥­âë ¬­®£®ç«¥­  Pj æ¥«ë¥, â®

0 < Hj = Pj(π
2) = Pj

(m
n

)
=

æ¥«®¥

nj
,

¨, á«¥¤®¢ â¥«ì­®, njHj | ¯®«®¦¨â¥«ì­®¥ æ¥«®¥ ç¨á«®. � ç áâ­®áâ¨, njHj > 1. �®
á®£« á­® ãáâ ­®¢«¥­­®© ¢ ­ ç «¥ ®æ¥­ª¥ ¯à®¨§¢¥¤¥­¨¥ njHj ­¥ ¡®«ìè¥ 1

j! (3n)
j ,   íâ®

¡¥áª®­¥ç­® ¬ « ï ¯à¨ j → +∞ ¢¥«¨ç¨­ , çâ® ­¥¢®§¬®¦­®, â ª ª ª njHj > 1.
�â ª, ¯à¥¤¯®«®¦¥­¨¥ π2= m

n ­¥¢¥à­®, â.¥. ç¨á«® π2 (¨ â¥¬ ¡®«¥¥ π) ¨àà æ¨®­ «ì­®.

§ 4. �­â¥£à «ì­ë¥ áã¬¬ë

�® ¬­®£¨å á«ãç ïå ä®à¬ã«  �ìîâ®­  { �¥©¡­¨æ  ¯®§¢®«ï¥â ¯®«ãç âì ç¨á«¥­­®¥

¢ëà ¦¥­¨¥ ¤«ï ®¯à¥¤¥«ñ­­®£® ¨­â¥£à « . �¤­ ª® ¨­®£¤  íâ® ¢ëà ¦¥­¨¥ ®ª §ë¢ ¥âáï
áâ®«ì £à®¬®§¤ª¨¬, çâ® ¨§ ­¥£® ­¥ ïá­®, ¡®«ìè®¥ «¨ íâ® ç¨á«®, ¯®«®¦¨â¥«ì­® «¨ ®­®.
�®«¥¥ â®£®, ¨§¢¥áâ­®, çâ® ¯¥à¢®®¡à §­ë¥ ­¥ª®â®àëå í«¥¬¥­â à­ëå äã­ªæ¨© ­¥í«¥¬¥­-
â à­ë. � â ª®¬ á«ãç ¥ ä®à¬ã«  �ìîâ®­  { �¥©¡­¨æ  ­¥ ¤ ñâ ­¨ª ª®© ¨­ä®à¬ æ¨¨
® ¢¥«¨ç¨­¥ ¨­â¥£à « . �®íâ®¬ã ¢®§­¨ª ¥â ¥áâ¥áâ¢¥­­ ï § ¤ ç  ® ¥£® ¯à¨¡«¨¦ñ­­®¬
¢ëç¨á«¥­¨¨. �®áª®«ìªã ã ­ á ¨­â¥£à « ®¯à¥¤¥«ï¥âáï ª ª à §­®áâì ¯«®é ¤¥© ¯®¤£à -
ä¨ª®¢, íâ  § ¤ ç  á¢®¤¨âáï ª ¯à¨¡«¨¦ñ­­®¬ã ¢ëç¨á«¥­¨î â ª¨å ¯«®é ¤¥©. �áå®¤ï
¨§ £¥®¬¥âà¨ç¥áª¨å á®®¡à ¦¥­¨©, ¥áâ¥áâ¢¥­­® ¯®áâã¯¨âì â ª: à §¡¨âì ¯à®¬¥¦ãâ®ª ¨­-
â¥£à¨à®¢ ­¨ï ­  ¡®«ìè®¥ ç¨á«® ª®à®âª¨å ¯à®¬¥¦ãâª®¢ ¨ ­  ª ¦¤®¬ ¨§ ­¨å § ¬¥­¨âì
¯®¤£à ä¨ª äã­ªæ¨¨ ¯àï¬®ã£®«ì­¨ª®¬ á â¥¬ ¦¥ ®á­®¢ ­¨¥¬, ¢§ï¢ ¢ ª ç¥áâ¢¥ ¥£® ¢ëá®âë
ª ª®¥-â® §­ ç¥­¨¥ äã­ªæ¨¨ ­  íâ®¬ ¬ «¥­ìª®¬ ¯à®¬¥¦ãâª¥. �à®áã¬¬¨à®¢ ¢ ¯«®é ¤¨
¢á¥å â ª¨å ã§ª¨å ¯®«®á®ª, ¯®«ãç¨¬ ¯«®é ¤ì áâã¯¥­ç â®© ä¨£ãàë,  ¯¯à®ªá¨¬¨àãîé¥©
¯®¤£à ä¨ª. �®¦­® ­ ¤¥ïâìáï, çâ® ¨å ¯«®é ¤¨ ¡«¨§ª¨. �«ï ä®à¬ «ì­®£® ®¡®á­®¢ ­¨ï
­ ¬ ¯®âà¥¡ã¥âáï ®¤¨­ à¥§ã«ìâ â ® ­¥¯à¥àë¢­ëå äã­ªæ¨ïå.

� ¯®¬­¨¬, çâ® äã­ªæ¨ï f , § ¤ ­­ ï ­  ¯à®¬¥¦ãâª¥ ⟨a, b⟩, ­¥¯à¥àë¢­  ­  ­ñ¬,
¥á«¨ ®­  ­¥¯à¥àë¢­  ¢ ª ¦¤®© ¥£® â®çª¥, â.¥. ¥á«¨ ¤«ï «î¡®© â®çª¨ x0 ¨§ ⟨a, b⟩ ¨
«î¡®£® ε > 0 áãé¥áâ¢ã¥â â ª®¥ ¯®«®¦¨â¥«ì­®¥ ç¨á«® δf (ε, x0), çâ® ¤«ï ª ¦¤®© â®çª¨
x ¨§ ⟨a, b⟩, ¤«ï ª®â®à®© |x− x0| < δf (ε, x0), ¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢® |f(x)− f(x0)| < ε.
� ¢¨á¨¬®áâì δ ®â f ®â¬¥ç âì ­¥ ¡ã¤¥¬, ¯®áª®«ìªã ¤ «¥¥ äã­ªæ¨ï ä¨ªá¨à®¢ ­ . �® ¢®â
§ ¢¨á¨¬®áâì ®â â®çª¨ x0 á«¥¤ã¥â ®¡áã¤¨âì ¯®¤à®¡­¥¥. �à®áâë¥ ¯à¨¬¥àë ¯®ª §ë¢ îâ,
çâ® ¤«ï ­¥ª®â®àëå äã­ªæ¨© «î¡®¬ã ãà®¢­î â®ç­®áâ¨ ε ¬®¦­® á®¯®áâ ¢¨âì ®¡é¥¥, ­¥
§ ¢¨áïé¥¥ ®â x0, ç¨á«® δ, £ à ­â¨àãîé¥¥ â®ç­®áâì ε ¢ ¢ëç¨á«¥­¨¨ §­ ç¥­¨ï f(x), ª ª
â®«ìª® |x− x0| < δ. � ¨­ëå ¦¥ á«ãç ïå ãª § âì â ª®© \ã­¨¢¥àá «ì­®¥", ­¥ § ¢¨áïé¥¥
®â x0, §­ ç¥­¨¥ δ ­¥¢®§¬®¦­®. �¯¨á ­­ ï ¡« £®¯à¨ïâ­ ï á¨âã æ¨ï ¢ ¦­  ¤«ï ­ è¨å
¤ «ì­¥©è¨å à ááã¦¤¥­¨©. � á¢ï§¨ á íâ¨¬ ¯à¨¬¥¬ â ª®¥

�¯à¥¤¥«¥­¨¥. �ã­ªæ¨ï f , § ¤ ­­ ï ­  ¯à®¬¥¦ãâª¥ ⟨a, b⟩, ­ §ë¢ ¥âáï à ¢­®¬¥à­®
­¥¯à¥àë¢­®©, ¥á«¨ ¤«ï «î¡®£® ç¨á«  ε, ε > 0, áãé¥áâ¢ã¥â â ª®¥ ç¨á«® δ, δ > 0, çâ®
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¤«ï «î¡ëå  à£ã¬¥­â®¢ x ¨ x0 ¨§ ⟨a, b⟩, ã¤®¢«¥â¢®àïîé¨å ­¥à ¢¥­áâ¢ã |x − x0| < δ,
á¯à ¢¥¤«¨¢  ®æ¥­ª  |f(x)− f(x0)| < ε.

�ç¥¢¨¤­®, äã­ªæ¨ï, ã¤®¢«¥â¢®àïîé ï íâ®¬ã ®¯à¥¤¥«¥­¨î, ­¥¯à¥àë¢­  ¢ ª ¦¤®©
â®çª¥ ¯à®¬¥¦ãâª  (¤ ¢ ¥¬®¥ ®¯à¥¤¥«¥­¨¥¬ \ã­¨¢¥àá «ì­®¥" ç¨á«® δ ®¡¥á¯¥ç¨¢ ¥â ¢ë-
¯®«­¥­¨¥ ãá«®¢¨ï ®¯à¥¤¥«¥­¨ï ­¥¯à¥àë¢­®áâ¨ äã­ªæ¨¨ ¢ ¯à®¨§¢®«ì­®© â®çª¥). � ª¨¬
®¡à §®¬, à ¢­®¬¥à­ ï ­¥¯à¥àë¢­®áâì äã­ªæ¨¨ ¢«¥çñâ ¥ñ ¯®â®ç¥ç­ãî ­¥¯à¥àë¢­®áâì.
�¥á«®¦­ë¥ ¯à¨¬¥àë (á¬. ¤ «¥¥) ¯®ª §ë¢ îâ, çâ® ®¡à â­®¥ ãâ¢¥à¦¤¥­¨¥ ­¥ ¢¥à­®,
â.¥. à ¢­®¬¥à­ ï ­¥¯à¥àë¢­®áâì á¨«ì­¥¥ ¯®â®ç¥ç­®©. �¤­ ª®, ª ª ¬ë ¢áª®à¥ ã¢¨¤¨¬,
­¥áª®«ìª® ­¥®¦¨¤ ­­ãî à®«ì §¤¥áì ¨£à ¥â â¨¯ ¯à®¬¥¦ãâª  ⟨a, b⟩. �ª §ë¢ ¥âáï, ¥á«¨
®­ ª®­¥ç¥­ ¨ § ¬ª­ãâ, â.¥. ⟨a, b⟩ = [a, b], â® ­  â ª®¬ ¯à®¬¥¦ãâª¥ ¯®â®ç¥ç­ ï ­¥¯à¥àë¢-
­®áâì ¢«¥çñâ à ¢­®¬¥à­ãî (â ª çâ® ®­¨ à ¢­®á¨«ì­ë).

� ¬¥ç ­¨¥. �¥®à¥¬  � £à ­¦  ¤ ñâ ¯à®áâ®¥ ãá«®¢¨¥ ­  äã­ªæ¨î, ®¡¥á¯¥ç¨¢ -
îé¥¥ ¥ñ à ¢­®¬¥à­ãî ­¥¯à¥àë¢­®áâì: ¥á«¨ äã­ªæ¨ï f ¢áî¤ã ¤¨ää¥à¥­æ¨àã¥¬  ­ 
¯à®¬¥¦ãâª¥ ⟨a, b⟩ ¨ ¥ñ ¯à®¨§¢®¤­ ï ®£à ­¨ç¥­  ­  ­ñ¬, â® f à ¢­®¬¥à­® ­¥¯à¥àë¢-
­ . �¥©áâ¢¨â¥«ì­®, ¥á«¨ C | ¢¥àå­ïï £à ­¨æ  ¤«ï |f ′| ­  ⟨a, b⟩, â® |f(x) − f(x0)| =
|x− x0| |f ′(x)| 6 C|x− x0|. �®íâ®¬ã |f(x)− f(x0)| < ε, ¥á«¨ |x− x0| < δ = ε

C .
� ç áâ­®áâ¨, äã­ªæ¨¨ sinx, cosx, arctgx à ¢­®¬¥à­® ­¥¯à¥àë¢­ë ­  R.

� ¢­®¬¥à­ ï ­¥¯à¥àë¢­®áâì | ª ç¥áâ¢¥­­ ï å à ªâ¥à¨áâ¨ª  äã­ªæ¨¨, ª®â®àãî
¢ ­¥ª®â®àëå á«ãç ïå ¯®«¥§­® ¤®¯®«­¨âì ª®«¨ç¥áâ¢¥­­®© | ¬®¤ã«¥¬ ­¥¯à¥àë¢­®áâ¨
äã­ªæ¨¨. � ª ­ §ë¢ îâ äã­ªæ¨î ωf , § ¤ ­­ãî ­  [0,+∞) ¨ ¤¥©áâ¢ãîéãî ¯® ¯à ¢¨«ã
ωf (t) = sup{|f(x′)− f(x′′)| |x′, x′′ ∈ ⟨a, b⟩, |x′ − x′′| 6 t} ¤«ï «î¡®£® t > 0.

�á­®, çâ® íâ® ­¥®âà¨æ â¥«ì­ ï ­¥ã¡ë¢ îé ï äã­ªæ¨ï, à ¢­ ï ­ã«î ¢ ­ã«¥. �
á¨«ã à ¢­®¬¥à­®© ­¥¯à¥àë¢­®áâ¨ ωf (t) −→

t→0
0, â.¥. ®­  ­¥¯à¥àë¢­  ¢ ­ã«¥. � ¯à¨¬¥à,

¥á«¨ äã­ªæ¨ï f ¢áî¤ã ¤¨ää¥à¥­æ¨àã¥¬  ¨ C = sup |f ′| < +∞, â® ωf (t) 6 Ct.

�¯à ¦­¥­¨¥. �ãáâì ωf | ¬®¤ã«ì ­¥¯à¥àë¢­®áâ¨ äã­ªæ¨¨ f , à ¢­®¬¥à­® ­¥¯à¥-
àë¢­®© ­  ¯à®¬¥¦ãâª¥ (¢®§¬®¦­®, ¡¥áª®­¥ç­®© ¤«¨­ë). �®ª ¦¨â¥, çâ® ωf (t1 + t2) 6
ωf (t1) + ωf (t2) ¤«ï «î¡ëå t1, t2 > 0. �ë¢¥¤¨â¥ ®âáî¤  ­¥à ¢¥­áâ¢® ωf (nt) 6 nωf (t)
(t > 0, n ∈ N). �®áª®«ìªã ωf ®£à ­¨ç¥­  ¢¡«¨§¨ ­ã«ï, íâ® ­¥à ¢¥­áâ¢® £ à ­â¨àã¥â
ª®­¥ç­®áâì ¢á¥å §­ ç¥­¨© äã­ªæ¨¨ ωf .

� áá¬®âà¨¬ ¯à¨¬¥àë, ¢ ª®â®àëå ¯®â®ç¥ç­ ï ­¥¯à¥àë¢­®áâì ¥áâì,   à ¢­®¬¥à­®©
­¥¯à¥àë¢­®áâ¨ ­¥â. �® á­ ç «  ­ ¤® áä®à¬ã«¨à®¢ âì ®âà¨æ ­¨¥ à ¢­®¬¥à­®© ­¥¯à¥-
àë¢­®áâ¨. �â ­¤ àâ­ ï ¯à®æ¥¤ãà  ¯à¨¢®¤¨â ª â ª®© ä®à¬ã«¨à®¢ª¥ | ®âáãâáâ¢¨¥ à ¢-
­®¬¥à­®© ­¥¯à¥àë¢­®áâ¨ äã­ªæ¨¨ f : ⟨a, b⟩ → R ®§­ ç ¥â, çâ®

∃ε > 0 ∀δ > 0 ∃x, x0 ∈ ⟨a, b⟩ : |x− x0| < δ, |f(x)− f(x0)| > ε.

�­ ç¥ £®¢®àï, ­ ©¤ãâáï áª®«ì ã£®¤­® ¡«¨§ª¨¥  à£ã¬¥­âë, ¢ ª®â®àëå §­ ç¥­¨ï äã­ªæ¨¨
à §«¨ç îâáï ¯® ªà ©­¥© ¬¥à¥ ­  ­¥ª®â®àãî ä¨ªá¨à®¢ ­­ãî ¯®«®¦¨â¥«ì­ãî ¢¥«¨ç¨­ã.

�à¨¬¥à 1. �ãáâì f(x) = x2, x ∈ R. �¡¥¤¨¬áï, çâ® íâ  ­¥¯à¥àë¢­ ï äã­ªæ¨ï
­¥ ï¢«ï¥âáï à ¢­®¬¥à­® ­¥¯à¥àë¢­®©. �®§ì¬ñ¬ ε = 1 ¨ ¤«ï ¯à®¨§¢®«ì­®£® δ > 0
¯®¤¡¥àñ¬ â ª¨¥ ç¨á«  x ¨ x0, çâ® x2 − x20 > 1, å®âï |x − x0| < δ. �â®à®¥ ­¥à ¢¥­áâ¢®

¬®¦­® ®¡¥á¯¥ç¨âì, ¢§ï¢ x = x0 +
δ
2 . �®£¤  x2 − x20 = δ x0 +

δ2

4 > δ x0. �®íâ®¬ã ¯à¨

x0 =
1
δ ¬ë ¯®«ãç ¥¬ x2 − x20 > 1.
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�á­®, çâ® ¢ íâ®¬ ¯à¨¬¥à¥ ¢¬¥áâ® ε = 1 ¬®¦­® ¢§ïâì áª®«ì ã£®¤­® ¡®«ìè®¥ ç¨á«®
(­ ¤® ¡ã¤¥â ¢ë¡¨à âì  à£ã¬¥­â x0 ¥éñ ¡�®«ìè¨¬).

�à¨¬¥à 2. � áá¬®âà¨¬ äã­ªæ¨î f(x) = sin π
x , x ∈ (0, 1]. � â®çª¥ xn = 1

n , n ∈ N,
®­  à ¢­  ­ã«î,   ¢ ®ç¥­ì ¡«¨§ª®© â®çª¥ xn = 1

n+1/2 ¥ñ §­ ç¥­¨¥ à ¢­® (−1)n. � ª¨¬
®¡à §®¬, |f(xn) − f(xn)| = 1 ¤«ï ¢á¥å n, å®âï à §­®áâì |xn − xn| ¬®¦¥â ¡ëâì á¤¥« ­ 
áª®«ì ã£®¤­® ¬ «®© §  áçñâ ¢ë¡®à  ¡®«ìè®£® ­®¬¥à  n.

�¥¯¥àì ã ­ á ¥áâì ¢áñ ­¥®¡å®¤¨¬®¥ ¤«ï â®£®, çâ®¡ë ãáâ ­®¢¨âì á¢®©áâ¢® ­¥¯à¥àë¢-
­ëå äã­ªæ¨©, ¨£à îé¥¥ ¢ ¦­ãî à®«ì ¢ ¯®«ãç¥­¨¨ ¯à¨¡«¨¦ñ­­ëå §­ ç¥­¨© ¨­â¥£à « .

�¥®à¥¬  (� ­â®à.) �¥¯à¥àë¢­ ï ­  ª®­¥ç­®¬ § ¬ª­ãâ®¬ ¯à®¬¥¦ãâª¥ äã­ªæ¨ï
à ¢­®¬¥à­® ­¥¯à¥àë¢­ .

�®ª   §   â ¥ « ì á â ¢ ®. �ãáâì −∞<a< b< +∞ ¨ f ∈C([a, b]). �®ª ¦¥¬ à ¢­®¬¥à-
­ãî ­¥¯à¥àë¢­®áâì äã­ªæ¨¨ f . �®¯ãáâ¨¬ ¯à®â¨¢­®¥. �®£¤  ¤«ï ­¥ª®â®à®£® ε > 0 ¯à¨
«î¡®¬ δ > 0 ­ ©¤ãâáï â ª¨¥  à£ã¬¥­âë x(δ) ¨ x0(δ), çâ® |x(δ)−x0(δ)| < δ, ­®

∣∣f(x(δ))−
f
(
x0(δ)

)∣∣ > ε. �®á«¥¤®¢ â¥«ì­® ¯à¨¤ ¢ ï ¯ à ¬¥âàã δ §­ ç¥­¨ï 1, 12 , . . . ,
1
n , . . . , ®¡®§­ -

ç¨¬ tn = x
(
1
n

)
¨ sn = x0

(
1
n ). �®£¤  tn, sn ∈ [a, b] ¨ |tn − sn| < 1

n ¤«ï ¢á¥å n. �®£« á­®
¯à¨­æ¨¯ã ¢ë¡®à  �®«ìæ ­® { �¥©¥àèâà áá  ¨§ ¯®á«¥¤®¢ â¥«ì­®áâ¨ {tn} ¬®¦­® ¢ë¤¥-
«¨âì áå®¤ïéãîáï ¯®¤¯®á«¥¤®¢ â¥«ì­®áâì {tnj}. �ãáâì tnj −→

j→∞
c. � ª ª ª tn ∈ [a, b]

¤«ï ¢á¥å n, â® a 6 tnj 6 b ¤«ï ¢á¥å j. �¥à¥©¤ï ª ¯à¥¤¥«ã ¯à¨ j → ∞, ¬ë ¯®«ãç ¥¬,
çâ® a 6 c 6 b, â.¥. c ∈ [a, b] (¨¬¥­­® ¢ íâ®¬ à ááã¦¤¥­¨¨ ¨á¯®«ì§®¢ ­  § ¬ª­ãâ®áâì
¨ ®£à ­¨ç¥­­®áâì ¯à®¬¥¦ãâª ). �à®¬¥ â®£®, ­¥ â®«ìª® tnj → c, ­® ¨ snj → c (â ª
ª ª tn − sn → 0). �®áª®«ìªã äã­ªæ¨ï f ­¥¯à¥àë¢­  ¢ â®çª¥ c, ®âáî¤  á«¥¤ã¥â, çâ®
f
(
tnj

)
−f

(
snj

)
−→
j→∞

0. �® íâ® ­¥¢®§¬®¦­® ¨§-§  ­¥à ¢¥­áâ¢ |f(tn)−f(sn)| > ε, á¯à ¢¥¤-

«¨¢ëå ¤«ï ¢á¥å ­®¬¥à®¢ n ¨, ¢ ç áâ­®áâ¨,
∣∣f(tnj

)
− f

(
snj

)∣∣ > ε ¤«ï ¢á¥å j. �®«ãç¥­­®¥
¯à®â¨¢®à¥ç¨¥ ¯®ª §ë¢ ¥â, çâ® á¤¥« ­­®¥ ¯à¥¤¯®«®¦¥­¨¥ ­¥ ¢¥à­®, â.¥. äã­ªæ¨ï f à ¢-
­®¬¥à­® ­¥¯à¥àë¢­ . �

�¥à¥©¤ñ¬ ª ¨­â¥à¥áãîé¥© ­ á § ¤ ç¥ | ¯à¨¡«¨¦ñ­­®¬ã ¢ëç¨á«¥­¨î ®¯à¥¤¥«ñ­-
­®£® ¨­â¥£à « . �«ï íâ®£® ­ ¬ ¯®âà¥¡ãîâáï ­¥ª®â®àë¥ ­®¢ë¥ ¯®­ïâ¨ï ¨ á¢ï§ ­­ ï á
­¨¬¨ â¥à¬¨­®«®£¨ï.

�ãáâì [a, b] | ª®­¥ç­ë© § ¬ª­ãâë© ¯à®¬¥¦ãâ®ª. �£® ¤à®¡«¥­¨¥¬ τ ­ §®¢ñ¬ â ª®©
­ ¡®à â®ç¥ª {xj}nj=0, çâ® a = x0 < x1 < . . . < xn−1 < xn = b. � ­£®¬ |τ | íâ®£® ¤à®¡-
«¥­¨ï ­ §®¢ñ¬ ­ ¨¡®«ìèãî ¨§ ¤«¨­ ¯à®¬¥¦ãâª®¢, ­  ª®â®àë¥ τ à §¡¨¢ ¥â [a, b], â.¥.
|τ |= max

16j6n
(xj − xj−1). � ª®­¥æ, ®á­ é¥­¨¥¬ θ ¤à®¡«¥­¨ï τ ­ §®¢ñ¬ â ª®© ­ ¡®à ç¨á¥«

{tj}nj=1, çâ® tj ∈ [xj−1, xj ] ¤«ï j=1, . . . , n. � àã τθ ­ §ë¢ îâ ®á­ éñ­­ë¬ ¤à®¡«¥­¨¥¬.

�¯à¥¤¥«¥­¨¥. �ãáâì äã­ªæ¨ï f § ¤ ­  ­  ª®­¥ç­®¬ § ¬ª­ãâ®¬ ¯à®¬¥¦ãâª¥
[a, b]. �ñ ¨­â¥£à «ì­®© áã¬¬®©, á®®â¢¥âáâ¢ãîé¥© ¤à®¡«¥­¨î τ = {xj}nj=0 ¨ ®á­ é¥­¨î
θ = {tj}nj=1, ­ §ë¢ ¥âáï ç¨á«®

Sτθ(f) =
n∑

j=1

(xj − xj−1)f(tj).

�¤¥áì ­¥ ¯à¥¤¯®« £ ¥âáï ­¥¯à¥àë¢­®áâì äã­ªæ¨¨, ­® ¤«ï ­ á ®á­®¢­®© ¨­â¥à¥á
¯à¥¤áâ ¢«ïîâ ¨­â¥£à «ì­ë¥ áã¬¬ë «¨èì ­¥¯à¥àë¢­ëå äã­ªæ¨©. �á«¨ äã­ªæ¨ï f
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­¥®âà¨æ â¥«ì­ , â® áã¬¬  Sτθ(f) | ­¥ çâ® ¨­®¥, ª ª ¯«®é ¤ì áâã¯¥­ç â®© ä¨£ãàë,
 ¯¯à®ªá¨¬¨àãîé¥© ¯®¤£à ä¨ª Pf (® ­¥© £®¢®à¨«®áì ¢ ­ ç «¥ ¯ à £à ä ). �¥¯¥àì ¬ë
¬®¦¥¬ ¯¥à¥©â¨ ª ®á­®¢­®© à¥§ã«ìâ âã.

�¥®à¥¬  (®¡ ¨­â¥£à «ì­ëå áã¬¬ å). �ãáâì f ∈ C([a, b]) ¨ ε > 0. �®£¤ 
áãé¥áâ¢ã¥â â ª®¥ ¯®«®¦¨â¥«ì­®¥ ç¨á«® δ, çâ® ¤«ï ¯à®¨§¢®«ì­®£® ¤à®¡«¥­¨ï τ , à ­£
|τ | ª®â®à®£® ¬¥­ìè¥ δ, ¨ ¤«ï «î¡®£® ®á­ é¥­¨ï θ ¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢®

∣∣∣∫ b

a

f − Sτθ

∣∣∣ 6 ε.

�âáî¤  áà §ã á«¥¤ã¥â, çâ® ¥á«¨ ¨¬¥¥âáï ¯®á«¥¤®¢ â¥«ì­®áâì ¤à®¡«¥­¨© τn ¨ ¨å

®á­ é¥­¨© θn, ¯à¨çñ¬ |τn| → 0, â® Sτnθn(f) −→
n→∞

∫ b

a
f .

� ® ª   §   â ¥ « ì á â ¢ ®. �®áª®«ìªã á®£« á­® â¥®à¥¬¥ � ­â®à  äã­ªæ¨ï f à ¢­®¬¥à­®
­¥¯à¥àë¢­ , áãé¥áâ¢ã¥â â ª®¥ ç¨á«® δ, δ > 0, çâ® |f(x) − f(t)| < ε/(b − a), ª ª â®«ìª®
|x− t| < δ. �¡¥¤¨¬áï, çâ® íâ® ç¨á«® âà¥¡ã¥¬®¥.

�«ï íâ®£® ®æ¥­¨¬ à §­®áâì �=
∫ b

a
f−Sτθ(f), áç¨â ï, çâ® |τ |<δ. �ãáâì τ={xj}nj=0 ¨

θ = {tj}nj=1. �®£¤  ¯® ®¯à¥¤¥«¥­¨î ¨­â¥£à «ì­®© áã¬¬ë Sτθ(f) =
∑n

j=1(xj−xj−1)f(tj).

�« £ ¥¬®¥ (xj − xj−1)f(tj) à ¢­® ¨­â¥£à «ã ¯® ¯à®¬¥¦ãâªã [xj−1, xj ] ®â ¯®áâ®ï­­®©
äã­ªæ¨¨, à ¢­®© ­  ­ñ¬ ç¨á«ã f(tj). �®íâ®¬ã, ¯®«ì§ãïáì  ¤¤¨â¨¢­®áâìî ¨­â¥£à « ,
¬ë ¬®¦¥¬ § ¯¨á âì à §­®áâì � ¢ ¢¨¤¥

� =

n∑
j=1

∫ xj

xj−1

f(x) dx−
n∑

j=1

∫ xj

xj−1

f(tj) dx =

n∑
j=1

∫ xj

xj−1

(
f(x)− f(tj)

)
dx.

�«¥¤®¢ â¥«ì­®,

|�| 6
n∑

j=1

∣∣∣∫ xj

xj−1

(
f(x)− f(tj)

)
dx

∣∣∣ 6 n∑
j=1

∫ xj

xj−1

∣∣f(x)− f(tj)
∣∣ dx.

� ª ¦¤®¬ ¨­â¥£à «¥ |x − tj | 6 xj − xj−1 6 |τ | < δ. �®íâ®¬ã |f(x) − f(tj)| 6 ε/(b − a).
� ª¨¬ ®¡à §®¬,

|�| 6
n∑

j=1

ε

b− a
(xj − xj−1) =

ε

b− a

n∑
j=1

(xj − xj−1) =
ε

b− a
(xn − x0) = ε. �

�á¯®«ì§ãï ¬®¤ã«ì ­¥¯à¥àë¢­®áâ¨ ωf , «¥£ª® ¯à®¢¥à¨âì, çâ® ¯à®¢¥¤ñ­­®¥ à ááã¦-

¤¥­¨¥ ¤ ñâ ®æ¥­ªã:
∣∣∫ b

a
f − Sτθ(f)| 6 (b− a)ωf (|τ |).

�­®£¤ , ¤®¯ãáª ï ­¥ª®â®àãî ¢®«ì­®áâì à¥ç¨, ãâ¢¥à¦¤¥­¨¥ â¥®à¥¬ë ä®à¬ã«¨àãîâ

â ª: ¨­â¥£à «ì­ë¥ áã¬¬ë Sτθ áâà¥¬ïâáï ª ¨­â¥£à «ã
∫ b

a
f ¯à¨ |τ | → 0.

�¥à¢®¥ ä®à¬ «ì­®¥ ®¯à¥¤¥«¥­¨ï ¨­â¥£à «  ®â ­¥¯à¥àë¢­®© äã­ªæ¨¨ ¤ « �®è¨,
¯à¨çñ¬ ®­ ¢ ®á­®¢ã á¢®¥£® ®¯à¥¤¥«¥­¨ï ¯®«®¦¨« ­¥ £¥®¬¥âà¨ç¥áª¨¥ á®®¡à ¦¥­¨ï,  
¨­â¥£à «ì­ë¥ áã¬¬ë Sτθ (¨å ®¡ëç­® ­ §ë¢ îâ áã¬¬ ¬¨ �®è¨). �­â¥£à «®¬ ¦¥ ®­
­ §¢ « â ª®¥ ç¨á«® I, çâ® Sτθ → I ¯à¨ |τ | → 0, â.¥. â ª®¥ ç¨á«® I, çâ® ¤«ï «î¡®£®
ε > 0 áãé¥áâ¢ã¥â â ª®¥ δ > 0, çâ®

∣∣Sτθ − I
∣∣ 6 ε ¤«ï ¢á¥å ¤à®¡«¥­¨© τ ¨ ¨å ®á­ é¥­¨©
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θ, ª ª â®«ìª® |τ | < δ. �à¨ â ª®¬ ¯®¤å®¤¥ ­¥®¡å®¤¨¬® á­ ç «  ¤®ª §ë¢ âì áãé¥áâ¢®-
¢ ­¨¥ ç¨á«  I ã ª ¦¤®© ­¥¯à¥àë¢­®© äã­ªæ¨¨,   § â¥¬ âà¥¡ã¥âáï ¤®¢®«ì­® àãâ¨­­®¥
¤®ª § â¥«ìáâ¢®  ¤¤¨â¨¢­®áâ¨ ¯®«ãç¥­­®£® ¨­â¥£à « .

�¨¬ ­ áâ « ¨á¯®«ì§®¢ âì ®¯à¥¤¥«¥­¨¥ �®è¨, ®âª § ¢è¨áì ®â  ¯à¨®à­®£® ¯à¥¤-
¯®«®¦¥­¨ï ® ­¥¯à¥àë¢­®áâ¨ | ¥á«¨ ¨­â¥£à «ì­ë¥ áã¬¬ë ­¥ª®â®à®© äã­ªæ¨¨ ¨¬¥îâ
¯à¥¤¥« ¢ ãª § ­­®¬ á¬ëá«¥, â® ®­  ­ §ë¢ ¥âáï ¨­â¥£à¨àã¥¬®© ¢ á¬ëá«¥ �¨¬ ­ . �  â -
ª®¬ ¯ãâ¨ â¥å­¨ç¥áª¨¥ âàã¤­®áâ¨ ¢®§à áâ îâ, ¯®áª®«ìªã ¤«ï ¨­â¥£à «®¢ ®â à §àë¢­ëå
äã­ªæ¨©, ¢®®¡é¥ £®¢®àï, ­¥â â¥®à¥¬ë ® áà¥¤­¥¬. �®íâ®¬ã ­¥ â®«ìª®  ¤¤¨â¨¢­®áâì,
­® ¨ «¨­¥©­®áâì ¨­â¥£à «  ­ã¦­® ãáâ ­ ¢«¨¢ âì á¯¥æ¨ «ì­ë¬ à ááã¦¤¥­¨¥¬. � ªãàá¥
�.�.�¨åâ¥­£®«ìæ  íâ®â ¯®¤å®¤ �¨¬ ­  ¯®«­®áâìî à¥ «¨§®¢ ­.

�à¨¬¥à 1. �ëç¨á«¨¬ ¨­â¥£à «
∫ a

0 exdx, ­¥ ¨á¯®«ì§ãï ä®à¬ã«ã �ìîâ®­  { �¥©¡-
­¨æ . �«ï íâ®£® à áá¬®âà¨¬ ¯®á«¥¤®¢ â¥«ì­®áâì à ¢­®¬¥à­ëå ¤à®¡«¥­¨© ¯à®¬¥¦ãâª 
[0, a]:

τn =
{
0,

a

n
, . . . ,

a

n
j, . . . ,

a

n
(n− 1), a

}
.

�á­®, çâ® |τn| = a
n → 0. �ãáâì ®á­ é¥­¨¥ θn ®¡à §®¢ ­® «¥¢ë¬¨ ª®­æ ¬¨ ¯à®¬¥¦ãâª®¢

à §¡¨¥­¨ï, â.¥. θn = {0, a
n , . . . ,

a
n (j − 1), . . . , a

n (n− 1)}. �®£¤ 

Sτnθn(exp) =
n∑

j=1

a

n
e

a
n (j−1) =

a

n

e
a
nn − 1

e
a
n − 1

=
a

n

ea − 1
a
n +O(1/n2)

=
ea − 1

1 +O(1/n)
−→
n→∞

ea − 1.

� à¥§ã«ìâ â¥ ¬ë ¯à¨å®¤¨¬ ª à ¢¥­áâ¢ã
∫ a

0
exdx = ea − 1.

�à¨¬¥à 2. � áá¬®âà¨¬ áã¬¬ë sn = 1
n+1 +

1
n+1 + . . .+ 1

2n (n á« £ ¥¬ëå). �å «¥£ª®

®æ¥­¨âì á¢¥àåã ¨ á­¨§ã: 1
2 = 1

2n n < sn < n
n+1 < 1. �¡¥¤¨¬áï, çâ® áãé¥áâ¢ã¥â ¯à¥¤¥«

lim sn ¨ ¢ëç¨á«¨¬ ¥£®. �«ï íâ®£® § ¯¨è¥¬ j-®¥ á« £ ¥¬®¥ ¢ â ª®¬ ¢¨¤¥

1

n+ j
=

1

n

1

1 + j
n

=
1

n
f
( j

n

)
, £¤¥ f(x) =

1

1 + x
, x ∈ [0, 1].

�¥¯¥àì ïá­®, çâ® sn = Sτnθn(f) | ¨­â¥£à «ì­ ï áã¬¬  äã­ªæ¨¨ f , á®®â¢¥âáâ¢ãî-
é ï à ¢­®¬¥à­®¬ã ¤à®¡«¥­¨î τn =

{
0, 1

n , . . . ,
n−1
n , 1

}
¯à®¬¥¦ãâª  [0, 1] ¨ ®á­ é¥­¨î

θn =
{
1
n , . . . ,

n−1
n , 1

}
, ®¡à §®¢ ­­®¬ã ¯à ¢ë¬¨ ª®­æ ¬¨ ¯à®¬¥¦ãâª®¢ ¤à®¡«¥­¨ï. �«¥-

¤®¢ â¥«ì­®,

sn = Sτnθn −→
n→∞

∫ 1

0

1

1 + x
dx = ln(1 + x)

∣∣∣1
0
= ln 2.

�à¨¬¥à 3. �ëïá­¨¬, á ª ª®© áª®à®áâìî ¢®§à áâ îâ áã¬¬ë

sn(p) = 1p + 2p + . . .+ jp + . . .+ np.

�¤¥áì p | ­¥®âà¨æ â¥«ì­ë© ä¨ªá¨à®¢ ­­ë© ¯ à ¬¥âà. �à¨ p = 0, 1, 2, 3 íâ¨ áã¬¬ë
¢ëç¨á«ïîâáï ­¥¯®áà¥¤áâ¢¥­­®.

�æ¥­ª  á¢¥àåã ®ç¥¢¨¤­ : sn(p) < n · np = np+1. �æ¥­¨¢ ï á­¨§ã sn â ª ¦¥ £àã¡®,
¯®«ãç¨¬ á« ¡®¥ ­¥à ¢¥­áâ¢® sn(p) > n. �® ¥á«¨ ¤¥©áâ¢®¢ âì  ªªãà â­¥¥, â® ®æ¥­ªã
á­¨§ã ¬®¦­® §­ ç¨â¥«ì­® ã«ãçè¨âì. �«ï íâ®£® ®â¡à®á¨¬ ¯¥à¢ãî ¯®«®¢¨­ã á« £ ¥¬ëå:

sn(p) >
∑

n
26j6n

jp >
(n
2

)pn

2
=

(n
2

)p+1

.
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� ª¨¬ ®¡à §®¬, 1
2p+1 6 sn(p)

np+1 < 1. �â®â à¥§ã«ìâ â ¬®¦­® ãâ®ç­¨âì, ­ ©¤ï ¯à¥¤¥« ¤à®¡¨

sn(p)/n
p+1. �«ï íâ®£® § ¯¨è¥¬ ¥ñ ¢ ¢¨¤¥

sn(p)

np+1
=

n∑
j=1

1

n

( j

n

)p

.

�¯à ¢  áâ®¨â ¨­â¥£à «ì­ ï áã¬¬  äã­ªæ¨¨ xp, á®®â¢¥âáâ¢ãîé ï à ¢­®¬¥à­®¬ã ¤à®¡-
«¥­¨î ¯à®¬¥¦ãâª  [0, 1] (®á­ é¥­¨¥ ®¡à §ãîâ ¯à ¢ë¥ ª®­æë ¯à®¬¥¦ãâª®¢ ¤à®¡«¥­¨ï).
�«¥¤®¢ â¥«ì­®,

sn(p)

np+1
−→
n→∞

∫ 1

0

xpdx =
xp+1

p+ 1

∣∣∣1
0
=

1

p+ 1
, â® ¥áâì sn(p) ∼

n→∞

np+1

p+ 1
.

� è  á«¥¤ãîé ï æ¥«ì | ª®«¨ç¥áâ¢¥­­® ®æ¥­¨âì à §­®áâì � =
∫ b

a
f − Sτθ(f). �®-

­¥ç­®, çâ®-â® ® ­¥© ¬ë ã¦¥ §­ ¥¬ | ª ª ã¦¥ ¡ë«® ®â¬¥ç¥­®, |�| 6 (b − a)ωf (|τ |).
�á«¨ ã äã­ªæ¨¨ f ¢áî¤ã ¨¬¥¥âáï ¯à®¨§¢®¤­ ï, ¯à¨çñ¬ |f ′| 6 C ­  ¢áñ¬ ¯à®¬¥¦ãâª¥
[a, b], â® ωf (t) 6 Ct, ¨ ¬ë ¯®«ãç ¥¬, çâ® |�| 6 C(b − a)|τ |. �á«¨ à §¡¨¥­¨¥ τ á®¤¥à-
¦¨â â®çª¨ a = x0, . . . , xn = b, â.¥. ¨áå®¤­ë© ¯à®¬¥¦ãâ®ª [a, b] ¤¥«¨âáï ­  n ç áâ¥©, â®
¤«¨­  å®âï ¡ë ®¤­®© ¨§ ­¨å ­¥ ¬¥­ìè¥ b−a

n . �®íâ®¬ã |τ | > b−a
n | à ­£ ¤à®¡«¥­¨ï ­¥

¬®¦¥â ®ç¥­ì ¡ëáâà® áâà¥¬¨âìáï ª ­ã«î ¯à¨ ­¥®£à ­¨ç¥­­®¬ ã¢¥«¨ç¥­¨¨ ç¨á«  â®ç¥ª
¤à®¡«¥­¨ï. �â® ®§­ ç ¥â, çâ® ¨§¢¥áâ­ ï ­ ¬ ®æ¥­ª  |�| 6 C(b − a)|τ | (¤«ï äã­ªæ¨©
á ®£à ­¨ç¥­­®© ¯à®¨§¢®¤­®©) ­¥ ¬®¦¥â £ à ­â¨à®¢ âì ¡ëáâà®© áå®¤¨¬®áâ¨ ¨­â¥£à «ì-
­ëå áã¬¬ ª ¨­â¥£à «ã. �¦¥ ­  ¯à¨¬¥à¥ äã­ªæ¨¨ f(x) = x ¬®¦­® ã¡¥¤¨âìáï, çâ® ¡¥àï
¢ ª ç¥áâ¢¥ ®á­ é¥­¨ï â®«ìª® ¯à ¢ë¥ (¨«¨ â®«ìª® «¥¢ë¥) ª®­æë ¯à®¬¥¦ãâª®¢ à ¢­®-
¬¥à­®£® ¤à®¡«¥­¨ï, ¬ë ¯®«ãç¨¬ ®âª«®­¥­¨¥ ¨­â¥£à «ì­ëå áã¬¬ ®â ¨­â¥£à «  à ¢­®¥
b−a
2 |τ |. � ª¨¬ ®¡à §®¬, ¤ ¦¥ ¤«ï \å®à®è¨å" äã­ªæ¨© ¨¬¥îéãîáï ®æ¥­ªã ®âª«®­¥­¨ï

áãé¥áâ¢¥­­® ã«ãçè¨âì ­¥«ì§ï, ¥á«¨ à áá¬ âà¨¢ âì ¢á¥¢®§¬®¦­ë¥ ®á­ é¥­¨ï. �¤­ -
ª®, ¥á«¨ ¯®¤å®¤ïé¨¬ ®¡à §®¬ ã¢ï§ âì ®á­ é¥­¨¥ á äã­ªæ¨¥© ¨ ¤à®¡«¥­¨¥¬, â® ¬®¦­®
¯®«ãç¨âì §­ ç¨â¥«ì­® ¡®«¥¥ â®ç­®¥ ¯à¨¡«¨¦¥­¨¥ ¨­â¥£à «  áã¬¬ ¬¨.

�ë à áá¬®âà¨¬ §¤¥áì «¨èì ®¤¨­ â ª®© á¯®á®¡, ­ §ë¢ ¥¬ë© ä®à¬ã«®© âà ¯¥æ¨©.
�­ á®áâ®¨â ¢ á«¥¤ãîé¥¬. �  ¯à®¬¥¦ãâª¥ [xj−1, xj ] â®çª  tj ¢ë¡¨à ¥âáï â ª, çâ® f(tj) =
1
2

(
f(xj−1) + f(xj)

)
(¯®áª®«ìªã íâ  ¯®«ãáã¬¬  «¥¦¨â ¬¥¦¤ã f(xj−1) ¨ f(xj), â ª®© ¢ë-

¡®à ¢®§¬®¦¥­ ¯® â¥®à¥¬¥ �®«ìæ ­® { �®è¨ ® ¯à®¬¥¦ãâ®ç­®¬ §­ ç¥­¨¨ ­¥¯à¥àë¢­®©
äã­ªæ¨¨). � íâ®¬ á«ãç ¥ ¯à®¨§¢¥¤¥­¨¥ (xj −xj−1)f(tj) =

1
2 (xj −xj−1)

(
f(xj−1)+f(xj)

)
à ¢­® (¤«ï ­¥®âà¨æ â¥«ì­®© äã­ªæ¨¨ f) ¯«®é ¤¨ âà ¯¥æ¨¨ á ¢¥àè¨­ ¬¨

(
xj−1, 0

)
,(

xj−1, f(xj−1)
)
,
(
xj , 0

)
,
(
xj , f(xj)

)
. �®íâ®¬ã ¯à¨¡«¨¦ñ­­®¥ à ¢¥­áâ¢®

∫ b

a

f ≈
n∑

j=1

(xj − xj−1)
f(xj−1) + f(xj)

2

­ §ë¢ îâ ä®à¬ã«®© âà ¯¥æ¨©. �«ï à ¢­®¬¥à­®£® ¤à®¡«¥­¨ï, ®¡à §®¢ ­­®£® â®çª ¬¨
xj = a+ b−a

n j, ¥ñ ¬®¦­® § ¯¨á âì ¯à®é¥:

∫ b

a

f ≈ b− a

n

n∑
j=0

H
f(xj),
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£¤¥ èâà¨å ã §­ ª  áã¬¬ë ®§­ ç ¥â, çâ® ¯¥à¢®¥ (¯à¨ j = 0) ¨ ¯®á«¥¤­¥¥ (¯à¨ j = n)
á« £ ¥¬ë¥ ¡¥àãâáï á ª®íää¨æ¨¥­â®¬ 1

2 .

�¥®à¥¬  (® ¯®£à¥è­®áâ¨ ä®à¬ã«ë âà ¯¥æ¨©.) �ãáâì f ∈ C2([a, b]). �®£¤ 
¤«ï «î¡®£® ¤à®¡«¥­¨ï τ = {a = x0, x1, . . . , xn−1, xn = b} ¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢®∣∣∣∫ b

a

f −
n∑

j=1

(xj − xj−1)
f(xj−1) + f(xj)

2

∣∣∣ 6 1

8
|τ |2

∫ b

a

|f ′′|.

� ç áâ­®áâ¨, ¤«ï à ¢­®¬¥à­®£® ¤à®¡«¥­¨ï∣∣∣∫ b

a

f − b− a

n

n∑
j=0

H
f
(
a+

b− a

n
j
)∣∣∣ 6 (b− a)2

8n2

∫ b

a

|f ′′|.

�®ª   §   â ¥ « ì á â ¢ ®. �à¥®¡à §ã¥¬ ¨­â¥£à « ¯® ¯à®¬¥¦ãâªã [xj−1, xj ] á ¯®¬®éìî

¨­â¥£à¨à®¢ ­¨ï ¯® ç áâï¬
(
¤ «¥¥ xj =

xj−1+xj

2

)
:∫ xj

xj−1

f(x) dx =

∫ xj

xj−1

f(x) d(x− xj) = (xj − xj−1)
f(xj−1) + f(xj)

2
−
∫ xj

xj−1

(x− xj)f
′(x) dx.

� ¢®§­¨ªè¥¬ ¨­â¥£à «¥ â ª¦¥ ¯à®¨­â¥£à¨àã¥¬ ¯® ç áâï¬:∫ xj

xj−1

(x−xj)f
′(x) dx =

1

2

∫ xj

xj−1

f ′(x) d(x−xj−1)(x−xj) =
1

2

∫ xj

xj−1

(x−xj−1)(xj−x)f ′′(x) dx.

�®íâ®¬ã, ®¯à¥¤¥«¨¢ ­  [a, b] äã­ªæ¨î φ à ¢¥­áâ¢®¬ φ(x) = (x − xj−1)(xj − x) ¤«ï
x ∈ [xj−1, xj ], ¬ë ¯®«ãç¨¬∫ xj

xj−1

f(x) dx = (xj − xj−1)
f(xj−1) + f(xj)

2
− 1

2

∫ xj

xj−1

φ(x)f ′′(x) dx.

�¥¯¥àì á«®¦¨¬ ¢á¥ íâ¨ à ¢¥­áâ¢  ¯à¨ j = 1, . . . , n:∫ b

a

f =

n∑
j=1

(xj − xj−1)
f(xj−1) + f(xj)

2
− 1

2

∫ b

a

φf ′′. (∗)

� ª¨¬ ®¡à §®¬,∣∣∣∫ b

a

f −
n∑

j=1

(xj − xj−1)
f(xj−1) + f(xj)

2

∣∣∣ = 1

2

∣∣∣∫ b

a

φf ′′
∣∣∣ 6 1

2

∫ b

a

|φ| |f ′′|.

�  ª ¦¤®¬ ¯à®¬¥¦ãâª¥ [xj−1, xj ] ­ ¨¡®«ìè¥¥ §­ ç¥­¨¥ äã­ªæ¨¨ φ à ¢­® (xj−xj−1)
2/4

(®­® ¤®áâ¨£ ¥âáï ¢ á¥à¥¤¨­¥ ¯à®¬¥¦ãâª ). �®áª®«ìªã xj − xj−1 6 |τ |, ¬ë ¯®«ãç ¥¬
âà¥¡ã¥¬ãî ®æ¥­ªã:∣∣∣∫ b

a

f −
n∑

j=1

(xj − xj−1)
f(xj−1) + f(xj)

2

∣∣∣ 6 1

2

∫ b

a

|φ| |f ′′| 6 1

8
|τ |2

∫ b

a

|f ′′|. �



24 �.�.�®¤ª®àëâ®¢ \�������ð���� ��������"

� ¬¥ç ­¨¥. �® å®¤ã ¤®ª § â¥«ìáâ¢  ¬ë ­¥ â®«ìª® ®æ¥­¨«¨ à §­®áâì ¬¥¦¤ã ¨­-
â¥£à «®¬ ¨ ¨­â¥£à «ì­®© áã¬¬®©, ­® ¨ ¯®«ãç¨«¨ ¤«ï ­¥ñ ¨­â¥£à «ì­®¥ ¯à¥¤áâ ¢«¥­¨¥
(∗). �§ ­¥£® ¬®¦­® ¯®«ãç âì ¡®«¥¥ ¤¥â «ì­ãî ¨­ä®à¬ æ¨î ® ¯®£à¥è­®áâ¨. � ¯à¨¬¥à,
¥á«¨ äã­ªæ¨ï f ¢ë¯ãª« ï (  â®£¤  f ′′ > 0), â® ¨­â¥£à « ­¥ ¡®«ìè¥ ¨­â¥£à «ì­®© áã¬¬ë
(¢¯à®ç¥¬, íâ® ­¥á«®¦­® ¯®­ïâì, á¤¥« ¢ à¨áã­®ª).

�à®¬¥ â®£®, ¨­â¥£à «ì­®¥ ¯à¥¤áâ ¢«¥­¨¥ ®áâ âª  ¯®¤áª §ë¢ ¥â, ª ª à á¯®àï¤¨âìáï
á¢®¡®¤®© ¢ ¢ë¡®à¥ â®ç¥ª x1, . . . , xn−1 ¤«ï ã¬¥­ìè¥­¨ï ¯®£à¥è­®áâ¨. �®áª®«ìªã ®­ 

à ¢­  1
2

∫ b

a
φf ′′,   äã­ªæ¨ï φ ®á®¡¥­­® ¬ «  ­  ª®à®âª¨å ¯à®¬¥¦ãâª å [xj−1, xj ], â®çª¨

xj æ¥«¥á®®¡à §­® ¢ë¡¨à âì â ª, çâ®¡ë ¨å ¡ë«® ¬­®£® â ¬, £¤¥ ¢¥«¨ª  ¯à®¨§¢®¤­ ï f ′′.
� ¬ ¦¥, £¤¥ ®­  ¬ « , â®çª¨ xj ¬®¦­® à ááâ ¢«ïâì §­ ç¨â¥«ì­® à¥¦¥.

�¯à ¦­¥­¨¥. �®«ãç¨â¥  ­ «®£ à ¢¥­áâ¢  (∗) ¤«ï ä®à¬ã«ë æ¥­âà «ì­ëå ¯àï-

¬®ã£®«ì­¨ª®¢, ¢ ª®â®à®© ¢ ª ç¥áâ¢¥ â®ç¥ª ®á­ é¥­¨ï ¡¥àãâáï á¥à¥¤¨­ë ¯à®¬¥¦ãâª®¢
¤à®¡«¥­¨ï: tj =

1
2 (xj−1 + xj). �¡¥¤¨â¥áì, çâ® ¯®«ãç¥­­ë¥ ¢ â¥®à¥¬¥ ®æ¥­ª¨ ¯®£à¥è­®-

áâ¨ á®åà ­ïîâáï ¨ ¢ íâ®¬ á«ãç ¥.

�ãé¥áâ¢ãîâ ¡®«¥¥ íää¥ªâ¨¢­ë¥ (­® ¨ ¡®«¥¥ á«®¦­ë¥) á¯®á®¡ë ¯à¨¡«¨¦¥­¨ï ¨­-
â¥£à «®¢ á ¯®¬®éìî áã¬¬. �¥ª®â®àë¥ ¨§ ­¨å ®¡áã¦¤ îâáï ¢® ¢â®à®¬ â®¬¥ ªãàá 
�.�.�¨åâ¥­£®«ìæ .

� § ¢¥àè¥­¨¥ ­ è¥£® ®¡áã¦¤¥­¨ï á¢ï§¨ ¬¥¦¤ã ¨­â¥£à « ¬¨ ¨ áã¬¬ ¬¨ ãáâ ­®¢¨¬
¯®«¥§­ãî ä®à¬ã«ã, ª®â®à ï ï¢«ï¥âáï ç áâ­ë¬ (­® ­ ¨¡®«¥¥ ¢ ¦­ë¬) á«ãç ¥¬ ä®à¬ã«ë

�©«¥à  { � ª«®à¥­ . � ­¥© ¢ ¯à¥¦­¥¬ á¬ëá«¥ ¨á¯®«ì§ã¥âáï á¨¬¢®«
∑ H

¨, ªà®¬¥ â®£®,
¤à®¡­ ï ç áâì ¢¥é¥áâ¢¥­­®£® ç¨á«  x, â.¥. à §­®áâì x− [x], ®¡®§­ ç ¥âáï á¨¬¢®«®¬ {x}.

�«¥¤áâ¢¨¥. �ãáâì m,n ∈ Z, m < n ¨ f ∈ C2([m,n]). �®£¤ 

n∑
j=m

H
f(j) =

∫ n

m

f +
1

2

∫ n

m

f ′′(x) {x}(1− {x}) dx.

�®ª   §   â ¥ « ì á â ¢ ®. �®á¯®«ì§ã¥¬áï à ¢¥­áâ¢®¬ (∗) ¢ á«ãç ¥, ª®£¤  a=m, b= n,
  ¤à®¡«¥­¨¥ τ ®¡à §ãîâ æ¥«ë¥ ç¨á« : τ = {m,m + 1, . . . , n − 1, n}. �  ¯à®¨§¢®«ì­®¬
¯à®¬¥¦ãâª¥ ¤à®¡«¥­¨ï [j−1, j] äã­ªæ¨ï φ § ¤ ñâáï à ¢¥­áâ¢®¬ φ(x) = (x−j+1)(j−x).
� ª ª ª [x]=j−1 ¤«ï x ¨§ [j−1, j), â® φ(x)=(x−[x])(1+[x]−x)={x}(1−{x}). �  ¯à ¢®¬
ª®­æ¥ ¯à®¬¥¦ãâª , â.¥. ¯à¨ x = j, íâ® à ¢¥­áâ¢® ®ç¥¢¨¤­®, ¯®áª®«ìªã ­ã«î à ¢­  ¨
äã­ªæ¨ï φ, ¨ ¤à®¡­ ï ç áâì {x}. � ª¨¬ ®¡à §®¬, φ(x) = {x}(1 − {x}) ­  [j − 1, j]
¤«ï ¢á¥å j, á«¥¤®¢ â¥«ì­®, íâ® à ¢¥­áâ¢® á¯à ¢¥¤«¨¢® ­  ¢áñ¬ ¯à®¬¥¦ãâª¥ [m,n]. �§
áª § ­­®£® á«¥¤ã¥â, çâ® ¤®ª §ë¢ ¥¬®¥ à ¢¥­áâ¢® ¥áâì ç áâ­ë© á«ãç © ä®à¬ã«ë (∗). �

�«¥¤ãîé¨¥ ¯à¨¬¥àë ¯®ª §ë¢ îâ, ª ª á ¯®¬®éìî ä®à¬ã«ë �©«¥à  { � ª«®à¥-
­  ¬®¦­® ­ å®¤¨âì  á¨¬¯â®â¨ªã à §­ëå ¯®á«¥¤®¢ â¥«ì­®áâ¥©. � ç­ñ¬ á ãâ®ç­¥­¨ï ¨
­¥¡®«ìè®£® ®¡®¡é¥­¨ï à ­¥¥ ¯®«ãç¥­­®£® à¥§ã«ìâ â .

�à¨¬¥à 1. �ãáâì p > −1. � áá¬®âà¨¬ áã¬¬ë sn(p) = 1p +2p + . . .+ np. �®£« á­®
ä®à¬ã«¥ �©«¥à  { � ª«®à¥­  ¬ë ¨¬¥¥¬

sn(p) =

n∑
j=1

H
jp +

np + 1

2
=

∫ n

1

xpdx+
1

2

∫ n

1

(
xp

)′′{x}(1− {x}) dx+ np + 1

2
.
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� ª¨¬ ®¡à §®¬,

1p + 2p + . . .+ np =
np+1 − 1

p+ 1
+

np + 1

2
+

p(p− 1)

2

∫ n

1

xp−2{x}(1− {x}) dx.

�­â¥£à «, áâ®ïé¨© ¢ ¯à ¢®© ç áâ¨ íâ®£® à ¢¥­áâ¢ , ­¥ ¡®«ìè¥
∫ n

1
xp−2dx. �â® ¬¥­ìè¥

1
1−p ¤«ï p ∈ (−1, 1), à ¢­® lnn ¤«ï p = 1 ¨ ¬¥­ìè¥ 1

p−1n
p−1, ¥á«¨ p > 1. � ç áâ­®áâ¨,

1 +
1√
2
+ . . .+

1√
n
= 2

√
n+O(1) ¨ 1 +

√
2 + . . .+

√
n =

2

3
n

3
2 +

1

2

√
n+O(1).

�à¨¬¥à 2. � áá¬®âà¨¬ áã¬¬ë á ¯®ª § â¥«¥¬ p = −1: Hn = 1 + 1
2 + . . .+ 1

n . �â¨
áã¬¬ë ­ §ë¢ îâ £ à¬®­¨ç¥áª¨¬¨. �®à¬ã«  �©«¥à  { � ª«®à¥­  ¤ ñâ ­ ¬:

Hn =

n∑
j=1

H 1

j
+
1

2

(
1 +

1

n

)
=

∫ n

1

1

x
dx+

∫ n

1

{x}
(
1− {x}

)dx
x3

dx+
1

2

(
1 +

1

n

)
.

�¥à¢ë© ¨­â¥£à « à ¢¥­ lnn,   ¢â®à®© ¢®§à áâ ¥â á à®áâ®¬ n ¨ ®£à ­¨ç¥­ á¢¥àåã: â ª
ª ª {x}(1 − {x}) 6 1

4 , â® ®­ ­¥ ¡®«ìè¥
∫ n

1
dx
4x3 < 1

8 . �® â¥®à¥¬¥ ® ¯à¥¤¥«¥ ¬®­®â®­­®©
¯®á«¥¤®¢ â¥«ì­®áâ¨ ¢â®à®© ¨­â¥£à « ¨¬¥¥â ª®­¥ç­ë© ¯à¥¤¥« ¯à¨ n → ∞ («¥¦ é¨©
¬¥¦¤ã ­ã«ñ¬ ¨ 1

8 ) ¨, á«¥¤®¢ â¥«ì­®,

Hn = 1 +
1

2
+ . . .+

1

n
= lnn+ γ + o(1),

£¤¥

γ =
1

2
+ lim

n→∞

∫ n

1

{x}(1− {x})
x3

dx,
1

2
< γ <

1

2
+
1

8
=

5

8
.

�â® ç¨á«®, ¨£à îé¥¥ ¢ ¦­ãî à®«ì ¢® ¬­®£¨å à §¤¥« å ¬ â¥¬ â¨ª¨, ­ §ë¢ ¥âáï ª®­-

áâ ­â®© �©«¥à . �¥á¬®âàï ­  ¬­®£¨¥ ãá¨«¨ï, ¤® á¨å ¯®à ­¥ ¨§¢¥áâ­®, à æ¨®­ «ì­  ®­ 
¨«¨ ­¥â, å®âï ¨ ¢ëç¨á«¥­  á ¡®«ìè®© â®ç­®áâìî: γ = 0, 577215664901532860606512 . . . .

�à¨¬¥à 3. �¤¥áì ¬ë ¯®«ãç¨¬ §­ ¬¥­¨âãî ä®à¬ã«ã �â¨à«¨­£ , ®¯¨áë¢ îé¥¥
¯®¢¥¤¥­¨¥ n! ¯à¨ ¡®«ìè¨å n. � íâ®© æ¥«ìî ¯à¨¬¥­¨¬ ä®à¬ã«ã �©«¥à  { � ª«®à¥­  ª
äã­ªæ¨¨ f(x) = lnx:

ln(n!) =
n∑

j=1

ln j =
n∑

j=1

H
ln j +

1

2
lnn =

∫ n

1

lnx dx− 1

2

∫ n

1

{x}(1− {x})
x2

dx+
1

2
lnn.

� ª ª ª
∫ n

1
lnx dx = n lnn− n (¨­â¥£à¨à®¢ ­¨¥ ¯® ç áâï¬), â®

ln(n!) = n lnn− n+ 1− 1

2

∫ n

1

{x}(1− {x})
x2

dx+
1

2
lnn.

� ª ¨ ¢ ¯à¥¤ë¤ãé¥¬ ¯à¨¬¥à¥, ®áâ ¢è¨©áï ¨­â¥£à « ¨¬¥¥â ª®­¥ç­ë© ¯à¥¤¥«. �®íâ®¬ã

ln(n!) = n lnn− n+
1

2
lnn+ C + o(1), â® ¥áâì n! = eC+o(1)

√
n
(n
e

)n

.
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�ãáâì A = eC . �®£¤  n! ∼ A
√
n
(
n
e

)n
. �¥¨§¢¥áâ­ë© ¯®ª  ª®íää¨æ¨¥­â A ¬®¦­® ­ ©â¨,

¢®á¯®«ì§®¢ ¢è¨áì ä®à¬ã«®© � ««¨á . �¥©áâ¢¨â¥«ì­®, á®£« á­® íâ®© ä®à¬ã«¥

√
π = lim

n→∞

1√
n

2 · 4 · · · 2n
3 · 5 · · · (2n− 1)

= lim
n→∞

1√
n

(2 · 4 · · · 2n)2

(2n)!
= lim

n→∞

1√
n

22n(n!)2

(2n)!
.

� ª ¬ë ã¦¥ §­ ¥¬, n! ∼ A
√
n
(
n
e

)n
¨, á«¥¤®¢ â¥«ì­®, (2n)! ∼ A

√
2n

(
2n
e

)2n
. �á¯®«ì§ãï

íâ¨ á®®â­®è¥­¨ï ¢ ãáâ ­®¢«¥­­®© ä®à¬ã«¥ ¤«ï
√
π, ¯®á«¥ ¯à®áâëå ¯®¤áçñâ®¢ ¯®«ãç¨¬:

√
π = lim

n→∞

1√
n

22n(n!)2

(2n)!
= lim

n→∞

1√
n

22nA2n
(
n
e

)2n
A
√
2n

(
2n
e

)2n =
A√
2
,

â.¥. A =
√
2π. � ª¨¬ ®¡à §®¬, ¬ë ¯à¨å®¤¨¬ ª ä®à¬ã«¥ �â¨à«¨­£ :

n! ∼
√
2πn

(n
e

)n

.

�®¢®àï ¨­ë¬¨ á«®¢ ¬¨, ®â­®á¨â¥«ì­ ï ¯®£à¥è­®áâì εn ¯à¨¡«¨¦ñ­­®£® à ¢¥­áâ¢ 
n! ≈

√
2πn

(
n
e

)n
¡¥áª®­¥ç­® ¬ « :

εn =
n!−

√
2πn

(
n
e

)n
n!

→ 0.

�®¦­® ¤®ª § âì (á¬. ¯. 469 ¢ â. II ªãàá  �.�.�¨åâ¥­£®«ìæ ), çâ® εn∼ 1
12n , â.¥.

n!−
√
2πn

(n
e

)n

= εn · n! ∼ n!

12n
=

(n− 1)!

12
.

�®íâ®¬ã  ¡á®«îâ­ ï ¯®£à¥è­®áâì, â.¥. à §­®áâì n! −
√
2πn

(
n
e

)n
| ®ç¥­ì ¡ëáâà® à á-

âãé ï ¯®á«¥¤®¢ â¥«ì­®áâì (­® ¢áñ-â ª¨ ®­  áãé¥áâ¢¥­­® ¬¥­ìè¥, ç¥¬ n!).


