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(-,+71</7+@ '( 1 6(&..1E1/7' Cδε #x$ ;+2101' 41T5 (' ε @ 7( 7/ (' '(<61 x8�(&'()? 7/,+2/70'2( ∣∣σn #f, x$− f #x$∣∣ < Pε 2>*(473/'03@ 6+6 '(456( n > Nε A Cδε/ε 8�'( =(6+;>2+/' ?'2/,G=/71/ ��89(6+G/) *(04/=7// ?'2/,G=/71/ '/(,/)>8 943 &'(-( 2(0*(45;?/)03 7/,+2/70'2()

ρn
defA ‖σn #f $− f‖Y A

∫ π

−π

|f #x$− σn #x$| dx 6

∫ π

−π

(∫ π

−π

|f #x− u$− f #x$|°n #u$du
)
dx

#2 6(7E/ :>4( *,1)/7/7( ,+2/70'2( #�$ 0 L A f #x$$8 �()/732 *(,3=(6 17'/-,1,(2+713@)> *(4?<1)

ρn 6

∫ π

−π

(∫ π

−π

|f #x− u$− f #x$| dx
)

°n #u$du A
∫ π

−π

²
f #u$°n #u$du A σn

(²
f , B),

-=/ ²
f #u$ A ∫ π

−π
|f #x − u$− f #x$| dx8 O(-4+07( '/(,/)/ ( 7/*,/,>27(0'1 0?))1,?/)(D.?76E11 2 0,/=7/) ²

f #u$→ B *,1 u → B8 R0'+\'03 *,1)/71'5 ?G/ =(6+;+77(/ */,2(/?'2/,G=/71/ 6 .?76E11 ²
f
I σn #²f , B$→ B 1 *(&'()? ρn A ‖σn #f $− f‖Y→ B8 IV4+-(=+,3 */,2()? ?'2/,G=/71C '/(,/)> 1 */,)+7/7'7(0'1 )/'(=+ 0,/=71J +,1.K)/'1</061J@ )> )(G/) 0=/4+'5 '+6(D 2>2(=I /041 2 '(<6/ 7/*,/,>27(0'1 0?))1,?/)(D.?76E11 ,3= u?,5/ 0J(=1'03@ '( /-( 0?))+ (:3;+'/457( ,+27+ ;7+</71C .?76E11 2 &'(D'(<6/@ '8/8 2 '(<6/ 7/*,/,>27(0'1 ,3= u?,5/ 7/ )(G/' 0J(=1'503 6 <104? ('41<7()?(' ;7+</713 .?76E11 2 &'(D '(<6/8³2/,G=/71/ ��� '/(,/)> *(;2(43/' 4/-6( =(6+;+'5 ?014/77?C *(47('? ',1-(7()/'K,1</06(D 010'/)> #7/ '(456( 2 L̃ "@ 7( 1 2 :(4// T1,(6() *,(0',+70'2/ L̃ $8

>rpq?@Atp #�$UI$)& )'+H$I$J*)'+K*,($W ,+,)*JL$8 ��¥� ¬��§�£ f �à L̃�¡§�¤¡© ¨�� f̂ #n$ A B Ý�� n ∈ Z
© �� f #x$ A B �¥£ Ý�¨�� ¤�¢� x ±
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9(6 +; +' /4 5 0' 2 (8 ³ .?76E11 0 7?4/2>)1 6(&..1E1/7'+)1 u?,5/ 20/ 0?))>u?,5/@ (</21=7(@ '(G=/0'2/77( ,+27> 7?4C8 �(&'()? '+6(2> 1 0?))> u/D/,+I σn #f $ ≡B =43 20/J n 8 F( '(-=+ 2 014? ?'2/,G=/713 ��� )> 1)//)

‖f‖Y 6 ‖f − σn #f $‖Y Q ‖σn #f $‖Y A ‖f − σn #f $‖Y −→
n→∞

B.
O4/=(2+'/457(@ ‖f‖Y A B@ '8/8 .?76E13 f

*(<'1 20C=? ,+27+ 7?4C8 I
S+6 )> ?:/=14105@ 0?))> u/D/,+ σn #f $ 1)/C' (</21=7(/ *,/1)?L/0'2( *( 0,+2K7/71C 0 <+0'1<7>)1 0?))+)1 Sn #f $ ,3=+ u?,5/H (71 +**,(601)1,?C' 4C:?C 0?))1K,?/)?C .?76E1C 2 17'/-,+457(D )/',16/@ + 6 7/*,/,>27(D .?76E11 0J(=3'03 ,+27(K)/,7(8 F( 04/=?/' 1)/'5 2 21=?@ <'( ;+ &'? ?712/,0+457(0'5 0?)) u/D/,+ *,1J(=1'03*4+'1'5 H (71 7/ )(-?' :>0',( 0J(=1'503 6 .?76E118 % &'() )(G7( ?:/=1'503@ ,/T1204/=?CL//
³��´µF�FW�8 O?))> u/D/,+ 7/ )(-?' :>0',( 0J(=1'503I 41:( *,1 7/6('(,()

δ > B ‖f − σn #f $‖Y > δ
n > B =43 20/J n ∈ N

@ 41:( f ≡ OPSQ¡ *(<'1 2/;=/8 ³ 6 +; +7 1 /8%><1041'/ 6(&..1E1/7'> u?,5/ ,+;7(0'1 f−σn #f $ 1 *,1)/71'/ 7/,+2/70'2( +$ *8 Ü8P8�(&'()?@ /041 ,3= u?,5/ 0J(=1'03 :>0',(@ '( 0?))> u/D/,+ J?G/ +**,(601)1,?C'.?76E1C@ </) 0?))> u?,5/8

§ ¶� D���·��¸� ���� �����
% &'() *+,+-,+./ )> (:0?=1) �7/*,/,>27>D +7+4(-� ,3=(2 u?,5/@ 2 6('(,(),+00)+',12+C'03 7/*/,1(=1</061/ .?76E11@ + 2)/0'( ,3=+ 10*(45;?/'03 17'/-,+48 S+6)> ?:/=1)03@ )7(-1/ 2+G7>/ 02(D0'2+ ,3=(2 u?,5/ 0(J,+73C'03 1 2 7(2(D 01'?+E118
�NMN mnopqprpstpN bw�v�w{�v�{z�� júw}� f̂ .?76E11 f 1; L

Y#Rm$ (*,/=/43/'03,+2/70'2()
f̂ #y$ A �

#Pπ$m/"
∫

Rm

f #x$e−i〈y,x〉 dx #y ∈ R
m$

#;=/05 〈y, x〉 H 06+43,7(/ *,(1;2/=/71/ 2/6'(,(2 y 1 x$8¹��pº�stpN F/,/=6( 7(,)1,?CL1D 6(&..1E1/7' */,/= 17'/-,+4() :/,?' ,+2K7>) � 141 Yd"π�m 8
%( 2'(,() 04?<+/ #*,1 m A �$ 307+ +7+4(-13 0 .(,)?4(D =43 2><10K4/713 6(&..1E1/7'+ u?,5/ */,1(=1</06(D .?76E118 9,?-(D 2+,1+7' (*,/=/4/713 H0 6(&..1E1/7'() Pπ 2 *(6+;+'/4/ &60*(7/7'> #*/,/= 17'/-,+4() /=171<7>D 6(&..1KE1/7'$8 R</21=7(@ 20/ &'1 2+,1+7'> *,(0'( 02(=3'03 =,?- 6 =,?-?8R')/'1) *,(0'/DT1/ 02(D0'2+ *,/(:,+;(2+713 u?,5/8 u?76E13 f̂

(-,+71</7+I
|f̂ #y$| 6 �

#Pπ$m/"
∫

Rm

|f #x$| dx A �
#Pπ$m/"‖f‖Y

=43 20/J y ∈ R
m.

S+6 04/=?/' 1; '/(,/)> �1)+7+ U l/:/-+@ f̂ #y$ → B *,1 ‖y‖ → Q∞ 8 S,()/ '(-(@
f̂ ∈ C

(
R

m
) 8 9/D0'21'/457(@

|f̂ #y$− f̂ #y[$| 6 �
#Pπ$m/"

∫ ∞

−∞
|f #x$|

∣∣∣e−i〈y,x〉 − e−i〈y»,x〉∣∣∣ dx.



§ ¼Ú bw�v�w{�v�{z�� júw}� �_
% 6+G=(D '(<6/ x *(=>7'/-,+457+3 .?76E13 0',/)1'03 6 7?4C *,1 y → y[ 1 7/ *,/2(0KJ(=1' P|f #x$| 8 �(06(456? &'+ )+G(,+7'+ 0?))1,?/)+@ )(G7( 2(0*(45;(2+'503 '/(,/K)(D l/:/-+ ( *,/=/457() */,/J(=/ *(= ;7+6() 17'/-,+4+@ <'( 1 =(6+;>2+/' 0J(=1)(0'5
f̂ #y$→ f̂ #y[$ *,1 y → y[ =43 6+G=(-( y[ ∈ Rm 8F+*()71)@ <'( 0=21- fh .?76E11 f 7+ .1601,(2+77>D 2/6'(, h∈Rm (*,/=/43/'03,+2/70'2() fh #x$Af #x − h$8 F/04(G7>/ 2><104/713 *(6+;>2+C'@ 6+6 023;+7> f̂ 1 f̂h

I

f̂h #y$ A �
#Pπ$m/"

∫

Rm

f #x− h$e−i〈y,x〉dx A �
#Pπ$m/"

∫

Rm

f #t$e−i〈y,t�h〉dt A e−i〈y,h〉 f̂ #y$.
9,?-+3 (*/,+E13 0 +,-?)/7'() .?76E11 H 0G+'1/ H '+6G/ *,(0'( 023;+7+ 0*,/(:,+;(2+71/) u?,5/I /041 a ∈ R \ {B} 1 g #x$ A f #ax$@ '(

ĝ #y$ A �
#Pπ$m/"

∫

Rm

f #ax$e−i〈y,x〉dx A �
#Pπ$m/"

�
|a|m

∫

Rm

f #t$e−i
F
a
〈y,t〉dt A �

|a|m f̂
(
y
a

)
.

�,12/=\) 7/6('(,>/ *,1)/,>8
\ot�po MN �,/(:,+;(2+71/ u?,5/ J+,+6'/,10'1</06(D .?76E11 χ

*,()/G?'6+
#−�, �$ 2><1043/'03 0(20/) *,(0'(I

χ̂#y$ A �√Pπ
∫ ∞

−∞
χ#x$e−iyx dx A �√Pπ

∫ Y
−Y e

−iyx dx A �√Pπ
∫ Y
−Y OPQyx dx A

√ P
π

QRSy
y

.

R')/'1)@ <'( χ̂ /∈ L
Y#R$8\ot�po [N F+D=\) *,/(:,+;(2+71/ u?,5/ .?76E11 f #x$ A e−x`/" #x ∈ R$8 943&'(-( ,+00)(',1) 20*()(-+'/457>D 17'/-,+4

J #y$ A
∫ ∞

[ e−x` OPQyx dx *,1 y ∈ R.

O(-4+07( *,+214? l/D:71E+ =1../,/7E1,(2+713 17'/-,+4+ *( *+,+)/',?

J ′ #y$ A−
∫ ∞

[ x e−x` QRSyx dx.
�,(17'/-,1,(2+2 *( <+0'3)@ *(4?<1)

J ′ #y$ A �Pe−x` QRSyx
∣∣∣
∞
[ − yP

∫ ∞

[ e−x` OPQyx dx A−yP
∫ ∞

[ e−x` OPQyx dx A−yP J #y$.
�(&'()? J ′ #y$ Q y

" J #y$ A B8 O4/=(2+'/457(@ (ey`/ J #y$
)′ A B8 �+61) (:,+;()@ J #y$ A

A C e−y`/  8 �(06(456? C A J #B$ A
√
π

" #&'( 17'/-,+4 �D4/,+ U �?+00(7+$@ )> *,1J(=1)6 '+6()? ,/;?45'+'?I

J #y$ A
∫ ∞

[ e−x` OPQyx dx A
√
πP e−y`/ .
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943 2><104/713 *,/(:,+;(2+713 u?,5/ (0'+4(05 ;+)/'1'5@ <'(

f̂ #y$ A �√Pπ
∫ ∞

−∞
e−x`/" e−iyx dx A

√ P
π

∫ ∞

[ e−x`/" OPQyx dx A P
√
π

∫ ∞

[ e−t` OPQ#√Pyt$dt.
�,+2+3 <+0'5 &'(-( ,+2/70'2+ ,+27+ "√π

J #√Py$8 �(&'()?

f̂ #y$ A
P

√
π
J #√Py$ A e−y`/" A f #y$, '( /0'5 f ≡ f̂ .

W; ?0'+7(24/77(-( ,+2/70'2+ 7/*(0,/=0'2/77( 2>'/6+/' 1 /-( )7(-()/,7>D 2+,1+7'I
�

#Pπ$m/"
∫

Rm

e−‖x‖`/" e−i〈y,x〉 dx A m∏

jXY
�√Pπ

∫ ∞

−∞
e−xj̀/" e−iyjxj dxj A

m∏

jXYe
−yj̀/" A e−‖y‖`/".

\ot�po äN �?0'5 f #x$ A e−|x| #x ∈ R$8 �(-=+

f̂ #y$ A �√Pπ
∫ ∞

−∞
e−|x| e−iyx dx A

√ P
π
Re

(∫ ∞

[ e−
dY�iy

�
x dx

)
A
√ P

π
Re

�
�Q iy

A
√ P

π

�
�Q y" .

\ot�po üN �(4?<1'5 )7(-()/,7(/ (:(:L/71/ *,1)/,+ Ü@ '8/8 2><1041'5 *,/K(:,+;(2+71/ u?,5/ .?76E11 f #x$ A e−‖x‖ #x ∈ Rm$@ ;7+<1'/457( ',?=7//@ *(06(456?2 &'() 04?<+/ 7/45;3 10*(45;(2+'5 ,+;=/4/71/ */,/)/77>J8 %(;716T// ;+',?=7/71/?=+\'03 *,/(=(4/'5 0 *()(L5C 106?00'2/77(-( *,1\)+@ (07(2+77(-( 7+ 17'/-,+457()*,/=0'+24/711 .?76E11 e−‖x‖ 8 F+) *(',/:?/'03 ,+2/70'2(I

e−t A P
√
π

∫ ∞

[ e−u`− t`bu` du =43 4C:(-( t > B.
Z'(:> *(4?<1'5 /-(@ 7+=( ;+*10+'5 17'/-,+4@ 0'(3L1D 2 *,+2(D <+0'1@ 2 21=/
e−t

∫∞[ e−
du− t`u �`du 8 �(04/ ;+)/7> */,/)/77(D v A u − t

"u
(7 02(=1'03 6 17'/-,+4?

�D4/,+U�?+00(7+ ∫∞
−∞ e−v`dv A√

π 8%(0*(45;?/)03 '/*/,5 ?0'+7(24/77>) ,+2/70'2() =43 2><104/713 f̂ I

f̂ #y$ A �
#Pπ$m/"

∫

Rm

e−‖x‖e−i〈y,x〉dx A �
#Pπ$m/"

P
√
π

∫

Rm

(∫ ∞

[ e−u`− ‖x‖`bu` du

)
e−i〈y,x〉 dx.

W;)/71) *(,3=(6 17'/-,1,(2+713 1 0=/4+/) ;+)/7? */,/)/77(D x 7→
√Pux8 �(-=+

f̂ #y$ A �
#Pπ$m/"

P
√
π

∫ ∞

[ e−u`(∫
Rm

e−
‖x‖`bu` e−i〈y,x〉 dx

)
du A

A P
√
π

∫ ∞

[ e−u` #√Pu$m
( �
#Pπ$m/"

∫

Rm

e−
‖x‖`` e−i〈

√"uy,x〉dx
)
du.



§ ¼Ú bw�v�w{�v�{z�� júw}� P�
W0*(45;?3 *(04/=7CC .(,)?4? *,1)/,+ P #0 ;+)/7(D y

7+ √Puy$@ *(4?<1)

f̂ #y$ A
PY�m`√

π

∫ ∞

[ e−u`
ume−u`‖y‖` du A PY�m`√

π

∫ ∞

[ ume−
dY�‖y‖`�u`

du.

�/*/,5 ;+)/7+ */,/)/77(D v A (� Q ‖y‖")u" *(;2(43/' 2>,+;1'5 *(04/=71D 17'/-,+40 *()(L5C .?76E11 ½ 1 *,1D'1 6 106()()? ,/;?45'+'?I

f̂ #y$ A
Pm`

√
π #� Q ‖y‖"$m¾F`

∫ ∞

[ v
dm−Y�/"e−vdv A Pm`√

π

½(m�Y
"

)

#� Q ‖y‖"$m¾F` .

�N[N ³0'+7(21) *,(0'/DT1/ 02(D0'2+ *,/(:,+;(2+713 u?,5/@ 023;+77>/ 0 =1../K,/7E1,(2+71/)8�p�op��N ª���¦ f ∈ L
Y#Rm$± X� �¡01 ¢�¥� f ∈ C Y(Rm

)© ©R�‖x‖→∞ f #x$ A B � Ý�� �¢§������ k A �, . . . ,m ¨¡���¡£
Ý���à¤���¡£ g A ∂f

∂xk

�������¢�¡© ��
ĝ #y$ A iykf̂ #y$ #y ∈ R

m$Y
31 ¢�¥� Ý���à¤¢�¢��¢ ‖x‖f #x$ �������¢��© �� f̂ ∈ C Y#Rm$ � �¥£ ¤�¢� y ∈ R

m� k A �, . . . ,m �Ý�¡¤¢�¥�¤� �¡¤¢���¤�
∂f̂ #y$
∂yk

A−if̂k #y$, -=/ fk #x$ A xkf #x$ #x ∈ R
m$.

9(6 +; +' /4 5 0' 2 (8 �$ F/ ?)+433 (:L7(0'1 :?=/) 0<1'+'5 k A m 8 �(<6? x AA #xY, . . . , xm−Y, t$ ('(G=/0'21) 0 *+,(D #u, t$@ -=/ u A #xY, . . . , xm−Y$ ∈ Rm−Y@ t ∈ R 8�( '/(,/)/ u?:171 .?76E13 t 7→ f #u, t$ 0?))1,?/)+ *,1 *(<'1 20/J u 8 W7'/-,1,(2+71/*( <+0'3) =43 '+61J u =+\' 7+)
∫ ∞

−∞
g #u, t$e−iymt dt A f #u, t$e−iymt

∣∣∣
∞

−∞
− #−iym$

∫ ∞

−∞
f #u, t$e−iymt dt A

A iym

∫ ∞

−∞
f #u, t$e−iymt dt.

Z'(:> *(4?<1'5 ',/:?/)>D ,/;?45'+'@ (0'+\'03 =()7(G1'5 &'( ,+2/70'2( 7+
e−idyFxF�...�ym−Fxm−F� 1 *,(17'/-,1,(2+'5 *( u A #xY, . . . , xm−Y$8943 *(4?</713 ,+2/70'2+ P$ 7+=( *,1)/71'5 *,+214(l/D:71E+8 �( ?04(21C .?76KE11 fY, . . . , fm 0?))1,?/)>8 �(&'()? 1J *,/(:,+;(2+713 u?,5/@ + 2)/0'/ 0 71)1 1 <+0'K7>/ *,(1;2(=7>/ */,2(-( *(,3=6+ .?76E11 f̂ @ 20C=? 7/*,/,>27>8 O4/=(2+'/457(@
f̂ ∈ C Y#Rm$8 I

F+*()71)@ <'( .?76E13 7+;>2+/'03 .171'7(D@ /041 (7+ ,+27+ 7?4C 27/ 7/6('(K,(-( =(0'+'(<7( :(45T(-( T+,+8 S4+00 .171'7>J :/06(7/<7( =1../,/7E1,?/)>J 2
Rm .?76E1D (:(;7+<+/'03 01)2(4() C∞[ (

Rm
) 8

>rpq?@AtpN ��¥� f ∈ L
Y#Rm$ þ ¬�����¡£ ¬��§�£© �� f̂ ∈ C∞ #Rm$2 ¢�¥�

f ∈ C∞[ #Rm$© �� �¥£ ¥®¯� � p > B Ý���à¤¢�¢��¢ ‖y‖pf̂ #y$ �������¢�� ¤ Rm ±
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9(6 +; +' /4 5 0' 2 (8 V/06(7/<7+3 =1../,/7E1,?/)(0'5 f̂

7/*(0,/=0'2/77( 04/K=?/' 1; 2'(,(-( ?'2/,G=/713 '/(,/)>@ *(06(456? *,(1;2/=/71/ ‖x‖nf #x$ 0?))1,?/)(*,1 4C:() n ∈ N 8�041 f ∈ C∞[ #Rm$@ '( *,(1;2(=7>/ .?76E11 f 4C:(-( *(,3=6+ 0?))1,?/)> 1 *,120/J k A �, . . . ,m 1 n ∈ N (∂nf

∂ynk

)̂
#y$ A #iyk$nf̂ #y$.

%21=? (-,+71</77(0'1 (
∂nf
∂yn

k

)̂ #y$ ('0C=+ 2>'/6+/' (E/76+

|f̂ #y$| 6 OPSQ¡ · (�Q |yY|n Q . . . Q |ym|n
)−Y

,

(:/0*/<12+CL+3 #/041 2;3'5 n =(0'+'(<7( :(45T1)$ 0?))1,?/)(0'5 ‖y‖pf̂ #y$8 I�NäN % (=7()/,7() 04?<+/ =43 =1../,/7E1,?/)(D 2 '(<6/ x .?76E11 f 0*,+2/=41K2+ 2+G7+3 .(,)?4+@ *(;2(43CL+3 7+D'1 f #x$ 0 *()(L5C f̂ 8 �'+ .(,)?4+@ 7+;>2+/)+3�vw�ú|v� v�w{¿�z�á@ 1)//' 04/=?CL1D 21=I
f #x$ A �√Pπ

∫ ∞

−∞
f̂ #y$eixy dy.

W7'/-,+4 2 *,+2(D <+0'1 &'(-( ,+2/70'2+ 7+;>2+/'03 �zx�yw{|v� júw}� .?76E11 f #(7,+2/7@ 6(7/<7(@ f̂ #−y$$8 %((:L/ -(2(,3@ &'( 7/0(:0'2/77>D 17'/-,+4@ *(06(456? *,/K(:,+;(2+71/ u?,5/ )(G/' :>'5 7/0?))1,?/)>) 7+
R #0)8 *,1)/, � *8 �8�$8 e> :?=/)-(2(,1'5@ <'( (7 0J(=1'03@ /041 0?L/0'2?/' 6(7/<7>D *,/=/4 <+0'1<7>J 17'/-,+4(2

IA #f, x$ A �√Pπ
∫ A

−A

f̂ #y$eixydy
*,1 A → Q∞ 8R</21=7+ +7+4(-13 )/G=? ,+;4(G/71/) */,1(=1</06(D .?76E11 2 ,3= u?,5/1 *,/=0'+24/71/) 7/*/,1(=1</06(D .?76E11 /\ 17'/-,+4() u?,5/8 O4/=?CL+3 '/(K,/)+ *(6+;>2+/'@ <'( ? &'1J =2?J ;+=+< /0'5 7/ '(456( 27/T7// 0J(=0'2(@ 7( 1 '/07+3023;5 *( 0?L/0'2?8 Z'(:> *(6+;+'5 &'(@ 7+) *(',/:?/'03 7/04(G7+3

ýp���N ª���¦ f ∈ L
Y#R$ � x ∈ R ± X� �¡ �¥£ ¥®¯� �A > B �Ý�¡¤¢�¥�¤��¡¤¢���¤�

IA #f, x$ A �√Pπ
∫ A

−A

f̂ #y$eixydy A �
π

∫ ∞

−∞
f #x− t$ QRSAt

t
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