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�â  ª­¨£  ï¢«ï¥âáï ¯®á®¡¨¥¬ ¤«ï áâã¤¥­â®¢ ¯® â¥¬¥ ý�ã­ªæ¨-®­ «ì­ë¥ ¯®á«¥¤®¢ â¥«ì­®áâ¨ ¨ àï¤ëþ. �«îç¥¢ë¬ ¯®­ïâ¨¥¬ íâ®-£® à §¤¥«  ¬ â¥¬ â¨ç¥áª®£®  ­ «¨§  ï¢«ï¥âáï à ¢­®¬¥à­ ï áå®¤¨-¬®áâì. �á­®¢­ ï æ¥«ì ª­¨£¨ | ¯®¬®çì áâã¤¥­â ¬ ®á¢®¨âì íâ® ¯®-­ïâ¨¥ ¨ ¯à¨®¡à¥áâ¨ ­ ¢ëª¨ ¨áá«¥¤®¢ ­¨ï ¯®á«¥¤®¢ â¥«ì­®áâ¥© ¨àï¤®¢ ­  à ¢­®¬¥à­ãî áå®¤¨¬®áâì.�§« £ ¥¬ë© ¬ â¥à¨ « à §¡¨â ­  ¤¢¥ ç áâ¨. Ǒ¥à¢ ï £« ¢  ¯®-á¢ïé¥­  à ¢­®¬¥à­®© áå®¤¨¬®áâ¨ ¯®á«¥¤®¢ â¥«ì­®áâ¥©, ¢â®à ï |à ¢­®¬¥à­®© áå®¤¨¬®áâ¨ àï¤®¢. �áá«¥¤®¢ âì àï¤ë á«®�­¥¥, ç¥¬¯®á«¥¤®¢ â¥«ì­®áâ¨, ¯®íâ®¬ã ¢â®à ï £« ¢  à §¡¨â  ­  ­¥áª®«ìª®¯ à £à ä®¢. Ǒ¥à¢ë© ¨§ ­¨å ¯®á¢ïé¥­ ­¥®¡å®¤¨¬ë¬ ãá«®¢¨ï¬ áå®-¤¨¬®áâ¨, á ¯®¬®éìî ª®â®àëå ¬®�­® ãáâ ­®¢¨âì ®âáãâáâ¢¨¥ à ¢-­®¬¥à­®© áå®¤¨¬®áâ¨. �® ¢â®à®¬ ¯ à £à ä¥ à §¡¨à ¥âáï ¯à¨§­ ª�¥©¥àèâà áá  | ­ ¨¡®«¥¥ ¢ �­®¥ ¤®áâ â®ç­®¥ ãá«®¢¨¥ à ¢­®¬¥à-­®© áå®¤¨¬®áâ¨. � «¥¥ à áá¬ âà¨¢ îâáï ¡®«¥¥ â®­ª¨¥ ¯à¨§­ ª¨�¨à¨å«¥, �¡¥«ï ¨ �¥©¡­¨æ , ¯®§¢®«ïîé¨¥ ¤®ª §ë¢ âì à ¢­®¬¥à-­ãî áå®¤¨¬®áâì ­¥ ¡á®«îâ­® áå®¤ïé¨åáï àï¤®¢. �¬ ¯®á¢ïé¥­ë¯ à £à äë 3 ¨ 4. � ¯®á«¥¤­¥¬ ¯ à £à ä¥ £« ¢ë 2 á®¡à ­ë àï¤ëà §­ëå â¨¯®¢. �«ï ¨å ¨áá«¥¤®¢ ­¨ï ­¥®¡å®¤¨¬® ª®¬¡¨­¨à®¢ âì­¥áª®«ìª® ¯à¨§­ ª®¢,   â ª�¥ ¨á¯®«ì§®¢ âì ­¥ª®â®àë¥ ä ªâë, ­ -¯àï¬ãî ­¥ ®â­®áïé¨¥áï ª àï¤ ¬, ­ ¯à¨¬¥à, ä®à¬ã«ã �¥©«®à  {� £à ­� .� è¥ ¯®á®¡¨¥ ï¢«ï¥âáï ¯à ªâ¨ç¥áª¨¬ àãª®¢®¤áâ¢®¬ ¯® à¥è¥­¨î§ ¤ ç,   ­¥ â¥®à¥â¨ç¥áª¨¬ ªãàá®¬. � á®®â¢¥âáâ¢¨¨ á íâ¨¬ ¯à¨­æ¨-¯®¬ ¨ ¯®áâà®¥­  áâàãªâãà  ª­¨£¨. � â¥à¨ « ¨§« £ ¥âáï â ª, ª ªíâ® ¯à¨­ïâ® ­  á¥¬¨­ àáª¨å § ­ïâ¨ïå: ®á­®¢­®© ã¯®à ¤¥« ¥âáï ­ à¥è¥­¨¥ § ¤ ç,   â¥®à¥â¨ç¥áª¨¥ á¢¥¤¥­¨ï ¯à¨¢®¤ïâáï äà £¬¥­â à-­® ¨ «¨èì â ¬, £¤¥ ®­¨ ­¥¯®áà¥¤áâ¢¥­­® ¨á¯®«ì§ãîâáï. � ª ¯à ¢¨-«®, â¥®à¥¬ë ¢ ­ è¥© ª­¨£¥ ­¥ ¤®ª §ë¢ îâáï,   â®«ìª® ä®à¬ã«¨àã-îâáï. �áª«îç¥­¨¥ á¤¥« ­® «¨èì ¤«ï ãâ¢¥à�¤¥­¨©, ¤®ª § â¥«ìáâ¢®ª®â®àëå ¨««îáâà¨àã¥â ¬¥â®¤ë, ¨á¯®«ì§ã¥¬ë¥ ¯à¨ à¥è¥­¨¨ § ¤ ç.�¨â â¥«ï, ª®â®àë© ¨­â¥à¥áã¥âáï â¥®à¨¥©, ¬ë ®âáë« ¥¬ ª «¨â¥à -âãà¥, á¯¨á®ª ª®â®à®© ¯à¨¢¥¤¥­ ¢ ª®­æ¥ ¯®á®¡¨ï.�­¨£  ¨¬¥¥â á«¥¤ãîéãî áâàãªâãàã. � ¨¡®«¥¥ ¢ �­ ï ç áâì ¨§-« £ ¥¬®£® ¬ â¥à¨ «  | ¯à¨¬¥àë, á­ ¡�¥­­ë¥ à¥è¥­¨¥¬. �ã¬¥à -æ¨ï íâ¨å ¯à¨¬¥à®¢ ¢¥¤¥âáï ®â¤¥«ì­® ¢ ª �¤®¬ ¯ à £à ä¥. � ª®­æ¥­¥ª®â®àëå ¯ à £à ä®¢ ¤ îâáï § ¤ ç¨ ¤«ï á ¬®áâ®ïâ¥«ì­®© à ¡®-âë. �å ­®¬¥à  ¨¬¥îâ ä®à¬ â m.n, £¤¥ m | ­®¬¥à ¯ à £à ä ,  



4 Ǒà¥¤¨á«®¢¨¥
n | ­®¬¥à § ¤ ç¨. � â¥®à¥â¨ç¥áª¨¬ á¢¥¤¥­¨ï¬ ®â­®áïâáï ®¯à¥-¤¥«¥­¨ï, â¥®à¥¬ë, «¥¬¬ë ¨ ãâ¢¥à�¤¥­¨ï. �å ­ã¬¥à æ¨ï â ª�¥¢¥¤¥âáï ¯® ¯ à £à ä ¬. � â¥ªáâ¥ ¢áâà¥ç îâáï ¥é¥ § ¬¥ç ­¨ï ¨á«¥¤áâ¢¨ï. �­¨ ¯à¨¢ï§ ­ë ª ª®­ªà¥â­®¬ã ®¯à¥¤¥«¥­¨î ¨«¨ ãâ¢¥à-�¤¥­¨î ¨ ­ã¬¥àãîâáï ¯® ª �¤®¬ã ¨§ ­¨å ®â¤¥«ì­®. � ª®­æ¥ ª­¨£¨¯à¨¢®¤ïâáï á¯¨á®ª à¥ª®¬¥­¤ã¥¬®© «¨â¥à âãàë ¨ ®£« ¢«¥­¨¥.�¥ª®â®àë¥ ä®à¬ã«ë ¢ ¯®á®¡¨¨ ¯®¬¥ç¥­ë ­®¬¥à ¬¨, çâ®¡ë ­ ­¨å ¡ë«® ã¤®¡­® ááë« âìáï. �ã¬¥à æ¨ï ä®à¬ã« ¢¥¤¥âáï ®â¤¥«ì-­® ¯® ª �¤®© £« ¢¥. �®­¥æ à §¡®à  ¯à¨¬¥à  ¨«¨ ¤®ª § â¥«ìáâ¢ ãâ¢¥à�¤¥­¨ï ¯®¬¥ç ¥âáï á¨¬¢®«®¬ �.



����� 1. ��������������Ǒ�����������������
§ 1. � ¢­®¬¥à­ ï áå®¤¨¬®áâìäã­ªæ¨®­ «ì­ëå ¯®á«¥¤®¢ â¥«ì­®áâ¥©ǑãáâìX |¬­®�¥áâ¢®. �®£®¢®à¨¬áï á¨¬¢®«®¬ B(X) ®¡®§­ ç âìª« áá ¢¥é¥áâ¢¥­­®- ¨«¨ ª®¬¯«¥ªá­®§­ ç­ëå äã­ªæ¨©, § ¤ ­­ëå ¨®£à ­¨ç¥­­ëå ­  X .�¯à¥¤¥«¥­¨¥ 1. Ǒãáâì X | ¬­®�¥áâ¢®, f ∈ B(X). �¥«¨ç¨­ 

‖f‖X = sup
x∈X

∣

∣f(x)∣∣ (1)­ §ë¢ ¥âáï à ¢­®¬¥à­®© ¨«¨ ç¥¡ëè¥¢áª®© ­®à¬®© äã­ªæ¨¨ f .� ¬¥ç ­¨¥. �®à¬ã«  (1) ¤¥©áâ¢¨â¥«ì­® § ¤ ¥â ­®à¬ã ­  B(X),¯®áª®«ìªã ¢ë¯®«­ïîâáï âà¨ ãá«®¢¨ï.1) �«ï «î¡®© äã­ªæ¨¨ f ∈ B(X) ¢¥à­® ­¥à ¢¥­áâ¢® ‖f‖X > 0,¯à¨ç¥¬ à ¢¥­áâ¢® à¥ «¨§ã¥âáï â®«ìª® ¢ á«ãç ¥ f ≡ 0 ­  X .2) �á«¨ f ∈ B(X) ¨ λ ∈ C, â® ‖λf‖X = |λ| · ‖f‖X .3) �«ï «î¡ëå f, g ∈ B(X) á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢® âà¥ã£®«ì-­¨ª 
‖f + g‖X 6 ‖f‖X + ‖g‖X .�¯à¥¤¥«¥­¨¥ 2. Ǒãáâì {

fn
}∞
n=1 | ¯®á«¥¤®¢ â¥«ì­®áâì äã­ª-æ¨© ­  X , f : X → C.1) �á«¨ ¤«ï «î¡®£® x ∈ X ¢ë¯®«­¥­® ãá«®¢¨¥ lim

n→∞
fn(x) = f(x),â® £®¢®àïâ, çâ® ¯®á«¥¤®¢ â¥«ì­®áâì {

fn
} ¯®â®ç¥ç­® áå®¤¨âáï ª f­  X , ¨ ¯¨èãâ fn −→

n→∞
f (X).2) �á«¨ ‖fn − f‖ → 0 ¯à¨ n → ∞, â® £®¢®àïâ, çâ® {

fn
} à ¢­®-¬¥à­® áå®¤¨âáï ª f ­  X , ¨ ¯¨èãâ

fn ⇉
n→∞

f ­  X ¨«¨ fn ⇉
n→∞

f (X).



6 �« ¢  1. �ã­ªæ¨®­ «ì­ë¥ ¯®á«¥¤®¢ â¥«ì­®áâ¨� ¬¥ç ­¨¥. �¥á«®�­® ¯®ª § âì, çâ® ãá«®¢¨¥ à ¢­®¬¥à­®© áå®-¤¨¬®áâ¨ ¬®�­® § ¯¨á âì ¢ ¢¨¤¥
∀ε > 0 ∃N ∈ N ∀n > N ∀x ∈ X : ∣

∣fn(x)− f(x)∣∣ < ε.�¯à¥¤¥«¥­¨¥ 3. Ǒãáâì {

fn
}∞
n=1 | ¯®á«¥¤®¢ â¥«ì­®áâì äã­ª-æ¨© ­  X . �®¢®àïâ, çâ® {

fn
} à ¢­®¬¥à­® áå®¤¨âáï ¢ á¥¡¥ ­  X ,¥á«¨

∀ε > 0 ∃N ∈ N ∀m,n > N ∀x ∈ X : ∣

∣fm(x)− fn(x)∣∣ < ε.� ¬¥ç ­¨¥ 1. �«ï ¯à ªâ¨ç¥áª®© ¯à®¢¥àª¨ à ¢­®¬¥à­®© áå®¤¨-¬®áâ¨ ¢ á¥¡¥ ¯®«¥§¥­ á«¥¤ãîé¨© ¯à®áâ®© ä ªâ. Ǒãáâì áãé¥áâ¢ã¥ââ ª ï ¯®á«¥¤®¢ â¥«ì­®áâì {

cn
}, çâ®

‖fm − fn‖X 6 cn ¯à¨ m > n, lim
n→∞

cn = 0.�®£¤  {

fn
} à ¢­®¬¥à­® áå®¤¨âáï ¢ á¥¡¥ ­  X.� ¬¥ç ­¨¥ 2. �âáãâáâ¢¨¥ à ¢­®¬¥à­®© áå®¤¨¬®áâ¨ ¢ á¥¡¥ à ¢-­®á¨«ì­® ãá«®¢¨î

∃ ε > 0 ∀N ∈ N ∃m,n > N ∃x ∈ X : ∣

∣fm(x) − fn(x)∣∣ > ε. (2)�¥®à¥¬  1. �à¨â¥à¨© �®«ìæ ­® { �®è¨. Ǒãáâì {fn}∞
n=1 |¯®á«¥¤®¢ â¥«ì­®áâì äã­ªæ¨© ­  X. �®£¤  à ¢­®á¨«ì­ë á«¥¤ãîé¨¥ãâ¢¥à�¤¥­¨ï.1) {fn} à ¢­®¬¥à­® áå®¤¨âáï ­  X ª ­¥ª®â®à®© äã­ªæ¨¨.2) {fn} à ¢­®¬¥à­® áå®¤¨âáï ¢ á¥¡¥ ­  X.� è  ¤ «ì­¥©è ï § ¤ ç  | ­ ãç¨âìáï ¨áá«¥¤®¢ âì à ¢­®¬¥à-­ãî áå®¤¨¬®áâì äã­ªæ¨®­ «ì­ëå ¯®á«¥¤®¢ â¥«ì­®áâ¥©. �â® ¬®�-­® á¤¥« âì ¤¢ã¬ï á¯®á®¡ ¬¨: ­¥¯®áà¥¤áâ¢¥­­® ¯® ®¯à¥¤¥«¥­¨î 2 ¨á ¯®¬®éìî ªà¨â¥à¨ï �®«ìæ ­® { �®è¨. Ǒà®¨««îáâà¨àã¥¬ ¢­ ç -«¥ ¢â®à®© ¯®¤å®¤. �£® ¯à¥¨¬ãé¥áâ¢® á®áâ®¨â ¢ â®¬, çâ® ­¥ ­ã�­®§­ âì ¯à¥¤¥«ì­ãî äã­ªæ¨î, ­ ©â¨ ª®â®àãî ­¥ ¢á¥£¤  «¥£ª®. Ǒà¨à¥è¥­¨¨ ¯à¨¬¥à®¢ ¬ë ¡ã¤¥¬ ¨á¯®«ì§®¢ âì § ¬¥ç ­¨ï ª ®¯à¥¤¥«¥-­¨î 3.



§ 1. � ¢­®¬¥à­ ï áå®¤¨¬®áâì ¯®á«¥¤®¢ â¥«ì­®áâ¥© 7Ǒà¨¬¥à 1. Ǒãáâì fn(x) = √

x2 + 1
n2 . Ǒà®¢¥à¨âì à ¢­®¬¥à­ãîáå®¤¨¬®áâì ¯®á«¥¤®¢ â¥«ì­®áâ¨ {

fn
} ­  R.�¥è¥­¨¥. � á¨«ã â¥®à¥¬ë 1 ­ ¬ ¤®áâ â®ç­® ¯®ª § âì, çâ® {

fn
}à ¢­®¬¥à­® áå®¤¨âáï ¢ á¥¡¥ ­  R. �«ï «î¡ëå m,n ∈ N ¨ x ∈ R

∣

∣fm(x)−fn(x)∣∣ = ∣

∣

∣

∣

√

x2 + 1
m2−√

x2 + 1
n2 ∣∣∣∣ = ∣

∣

1
m2 − 1

n2 ∣∣
√

x2 + 1
m2 +√

x2 + 1
n2 .Ǒà ¢ ï ç áâì à ¢¥­áâ¢  ¬ ªá¨¬ «ì­  ¯à¨ x = 0. Ǒ®íâ®¬ã, ¯¥à¥å®¤ïª áã¯à¥¬ã¬ã ¯® x ∈ R, ¯à¨ m > n ¬ë ¯®«ãç¨¬

‖fm − fn‖R 6

1
n2 − 1

m21
n + 1

m

= 1
n
− 1

m
6

1
n
.�áâ «®áì ¢®á¯®«ì§®¢ âìáï § ¬¥ç ­¨¥¬ 1 ª ®¯à¥¤¥«¥­¨î 3. �Ǒà¨¬¥à 2. Ǒãáâì fn(x) = sin x

n . �®ª § âì, çâ® ¯®á«¥¤®¢ â¥«ì-­®áâì {

fn
} ­¥ áå®¤¨âáï à ¢­®¬¥à­® ­  R.�¥è¥­¨¥. � á¨«ã â¥®à¥¬ë 1 ¤®áâ â®ç­® ¯à®¢¥à¨âì ãá«®¢¨¥ (2).Ǒãáâì N ∈ N. Ǒ®«®�¨¬ n = N + 1, m = 2n, x = n. �®£¤ 

∣

∣fm(x)− fn(x)∣∣ = ∣

∣sin x
m − sin x

n

∣

∣ = ∣

∣sin n2n − sin n
n

∣

∣ = sin 1− sin 12 .Ǒ®« £ ï ε = sin 1− sin 12 , ¬ë ¯®«ãç¨¬ (2). �� ¬¥ç ­¨¥. Ǒ®á«¥¤®¢ â¥«ì­®áâì {

fn
} ¢ ¯à¨¬¥à¥ 2, ®ç¥¢¨¤­®,¯®â®ç¥ç­® áâà¥¬¨âáï ª ­ã«î. � ª¨¬ ®¡à §®¬, à ¢­®¬¥à­ ï áå®¤¨-¬®áâì | ¡®«¥¥ á¨«ì­®¥ á¢®©áâ¢®, ç¥¬ ¯®â®ç¥ç­ ï áå®¤¨¬®áâì.�® ¬­®£¨å § ¤ ç å ¨­â¥à¥á ¯à¥¤áâ ¢«ï¥â ­¥ â®«ìª® á ¬ ä ªâ à ¢-­®¬¥à­®© áå®¤¨¬®áâ¨ ¯®á«¥¤®¢ â¥«ì­®áâ¨ {

fn
}, ­® ¨ ¥¥ ¯à¥¤¥«ì-­ ï äã­ªæ¨ï. � â ª®¬ á«ãç ¥ à ¢­®¬¥à­ãî áå®¤¨¬®áâì ¨áá«¥¤ã-îâ ­¥¯®áà¥¤áâ¢¥­­® ¯® ®¯à¥¤¥«¥­¨î. �â® ¯à®¨áå®¤¨â ¢ ¤¢  íâ ¯ .�­ ç «¥ ¨é¥âáï ¯®â®ç¥ç­ë© ¯à¥¤¥« {

fn
} (®¡®§­ ç¨¬ ¥£® ç¥à¥§ f).� â¥¬ ­ã�­® ¢ëç¨á«¨âì ¨«¨ ®æ¥­¨âì ‖fn − f‖X ¨ ¢ëïá­¨âì, ¡ã¤ãâ«¨ íâ¨ ­®à¬ë áâà¥¬¨âìáï ª ­ã«î. Ǒà®¨««îáâà¨àã¥¬ ®¯¨á ­­ãîáå¥¬ã ­  ¯à¨¬¥à å.



8 �« ¢  1. �ã­ªæ¨®­ «ì­ë¥ ¯®á«¥¤®¢ â¥«ì­®áâ¨Ǒà¨¬¥à 3. Ǒãáâì X | ¬­®�¥áâ¢®,
ϕ: X → R, fn(x) = [nϕ(x) ℄

n
(x ∈ X),£¤¥ [·℄ ®¡®§­ ç ¥â æ¥«ãî ç áâì ç¨á« . �áá«¥¤®¢ âì à ¢­®¬¥à­ãîáå®¤¨¬®áâì {

fn
} ­  X .�¥è¥­¨¥. � ¬¥â¨¬, çâ® [z℄ 6 z < [z℄ + 1 ¤«ï «î¡®£® z ∈ R.Ǒ®«®�¨¬ z = nϕ(x) ¨ ¯®¤¥«¨¬ ¤¢®©­®¥ ­¥à ¢¥­áâ¢® ­  n. �ë¯®«ãç¨¬

fn(x) 6 ϕ(x) < fn(x) + 1
n , ®âªã¤  ∣

∣fn(x) − ϕ(x)∣∣ < 1
n (x ∈ X).Ǒ®íâ®¬ã fn −→

n→∞
ϕ (X). �à®¬¥ â®£®,

‖fn − ϕ‖X = sup
x∈X

∣

∣fn(x) − ϕ(x)∣∣ 6 1
n → 0 (n → ∞).� ª¨¬ ®¡à §®¬, fn ⇉

n→∞
ϕ (X). �Ǒà¨¬¥à 4. Ǒãáâì f ∈ C1(a, b),   äã­ªæ¨¨ fn § ¤ îâáï ä®à¬ã-«®©

fn(x) = n ·
(

f
(

x+ 1
n

)

− f(x)), x ∈ (a, b).�®ª § âì, çâ® {

fn
} à ¢­®¬¥à­® áå®¤¨âáï ª f ′ ­  «î¡®¬ ®âà¥§ª¥[α, β℄ ⊂ (a, b).� ¬¥â¨¬, çâ® ¯à¨ ¤®áâ â®ç­® ¡®«ìè®¬ n äã­ªæ¨ï fn ®¯à¥¤¥«¥­ ­  [α, β℄.�¥è¥­¨¥. Ǒãáâì [α, β℄ ⊂ (a, b). �ë¡¥à¥¬ â ª®¥ n0 ∈ N, çâ®

β+ 1
n0 < b, ¨ ¯®«®�¨¬ γ = β + 1

n0 . � ª ª ª f ′ ­¥¯à¥àë¢­  ­  [α, γ℄,äã­ªæ¨ï f ã¤®¢«¥â¢®àï¥â ãá«®¢¨î à ¢­®¬¥à­®© ¤¨ää¥à¥­æ¨àã¥¬®-áâ¨ ­  [α, γ℄:
∀ε > 0 ∃δ > 0 ∀x, y ∈ [α, γ℄: |x− y| < δ ⇒

⇒
∣

∣f(y)− f(x)− f ′(x)(y − x)∣∣ 6 ε |x− y|. (3)Ǒ® ε > 0 ¯®¤¡¥à¥¬ δ ¢ á®®â¢¥âáâ¢¨¨ á (3), ¨ ¯ãáâì N ∈ N â ª®¢®,çâ® N > n0 ¨ 1
N < δ. �«ï n > N ¨ x ∈ [α, β℄ ¯®«®�¨¬ y = x + 1

n .� ª ª ª y ∈ [α, γ℄, á®®â­®è¥­¨¥ (3) ¤ ¥â
∣

∣fn(x) − f ′(x)∣∣ = n ·
∣

∣f
(

x+ 1
n

)

− f(x)− f ′(x) · 1
n

∣

∣ 6 n · ε · 1
n = ε.



§ 1. � ¢­®¬¥à­ ï áå®¤¨¬®áâì ¯®á«¥¤®¢ â¥«ì­®áâ¥© 9Ǒ¥à¥å®¤ï â¥¯¥àì ª áã¯à¥¬ã¬ã ¯® x ∈ [α, β℄, ¬ë ¯®«ãç¨¬
‖fn − f ′‖[α,β℄ 6 ε ¯à¨ n > N,çâ® ¨ ¤®ª §ë¢ ¥â à ¢­®¬¥à­ãî áå®¤¨¬®áâì {

fn
} ª f ′. �� ¬¥ç ­¨¥ 1. �«ï ã¤®¡áâ¢  ç¨â â¥«ï ¯à¨¢¥¤¥¬ ¤®ª § â¥«ì-áâ¢® ãâ¢¥à�¤¥­¨ï (3). Ǒãáâì ε > 0. �ã­ªæ¨ï f ′ ­¥¯à¥àë¢­  ¨, ¢á¨«ã â¥®à¥¬ë � ­â®à , à ¢­®¬¥à­® ­¥¯à¥àë¢­  ­  [α, γ℄. Ǒ®íâ®-¬ã áãé¥áâ¢ã¥â â ª®¥ δ > 0, çâ® ¥á«¨ x, y ∈ [α, γ℄, |x − y| < δ, â®

∣

∣f ′(y) − f ′(x)∣∣ < ε. Ǒãáâì x, y ∈ [α, γ℄, |x − y| < δ. �ã¤¥¬ ¤«ï®¯à¥¤¥«¥­­®áâ¨ áç¨â âì x < y. Ǒ®«®�¨¬ F (t) = f(t)− f ′(x)(t− x).� ¬¥â¨¬, çâ®
∣

∣F ′(t)∣∣ = ∣

∣f ′(t)− f ′(x)∣∣ < ε ¤«ï «î¡®£® t ∈ (x, y).�á¯®«ì§ãï ®æ¥­ªã ª®­¥ç­ëå ¯à¨à é¥­¨©, ¬ë ¯®«ãç¨¬
∣

∣f(y)− f(x)− f ′(x)(y − x)∣∣ = ∣

∣F (y)− F (x)∣∣ 6
6 sup

t∈(x,y)∣∣F ′(t)∣∣ · |x− y| 6 ε |x− y|. �� ¬¥ç ­¨¥ 2. �á«¨ f ∈ C2(a, b), â® à §¡®à ¯à¨¬¥à  4 ¬®�­®ã¯à®áâ¨âì. � íâ®¬ á«ãç ¥ ¢¬¥áâ® à ¢­®¬¥à­®© ¤¨ää¥à¥­æ¨àã¥-¬®áâ¨ f á«¥¤ã¥â ¨á¯®«ì§®¢ âì ä®à¬ã«ã �¥©«®à  ¢â®à®£® ¯®àï¤ª ¤«ï f . �§ ­¥¥ ¢ëâ¥ª ¥â á®®â­®è¥­¨¥ ‖fn − f ′‖[α,β℄ = O
( 1
n

). Ǒà¥¤-« £ ¥¬ ç¨â â¥«î ¤®ª § âì ¥£® á ¬®áâ®ïâ¥«ì­®.� ¬¥ç ­¨¥ 3. �á«¨ β ∈ (a, b), â® ­  (a, β℄ à ¢­®¬¥à­®© áå®¤¨-¬®áâ¨ ¯®á«¥¤®¢ â¥«ì­®áâ¨ {

fn
} ¬®�¥â ­¥ ¡ëâì. � áá¬®âà¨¬ ¤«ï¯à¨¬¥à  äã­ªæ¨î f(x) = 1

x ­  (0, 1℄. �«ï ­¥¥
fn(x) = n

( 1
x+ 1

n

− 1
x

) = − 1
x
(

x+ 1
n

) .� ¬ ¤®áâ â®ç­® ¯®ª § âì, çâ® {

fn
} ­¥ áå®¤¨âáï à ¢­®¬¥à­® ¢ á¥¡¥,â® ¥áâì ¯à®¢¥à¨âì ãá«®¢¨¥ (2). Ǒãáâì ε = 16 . �«ï «î¡®£® N ∈ N¯®«®�¨¬ n = N + 1, m = 2n ¨ x = 1
n . �®£¤ 

fn(x) − fm(x) = − 11
n · 2

n

+ 11
n

( 1
n + 12n) = 2n23 − n22 = n26 > ε.



10 �« ¢  1. �ã­ªæ¨®­ «ì­ë¥ ¯®á«¥¤®¢ â¥«ì­®áâ¨Ǒà¨¬¥à 5. Ǒãáâì
fn(x) = nx3

x2 + nx+ n
, x > 0.�áá«¥¤®¢ âì à ¢­®¬¥à­ãî áå®¤¨¬®áâì {

fn
} ­  X = [0,+∞) ¨ ­ ®âà¥§ª å, á®¤¥à� é¨åáï ¢ X .�¥è¥­¨¥. Ǒà¥�¤¥ ¢á¥£® ­ ©¤¥¬ ¯®â®ç¥ç­ë© ¯à¥¤¥« f ¯®á«¥¤®-¢ â¥«ì­®áâ¨ {

fn
}:

f(x) = lim
n→∞

x31
n · x2 + x+ 1 = x3

x+ 1 , x > 0.�®£¤  ¤«ï «î¡®£® x > 0
∣

∣fn(x)−f(x)∣∣ = ∣

∣

∣

∣

nx3
x2 + nx+ n

− x3
x+ 1 ∣∣∣∣ = x5(x + 1)(x2 + n(x+ 1)) . (4)Ǒ®ª �¥¬ ¢­ ç «¥, çâ® ¯®á«¥¤®¢ â¥«ì­®áâì {

fn
} áå®¤¨âáï ­¥à ¢­®-¬¥à­® ­  X . �«ï «î¡®£® n ∈ N ¯à ¢ ï ç áâì (4) áâà¥¬¨âáï ª ¡¥á-ª®­¥ç­®áâ¨ ¯à¨ x → +∞. Ǒ®íâ®¬ã ‖fn − f‖X = +∞ 6→ 0 (n → ∞),â® ¥áâì à ¢­®¬¥à­®© áå®¤¨¬®áâ¨ {

fn
} ­  X ­¥â.Ǒãáâì â¥¯¥àì A > 0. �®£¤  ¤«ï «î¡®£® x ∈ [0, A℄

x5(x+ 1)(x2 + n(x+ 1)) 6
x5
n

6
A5
n

.Ǒ®íâ®¬ã ¢ á¨«ã (4)
‖fn − f‖[0,A℄ 6 A5

n
→ 0 ¯à¨ n → ∞,â® ¥áâì fn ⇉

n→∞
f ­  [0, A℄. �Ǒà¨¬¥à 6. Ǒãáâì
fn(x) = ar
tg 3nx− ar
tg 2nx, x > 0.



§ 1. � ¢­®¬¥à­ ï áå®¤¨¬®áâì ¯®á«¥¤®¢ â¥«ì­®áâ¥© 11�áá«¥¤®¢ âì à ¢­®¬¥à­ãî áå®¤¨¬®áâì ¯®á«¥¤®¢ â¥«ì­®áâ¨ {

fn
} ­ ¬­®�¥áâ¢ å X = (0, 1) ¨ Y = [1,+∞).�¥è¥­¨¥. � ¬¥â¨¬, çâ® {

fn
} ¯®â®ç¥ç­® áå®¤¨âáï ­  (0,+∞) ªäã­ªæ¨¨ f ≡ 0, ¯®áª®«ìªã ¯à¨ «î¡®¬ x > 0lim

n→∞
fn(x) = π2 − π2 = 0.� ª¨¬ ®¡à §®¬, fn −→

n→∞
0 ¨ ­  X , ¨ ­  Y . Ǒ® ä®à¬ã«¥ ¤«ï áã¬¬ë àªâ ­£¥­á®¢

∣

∣fn(x) − f(x)∣∣ = fn(x) = ar
tg nx1 + 6n2x2 , x > 0. (5)Ǒ®ª �¥¬ ¢­ ç «¥, çâ® ¯®á«¥¤®¢ â¥«ì­®áâì {

fn
} áå®¤¨âáï ­¥à ¢­®-¬¥à­® ­  X . � á¨«ã (5)

‖fn − f‖X > fn
( 1
n

) = ar
tg 17 6→ 0 ¯à¨ n → ∞.�§ãç¨¬ â¥¯¥àì ¯®¢¥¤¥­¨¥ {fn} ­  Y . � ª ª ª ar
tg z 6 z ¯à¨ «î¡®¬
z > 0, ¬ë ¯®«ãç¨¬ar
tg nx1 + 6n2x2 6

nx1 + 6n2x2 6
nx6n2x2 = 16nx.�®£¤  ¢ á¨«ã (5)

‖fn − f‖Y 6 sup
x>1 16nx = 16n → 0 (n → ∞).Ǒ®íâ®¬ã ­  Y ¯®á«¥¤®¢ â¥«ì­®áâì {

fn
} áå®¤¨âáï à ¢­®¬¥à­®. �Ǒà¨¬¥à 7. Ǒãáâì

fn = 1(n− x)2(nx− 1)2 + 1 , x ∈ R.�áá«¥¤®¢ âì à ¢­®¬¥à­ãî áå®¤¨¬®áâì ¯®á«¥¤®¢ â¥«ì­®áâ¨ {

fn
} ­ ¬­®�¥áâ¢ å [0, 1℄, [1, 2℄ ¨ [2,+∞).



12 �« ¢  1. �ã­ªæ¨®­ «ì­ë¥ ¯®á«¥¤®¢ â¥«ì­®áâ¨�¥è¥­¨¥. � ¬¥â¨¬, çâ® ¯à¨ «î¡®¬ x > 0 §­ ¬¥­ â¥«ì fn ¯à¥¤-áâ ¢«ï¥â á®¡®© ¬­®£®ç«¥­ ®â n ç¥â¢¥àâ®© ¨«¨ ¢â®à®© áâ¥¯¥­¨. Ǒ®-íâ®¬ã fn(x) → 0 ¯à¨ n → ∞, â® ¥áâì {

fn
} ¯®â®ç¥ç­® áå®¤¨âáï ­ [0,+∞) ª äã­ªæ¨¨ f ≡ 0. � áá¬®âà¨¬ âà¨ á«ãç ï.1) X = [0, 1℄. �®£¤ 

‖fn − f‖X > fn
( 1
n

) = 1 6→ 0 ¯à¨ n → ∞.�­ ç¨â, ¯®á«¥¤®¢ â¥«ì­®áâì {

fn
} áå®¤¨âáï ­¥à ¢­®¬¥à­® ­  X .2) X = [2,+∞℄. �®£¤ 

‖fn − f‖X > fn(n) = 1 6→ 0 ¯à¨ n → ∞.�«¥¤®¢ â¥«ì­®, ¨ ¢ íâ®¬ á«ãç ¥ ¯®á«¥¤®¢ â¥«ì­®áâì {

fn
} áå®¤¨âáï­¥à ¢­®¬¥à­®.3) X = [1, 2℄. �«ï «î¡ëå x ∈ X ¢¥à­ë ­¥à ¢¥­áâ¢  n− x > n− 2¨ nx− 1 > n− 1. Ǒ®íâ®¬ã ¯à¨ n > 3

‖fn − f‖X = sup
x∈X

fn(x) 6 1(n− 2)2(n− 1)2 + 1 → 0 ¯à¨ n → ∞.� ª¨¬ ®¡à §®¬, fn ⇉
n→∞

0 ­  [1, 2℄. �Ǒà¨¬¥à 8. Ǒãáâì
fn(x) = ar
sin nx

nx+ 1 , x ∈ R.�áá«¥¤®¢ âì à ¢­®¬¥à­ãî áå®¤¨¬®áâì {

fn
} ­  (0, 1℄.�¥è¥­¨¥ 1. Ǒ®ª �¥¬, çâ® {

fn
} ­¥ áå®¤¨âáï à ¢­®¬¥à­® ¢ á¥¡¥­  (0, 1℄, â® ¥áâì ¯à®¢¥à¨¬ ãá«®¢¨¥ (2). Ǒãáâì N ∈ N. Ǒ®«®�¨¬

n = N + 1, m = 2n, x = 1
n . �®£¤ 

∣

∣fm(x) − fn(x)∣∣ = ar
sin 23 − ar
sin 12 .�áâ «®áì ¢§ïâì ε = ar
sin 23 − ar
sin 12 . �



§ 1. � ¢­®¬¥à­ ï áå®¤¨¬®áâì ¯®á«¥¤®¢ â¥«ì­®áâ¥© 13�¥è¥­¨¥ 2. �®á¯®«ì§ã¥¬áïâ¥®à¥¬®© �â®ªá  { �¥©¤¥«ï (á¬. [1℄,áâà. 349). � ¬¥â¨¬, çâ® ¯à¨ n → ∞

fn(0) = 0 → 0; fn(x) → ar
sin 1 = π2 , £¤¥ x ∈ (0, 1℄.�­ ç¨â, {fn} ¯®â®ç¥ç­® áå®¤¨âáï ª äã­ªæ¨¨
f(x) = { π2 , x ∈ (0, 1℄,0, x = 0.Ǒà¥¤¯®«®�¨¬, çâ® fn ⇉
n→∞

f ­  (0, 1℄. �®£¤  à ¢­®¬¥à­ ï áå®¤¨-¬®áâì ¡ã¤¥â ¨ ­  ¬­®�¥áâ¢¥ [0, 1℄. Ǒ®áª®«ìªã ¢á¥ äã­ªæ¨¨ fn ­¥¯à¥-àë¢­ë ­  [0, 1℄, ¯® â¥®à¥¬¥ �â®ªá  { �¥©¤¥«ï â ª®¢®© ¤®«�­  ¡ëâì¨ f . �® äã­ªæ¨ï f ¨¬¥¥â à §àë¢ ¢ ­ã«¥. �Ǒãáâì {

fn
} | ¯®á«¥¤®¢ â¥«ì­®áâì ­¥¯à¥àë¢­ëå ­  [a, b℄ äã­ª-æ¨©, áå®¤ïé ïáï (¢ ª ª®¬-â® á¬ëá«¥) ª äã­ªæ¨¨ f . �á«¨ ¯à¨ íâ®¬lim

n→∞

b
∫

a

fn(x) dx = b
∫

a

f(x) dx,â® £®¢®àïâ, çâ® ¯®¤ §­ ª®¬ ¨­â¥£à «  b
∫

a

fn(x) dx ¤®¯ãáâ�̈¬ ¯à¥-¤¥«ì­ë© ¯¥à¥å®¤. �®áâ â®ç­ë¬ ãá«®¢¨¥¬, £ à ­â¨àãîé¨¬ ¢®§¬®�-­®áâì ¯à¥¤¥«ì­®£® ¯¥à¥å®¤  ¢ ¨­â¥£à «¥, ï¢«ï¥âáï à ¢­®¬¥à­ ï áå®-¤¨¬®áâì {

fn
} ª f (á¬. [1℄, áâà. 350). �«¥¤ãîé¨© ¯à¨¬¥à ¯®ª §ë¢ -¥â, çâ® ­¥®¡å®¤¨¬ë¬ íâ® ãá«®¢¨¥ ­¥ ï¢«ï¥âáï.Ǒà¨¬¥à 9. Ǒãáâì fn(x) = √

n · sinx · (
osx)2n, x ∈ R.1) �áá«¥¤®¢ âì ¯®â®ç¥ç­ãî ¨ à ¢­®¬¥à­ãî áå®¤¨¬®áâì ¯®á«¥¤®-¢ â¥«ì­®áâ¨ {

fn
} ­  [0, π2 ].2) �ëïá­¨âì, ¢®§¬®�¥­ «¨ ¯à¥¤¥«ì­ë© ¯¥à¥å®¤ ¯®¤ §­ ª®¬ ¨­-â¥£à «  π/2

∫0 fn(x) dx.�¥è¥­¨¥. 1) Ǒà®¢¥à¨¬ ¢­ ç «¥, çâ® ¯®á«¥¤®¢ â¥«ì­®áâì {

fn
}¯®â®ç¥ç­® áå®¤¨âáï ­  [0, π2 ] ª f ≡ 0. �á­®, çâ® fn(0) = 0 → 0 ¯à¨



14 �« ¢  1. �ã­ªæ¨®­ «ì­ë¥ ¯®á«¥¤®¢ â¥«ì­®áâ¨
n → ∞. �á«¨ x ∈

(0, π2 ], â® | 
osx| < 1, ®âªã¤  lim
n→∞

√
n·(
osx)2n = 0(íâ® «¥£ª® ¯à®¢¥à¨âì á ¯®¬®éìî ¯à ¢¨«  �®¯¨â «ï).Ǒ®ª �¥¬ â¥¯¥àì, çâ® áå®¤¨¬®áâì {fn} ª f ­¥à ¢­®¬¥à­ ï. Ǒãáâì

n ∈ N, X = [0, π2 ]. �®£¤ 
‖fn − f‖X = sup

X
fn = √

n ·max
x∈X

(sinx · (
osx)2n).� ªá¨¬ã¬ äã­ªæ¨¨ g(x) = sinx · (
osx)2n ­ ©¤¥¬ á ¯®¬®éìî ¯à®-¨§¢®¤­®©. � ¬¥â¨¬, çâ®
g′(x) = (
osx)2n+1 − sin2 x · 2n · (
osx)2n−1 == (
osx)2n−1 · ((2n+ 1) 
os2 x− 2n).�à ¢­¥­¨¥ g′(x) = 0 ¨¬¥¥â ­  (0, π2 ) ¥¤¨­áâ¢¥­­ë© ª®à¥­ì x0, ¯à¨-ç¥¬ 
os2 x0 = 2n2n+1 ¨ sin2 x0 = 12n+1 . Ǒ®íâ®¬ã ­ ¨¡®«ìè¥¥ §­ ç¥­¨¥äã­ªæ¨¨ g ­  X ¤®áâ¨£ ¥âáï ¢ â®çª¥ x0, ®âªã¤  ¯à¨ n → ∞

‖fn − f‖X = √
n · g(x0) =√

n2n+ 1 ·
(1 + 12n)−2n

→ 1√2e 6= 0.� ª¨¬ ®¡à §®¬, áå®¤¨¬®áâì {

fn
} ª f ­¥à ¢­®¬¥à­ ï.2) �¤¥« ¥¬ ¢ π/2

∫0 fn(x) dx § ¬¥­ã t = 
osx. �ë ¯®«ãç¨¬
π/2
∫0 fn(x) dx = √

n

1
∫0 t2n dt = √

n2n+ 1 → 0 = π/2
∫0 f(x) dx (n → ∞).�­ ç¨â, ¯à¥¤¥«ì­ë© ¯¥à¥å®¤ ¯®¤ §­ ª®¬ π/2

∫0 fn(x) dx ¤®¯ãáâ�̈¬. �Ǒà¨¬¥à 10. Ǒãáâì fn(x) = √

nx+ | ln(nx)| − √
nx ¯à¨ x > 0.�áá«¥¤®¢ âì à ¢­®¬¥à­ãî áå®¤¨¬®áâì ¯®á«¥¤®¢ â¥«ì­®áâ¨ {

fn
} ­ ¬­®�¥áâ¢ å X = (0, 1℄ ¨ Y = (1,+∞).



§ 1. � ¢­®¬¥à­ ï áå®¤¨¬®áâì ¯®á«¥¤®¢ â¥«ì­®áâ¥© 15�¥è¥­¨¥. Ǒà®¢¥à¨¬ ¢­ ç «¥, çâ® {

fn
} ¯®â®ç¥ç­® áå®¤¨âáï ª

f ≡ 0 ­  (0,+∞). � ¬¥â¨¬, çâ®
fn(x) = | ln(nx)|

√

nx+ | ln(nx)|+√
nx

6
| ln(nx)|√

nx
. (6)�«ï ä¨ªá¨à®¢ ­­®£® x > 0 ¯à ¢ ï ç áâì (6) áâà¥¬¨âáï ª ­ã«î ¯à¨

n → +∞ (íâ® «¥£ª® ¯à®¢¥àï¥âáï á ¯®¬®éìî ¯à ¢¨«  �®¯¨â «ï).�­ ç¨â, lim
n→∞

fn(x) = 0.Ǒ®ª �¥¬, çâ® ­  X ¯®á«¥¤®¢ â¥«ì­®áâì {

fn
} áå®¤¨âáï ­¥à ¢­®-¬¥à­®. �¥©áâ¢¨â¥«ì­®, ¯à¨ n > 3

‖fn − f‖X = ‖fn‖X > fn
(

e
n

) = √
e+ 1−√

e 6→ 0 (n → ∞).�â®¡ë ¨§ãç¨âì ¯®¢¥¤¥­¨¥ ¯®á«¥¤®¢ â¥«ì­®áâ¨ {

fn
} ­  Y , à áá¬®â-à¨¬ äã­ªæ¨î g(x) = lnx√

x
. Ǒ®áª®«ìªã

g′(x) = 1
x · √x− lnx · 12√x

x
= 2− lnx2x√x

,äã­ªæ¨ï g ã¡ë¢ ¥â ­  [

e2,+∞
). �á«¨ n > 9, â® ¢ á¨«ã (6)

‖fn − f‖Y 6 sup
x∈Y

| ln(nx)|√
nx

= sup
x∈Y

g(nx) 6 g(n) → 0 (n → ∞).� ª¨¬ ®¡à §®¬, fn ⇉
n→∞

0 ­  Y ¯à¨ n → ∞. �� ¤ ç¨. �áá«¥¤®¢ âì à ¢­®¬¥à­ãî áå®¤¨¬®áâì äã­ªæ¨®­ «ì-­®© ¯®á«¥¤®¢ â¥«ì­®áâ¨ {

fn
} ­  ãª § ­­ëå ¬­®�¥áâ¢ å.1.1. fn(x) = x · ar
tg(nx) ­  (0,+∞).1.2. fn(x) = n2(x1/n2 − 1) ­  (1, 10℄.1.3. fn(x) = sin(2π√n2 + n2 + x2 ) ­  [0, A℄, £¤¥ A > 0.1.4. fn(x) = 
osnx · sin( 1
nx

)1 + ln2(x(n+ 1)) ­  (0, 1℄ ¨ ­  [δ,+∞), £¤¥ δ > 0.



����� 2. �������������� ����
§ 1. �¯à¥¤¥«¥­¨¥ ¨ ¯à®áâ¥©è¨¥ ¯à¨§­ ª¨à ¢­®¬¥à­®© áå®¤¨¬®áâ¨Ǒ®áª®«ìªã ¬¥�¤ã ¯®á«¥¤®¢ â¥«ì­®áâï¬¨ ¨ àï¤ ¬¨ áãé¥áâ¢ã¥ââ¥á­ ï á¢ï§ì, ¯®­ïâ¨¥ à ¢­®¬¥à­®© áå®¤¨¬®áâ¨ ¬®�­® ¯¥à¥­¥áâ¨ ¨­  àï¤ë. �¤¥« ¥¬ íâ®.�¯à¥¤¥«¥­¨¥ 1. Ǒãáâì X | ¬­®�¥áâ¢®, {fk}∞

k=1 | ¯®á«¥¤®-¢ â¥«ì­®áâì äã­ªæ¨© ­  X , Sn = n
∑

k=1 fk ¯à¨ n ∈ N.1) �á«¨ ¯®á«¥¤®¢ â¥«ì­®áâì {

Sn

} ¯®â®ç¥ç­® áå®¤¨âáï ­  X , â®£®¢®àïâ, çâ® àï¤ ∞
∑

k=1 fk ¯®â®ç¥ç­® áå®¤¨âáï ­  X , ¨ ¯®« £ îâ
∞
∑

k=1 fk(x) = lim
n→∞

Sn(x) ¯à¨ «î¡®¬ x ∈ X .2) �á«¨ ¯®á«¥¤®¢ â¥«ì­®áâì {

Sn

} à ¢­®¬¥à­® áå®¤¨âáï ­  X , â®£®¢®àïâ, çâ® àï¤ ∞
∑

k=1 fk à ¢­®¬¥à­® áå®¤¨âáï ­  X .� ¬¥ç ­¨¥. � ¢­®á¨«ì­ë ¤¢  ãâ¢¥à�¤¥­¨ï.1) �ï¤ ∞
∑

k=1 fk à ¢­®¬¥à­® áå®¤¨âáï ­  X.2) �ï¤ ∞
∑

k=1 fk ¯®â®ç¥ç­® áå®¤¨âáï ­  X ¨ lim
n→∞

∥

∥

∥

∥

∞
∑

k=n

fk

∥

∥

∥

∥

X

= 0.�â® ¢ëâ¥ª ¥â ­¥¯®áà¥¤áâ¢¥­­® ¨§ ®¯à¥¤¥«¥­¨ï 2 § 1.�«ï ¯à ªâ¨ç¥áª¨å æ¥«¥© íâ® § ¬¥ç ­¨¥ ­¥ ®ç¥­ì ¯®«¥§­®, â ª ª ª®áâ â®ª àï¤  à¥¤ª® ã¤ ¥âáï § ¯¨á âì ¢ ã¤®¡­®© ä®à¬¥. Ǒ®íâ®¬ã­ ¬ ¯®âà¥¡ãîâáï ¯à¨§­ ª¨ à ¢­®¬¥à­®© áå®¤¨¬®áâ¨,  ­ «®£¨ç­ë¥â¥¬, çâ® ¢ë¢®¤¨«¨áì ¤«ï ç¨á«®¢ëå àï¤®¢. �ë ¡ã¤¥¬ ¨å ä®à¬ã«¨-à®¢ âì ¨ áà §ã ¯à¨¢®¤¨âì ¯à¨¬¥àë ¨å ¨á¯®«ì§®¢ ­¨ï.�¥®à¥¬  1. �à¨â¥à¨© �®«ìæ ­® { �®è¨. Ǒãáâì X | ¬­®-�¥áâ¢®, {

fk
}∞
k=1 | ¯®á«¥¤®¢ â¥«ì­®áâì äã­ªæ¨© ­  X. �®£¤ à ¢­®á¨«ì­ë ¤¢  ãâ¢¥à�¤¥­¨ï.



§ 1. �¯à¥¤¥«¥­¨¥ ¨ ¯à®áâ¥©è¨¥ ¯à¨§­ ª¨ 171) �ï¤ ∞
∑

k=1 fk à ¢­®¬¥à­® áå®¤¨âáï ­  X.2) ∀ε > 0 ∃N ∈ N ∀m > N ∀p ∈ N ∀x ∈ X : ∣

∣

∣

∣

m+p
∑

k=m+1 fk(x)∣∣∣∣ < ε.�®ª § â¥«ìáâ¢® íâ®© â¥®à¥¬ë ¬®�­® ­ ©â¨ ¢ [1℄, áâà. 340.� ¬¥ç ­¨¥ 1. �â¢¥à�¤¥­¨¥ 2) ¬®�­® § ¯¨á âì ¢ íª¢¨¢ «¥­â-­®© ä®à¬¥:
∀ε > 0 ∃N ∈ N ∀m > N ∀p ∈ N: ∥

∥

∥

∥

∥

m+p
∑

k=m+1 fk∥∥∥∥∥X < ε.� ¬¥ç ­¨¥ 2. �à¨â¥à¨© �®«ìæ ­® { �®è¨ ç áâ® ¨á¯®«ì§ãîâ¤«ï ¤®ª § â¥«ìáâ¢  ®âáãâáâ¢¨ï à ¢­®¬¥à­®© áå®¤¨¬®áâ¨ àï¤ . Ǒ®-íâ®¬ã ­ ¬ ¯®âà¥¡ã¥âáï ®âà¨æ ­¨¥ ãâ¢¥à�¤¥­¨ï 2):
∃ ε > 0 ∀N ∈ N ∃m > N ∃ p ∈ N ∃x ∈ X : ∣

∣

∣

∣

m+p
∑

k=m+1 fk(x)∣∣∣∣ > ε. (1)�¥®à¥¬  2. �¥®¡å®¤¨¬ë© ¯à¨§­ ª à ¢­®¬¥à­®© áå®¤¨-¬®áâ¨. Ǒãáâì X | ¬­®�¥áâ¢®, {fk}∞
k=1 | ¯®á«¥¤®¢ â¥«ì­®áâìäã­ªæ¨© ­  X. �á«¨ àï¤ ∞

∑

k=1 fk à ¢­®¬¥à­® áå®¤¨âáï ­  X, â®
fk ⇉

k→∞
0 ­  X.� ¬¥ç ­¨¥ 1. � ¢­®¬¥à­ ï áå®¤¨¬®áâì {

fk
} | ç áâ­ë© á«ã-ç © ãâ¢¥à�¤¥­¨ï 2) â¥®à¥¬ë 1, á®®â¢¥âáâ¢ãîé¨© p = 1. Ǒ®íâ®-¬ã ­¥®¡å®¤¨¬ë© ¯à¨§­ ª à ¢­®¬¥à­®© áå®¤¨¬®áâ¨ | ¯àï¬®¥ á«¥¤-áâ¢¨¥ ªà¨â¥à¨ï �®«ìæ ­® { �®è¨.� ¬¥ç ­¨¥ 2. � ¯®¬®éìî â¥®à¥¬ë 2 ­¥«ì§ï ¤®ª § âì à ¢­®-¬¥à­ãî áå®¤¨¬®áâì àï¤ ,   ¬®�­® «¨èì ¯à®¢¥à¨âì ¥¥ ®âáãâáâ¢¨¥.Ǒ®íâ®¬ã ¡®«¥¥ ã¤®¡­  íª¢¨¢ «¥­â­ ï ä®à¬ã«¨à®¢ª  ­¥®¡å®¤¨¬®£®¯à¨§­ ª : ¥á«¨ fk 6⇉

k→∞
0 ­  X, â® àï¤ ∞

∑

k=1 fk ­¥ áå®¤¨âáï à ¢­®-¬¥à­® ­  X. Ǒà¨ íâ®¬ ¬®�¥â ®ª § âìáï, çâ® ¢ ª ª¨å-â® â®çª å Xàï¤ ¢®®¡é¥ à áå®¤¨âáï.



18 ����� 2. �ã­ªæ¨®­ «ì­ë¥ àï¤ëǑà®¨««îáâà¨àã¥¬ ¯à¨¬¥­¥­¨¥ â¥®à¥¬ 1 ¨ 2 ­  ¯à¨¬¥à å.Ǒà¨¬¥à 1. �áá«¥¤®¢ âì àï¤ ∞
∑

k=1 e−kx · sin kx ­  à ¢­®¬¥à­ãîáå®¤¨¬®áâì ­  ¬­®�¥áâ¢¥ X = [0,+∞).�¥è¥­¨¥. Ǒ®«®�¨¬ fk(x) = e−kx · sin kx. Ǒà®¢¥à¨¬ ¢­ ç «¥,çâ® ¯à¨ «î¡®¬ x ∈ X àï¤ ∞
∑

k=1 fk(x) áå®¤¨âáï. �«ï x = 0 íâ® ®ç¥-¢¨¤­®. �á«¨ x > 0, â®
∣

∣fk(x)∣∣ = e−kx · | sin kx| 6 e−kx (k ∈ N),  àï¤ ∞
∑

k=1 e−kx áå®¤¨âáï ª ª £¥®¬¥âà¨ç¥áª ï ¯à®£à¥áá¨ï.Ǒ®ª �¥¬ â¥¯¥àì, çâ® áå®¤¨¬®áâì àï¤  ∞
∑

k=1 fk ­  X ­¥à ¢­®¬¥à-­ ï. � ¬¥â¨¬, çâ®
‖fn‖X >

∣

∣fn
( 1
n

)∣

∣ = e−1 · sin 1 6→ 0 (n → ∞),®âªã¤  fn 6⇉
n→∞

0 ­  X . �áâ «®áì ¯à¨¬¥­¨âì â¥®à¥¬ã 2. �� ¬¥ç ­¨¥. �«¥¤ã¥â à §«¨ç âì ãâ¢¥à�¤¥­¨ï ýàï¤ áå®¤¨âáï­¥à ¢­®¬¥à­®þ ¨ ýàï¤ ­¥ áå®¤¨âáï à ¢­®¬¥à­®þ ­  X : ¯¥à¢®¥ ¨§­¨å ¯à¥¤¯®« £ ¥â ­ «¨ç¨¥ ¯®â®ç¥ç­®© áå®¤¨¬®áâ¨, ¢â®à®¥ | ­¥â.�á«¨ ­ ¬ âà¥¡ã¥âáï ¤®ª § âì â®«ìª® ¢â®à®¥ ãâ¢¥à�¤¥­¨¥, ¯¥à¢ãîç áâì à¥è¥­¨ï ¯à¨¬¥à  1 ¬®�­® ®¯ãáâ¨âì.Ǒà¨¬¥à 2. �  ¬­®�¥áâ¢¥ X = [0,+∞) ¨áá«¥¤®¢ âì à ¢­®¬¥à-­ãî áå®¤¨¬®áâì àï¤ 
∞
∑

k=1 x(kx)2 + 1 · 
os kx.�¥è¥­¨¥. Ǒ®«®�¨¬ fk(x) = x(kx)2 + 1 · 
os kx. Ǒà®¢¥à¨¬ ¢­ -ç «¥, çâ® ¯à¨ «î¡®¬ x ∈ X àï¤ ∞
∑

k=1 fk(x) áå®¤¨âáï. �«ï x = 0 íâ®®ç¥¢¨¤­®. �á«¨ x > 0, â®
∣

∣fk(x)∣∣ 6 x(kx)2 = 1
x
· 1
k2 ,



§ 1. �¯à¥¤¥«¥­¨¥ ¨ ¯à®áâ¥©è¨¥ ¯à¨§­ ª¨ 19  àï¤ ∞
∑

k=1 1
k2 áå®¤¨âáï.Ǒ®ª �¥¬ â¥¯¥àì, çâ® áå®¤¨¬®áâì àï¤  ∞

∑

k=1 fk ­  X ­¥à ¢­®¬¥à-­ ï. �®á¯®«ì§®¢ âìáï â¥®à¥¬®© 2 ¢ íâ®¬ ¯à¨¬¥à¥ ­¥ ã¤ áâáï, ¯®-áª®«ìªã ‖fk‖ = O
( 1
k

) (¯à¥¤« £ ¥¬ ç¨â â¥«î ¯à®¢¥à¨âì íâ® á ¬®-áâ®ïâ¥«ì­®). � ¬ ­ã�­® ¯à¨¬¥­¨âì ªà¨â¥à¨© �®«ìæ ­® { �®è¨,â® ¥áâì ¯à®¢¥à¨âì ãá«®¢¨¥ (1). �ë¡®à ç¨á«  ε ¬ë ®â«®�¨¬ ¤® ª®­-æ  à¥è¥­¨ï. Ǒãáâì N ∈ N. Ǒ®«®�¨¬ m = N + 1, p = m, x = 12m .�«ï k ∈ {m+ 1, . . . ,m+ p} ¢¥à­® ¤¢®©­®¥ ­¥à ¢¥­áâ¢® 12 6 kx 6 1.�âáî¤  
os kx > 
os 1 ¨
m+p
∑

k=m+1 fk(x) > 2m
∑

k=m+1 
os 12m · (1 + 1) = m 
os 14m = 
os 14 .�áâ «®áì ¢§ïâì ε = 
os 14 . ��¡®¡é ï ¯à¨¬¥à 2, ¬®�­® ¯®«ãç¨âì ­¥®¡å®¤¨¬®¥ ãá«®¢¨¥ à ¢-­®¬¥à­®© áå®¤¨¬®áâ¨ àï¤®¢ á¯¥æ¨ «ì­®£® ¢¨¤ , ª®â®àë¥ ¬ë ­ §®-¢¥¬âà¨£®­®¬¥âà¨ç¥áª¨¬¨. �«ï íâ®£® ­ ¬ ¯®âà¥¡ã¥âáï á«¥¤ãîé ï®æ¥­ª .�¥¬¬  1. Ǒãáâì {

ck
}∞
k=1 | ã¡ë¢ îé ï ¯®á«¥¤®¢ â¥«ì­®áâì¯®«®�¨â¥«ì­ëå ç¨á¥«, m ∈ Z+, n ∈ N, m < n, δ ∈ (0, π℄. �®£¤ sup

x∈[0,δ℄ ∣∣∣∣ n
∑

k=m+1 ck sin kx∣∣∣∣ > δ

π

(1− m

n

)(m+ 1) cn.�®ª § â¥«ìáâ¢®. Ǒ®«®�¨¬ x = δ2n . �á­®, çâ® x ∈ [0, δ℄. �á«¨
k ∈ {m+ 1, . . . , n}, â® kx 6 nδ2n 6 π2 , ®âªã¤ sin kx >

2kx
π

= kδ

πn
>

(m+ 1)δ
πn

.�®£¤  ¢ á¨«ã ã¡ë¢ ­¨ï cksup
x∈[0,δ℄ ∣∣∣∣ n

∑

k=m+1 ck sin kx∣∣∣∣ > (m+ 1)δ
πn

n
∑

k=m+1 ck >

>
(m+ 1)δ

πn
(n−m) cn = δ

π

(1− m

n

)(m+ 1) cn. �



20 ����� 2. �ã­ªæ¨®­ «ì­ë¥ àï¤ë�«¥¤áâ¢¨¥. Ǒãáâì {

ck
} | ã¡ë¢ îé ï ¯®á«¥¤®¢ â¥«ì­®áâì¯®«®�¨â¥«ì­ëå ç¨á¥«, n ∈ N, m = [

n2 ], δ ∈ (0, π℄. �®£¤ sup
x∈[0,δ℄ ∣∣∣∣ n

∑

k=m+1 ck sin kx∣∣∣∣ > δ4π · ncn.�®ª § â¥«ìáâ¢®. � ¬¥â¨¬, çâ®1− m

n
> 1− n2n = 12 , m+ 1 >

n2 .�®£¤  ¢ á¨«ã «¥¬¬ë 1sup
x∈[0,δ℄ ∣∣∣∣ n

∑

k=m+1 ck sin kx∣∣∣∣ > δ

π
· 12 · n2 · cn = δ4π · ncn. ��ë¢¥¤¥¬ â¥¯¥àì ­¥®¡å®¤¨¬®¥ ãá«®¢¨¥ à ¢­®¬¥à­®© áå®¤¨¬®áâ¨âà¨£®­®¬¥âà¨ç¥áª®£® àï¤ .�¥®à¥¬  3. Ǒãáâì {

ck
}∞
k=1 | ã¡ë¢ îé ï ¯®á«¥¤®¢ â¥«ì­®áâì¯®«®�¨â¥«ì­ëå ç¨á¥«, δ ∈ (0, π℄. �á«¨ àï¤ ∞

∑

k=1 ck sin kx áå®¤¨âáïà ¢­®¬¥à­® ¯® x ∈ [0, δ℄, â® lim
n→∞

ncn = 0.�®ª § â¥«ìáâ¢®. Ǒà¥¤¯®«®�¨¬, çâ® ncn 6→ 0. �®£¤  ­ ©¤¥âáïâ ª®¥ M > 0, çâ® ­¥à ¢¥­áâ¢® ncn > M ¢ë¯®«­ï¥âáï ¤«ï ¡¥áª®­¥ç-­®£® ç¨á«  ¨­¤¥ªá®¢ n. � ¬ ­ã�­® ¯®ª § âì, çâ® âà¨£®­®¬¥âà¨ç¥-áª¨© àï¤ ­¥ áå®¤¨âáï à ¢­®¬¥à­® ­  [0, δ℄,   ¤«ï íâ®£® ¤®áâ â®ç­®¯à®¢¥à¨âì ãá«®¢¨¥ (1). Ǒãáâì N ∈ N. Ǒ® ¯à¥¤¯®«®�¥­¨î áãé¥-áâ¢ã¥â â ª®¥ n ∈ N, çâ® [

n2 ] > N ¨ ncn > M . Ǒ®«®�¨¬ m = [

n2 ],
p = n−m. �®£¤  ¢ á¨«ã á«¥¤áâ¢¨ï «¥¬¬ë 1sup

x∈[0,δ℄ ∣∣∣∣ m+p
∑

k=m+1 ck sin kx∣∣∣∣ > δ4π · ncn >
Mδ4π .� ª¨¬ ®¡à §®¬, ãá«®¢¨¥ (1) ¢ë¯®«­ï¥âáï ¯à¨ ε = Mδ4π . �



§ 2. Ǒà¨§­ ª �¥©¥àèâà áá  21� ¬¥ç ­¨¥. � «¥¥ ¬ë ¤®ª �¥¬, çâ® ãá«®¢¨¥ lim
n→∞

ncn = 0 ­¥â®«ìª® ­¥®¡å®¤¨¬®, ­® ¨ ¤®áâ â®ç­® ¤«ï à ¢­®¬¥à­®© áå®¤¨¬®áâ¨âà¨£®­®¬¥âà¨ç¥áª®£® àï¤ .� ¤ ç¨. �áá«¥¤®¢ âì à ¢­®¬¥à­ãî áå®¤¨¬®áâì äã­ªæ¨®­ «ì-­®£® àï¤  ­  ãª § ­­ëå ¬­®�¥áâ¢ å.1.1. ∞
∑

k=1(−1)k · k · ln(1 + 1
k2x) ­  (0, δ℄, £¤¥ δ > 0.1.2. ∞

∑

k=1 e−√
k·x · sin kx

k
­  [0, δ℄, £¤¥ δ > 0.1.3. ∞

∑

k=1(−1)k(ar
tg(2kx)− ar
tg(kx)) ­  [0, δ℄, £¤¥ δ > 0.1.4. ∞
∑

k=N

k1 + k2x2 · tg√x

k
­  [0, δ℄ ¨ ­  [δ,N ℄, £¤¥ 0 < δ < N .�ª § ­¨¥. Ǒà¨ ¨áá«¥¤®¢ ­¨¨ à ¢­®¬¥à­®© áå®¤¨¬®áâ¨ íâ®£®àï¤  ­  [0, δ℄ ®æ¥­¨â¥ á­¨§ã ¢ëà �¥­¨¥sup

x∈[0,δ℄ k1 + k2x2 · tg√x

k¨ ¢®á¯®«ì§ã©â¥áì â¥®à¥¬®© 2.
§ 2. Ǒà¨§­ ª �¥©¥àèâà áá � ª ã�¥ £®¢®à¨«®áì à ­¥¥, â¥®à¥¬  2 § 1 ­¥ ¯®§¢®«ï¥â ¤®ª § âìà ¢­®¬¥à­ãî áå®¤¨¬®áâì àï¤ . �à¨â¥à¨© �®«ìæ ­® { �®è¨ ­ ¯à ªâ¨ª¥ â®�¥ ç é¥ ¨á¯®«ì§ã¥âáï ¤«ï ¯à®¢¥àª¨ ®âáãâáâ¢¨ï à ¢­®-¬¥à­®© áå®¤¨¬®áâ¨, çâ® ¢¨¤­® ¨ ¨§ à §®¡à ­­ëå ¢ëè¥ ¯à¨¬¥à®¢.�«ï ¤®ª § â¥«ìáâ¢  à ¢­®¬¥à­®© áå®¤¨¬®áâ¨ ­ã�­® ¨¬¥âì ª ª¨¥-â® ¤®áâ â®ç­ë¥ ãá«®¢¨ï. � �­¥©è¨¬ ¨§ ­¨å ï¢«ï¥âáï ¯à¨§­ ª�¥©¥àèâà áá . �ä®à¬ã«¨àã¥¬ ¥£®.



22 ����� 2. �ã­ªæ¨®­ «ì­ë¥ àï¤ë�¥®à¥¬  1. Ǒà¨§­ ª �¥©¥àèâà áá . Ǒãáâì X | ¬­®�¥-áâ¢®, {fk}∞
k=1 | ¯®á«¥¤®¢ â¥«ì­®áâì äã­ªæ¨© ­  X. �á«¨

∞
∑

k=1 ‖fk‖X < +∞,â® àï¤ ∞
∑

k=1 fk à ¢­®¬¥à­® áå®¤¨âáï ­  X.�®ª § â¥«ìáâ¢® íâ®© â¥®à¥¬ë ¬®�­® ­ ©â¨ ¢ [1℄, áâà. 341.� ¬¥ç ­¨¥ 1. �  ¯à ªâ¨ª¥ ­®à¬ë fk ­¥ ¢á¥£¤  «¥£ª® ¢ëç¨á-«¨âì, ¯®íâ®¬ã ­¥à¥¤ª® ¨å ®æ¥­¨¢ îâ. �­ë¬¨ á«®¢ ¬¨, ¨á¯®«ì§ã¥â-áï á«¥¤ãîé ï à¥¤ ªæ¨ï ¯à¨§­ ª  �¥©¥àèâà áá : ¥á«¨sup
x∈X

∣

∣fk(x)∣∣ 6 ck ¤«ï «î¡ëå k ∈ N,

∞
∑

k=1 ck < +∞,â® àï¤ ∞
∑

k=1 fk à ¢­®¬¥à­® áå®¤¨âáï ­  X .Ǒà® àï¤ á ®¡é¨¬ ç«¥­®¬ ck £®¢®àïâ, çâ® ®­ ¬ �®à¨àã¥â äã­ª-æ¨®­ «ì­ë© àï¤.� ¬¥ç ­¨¥ 2. Ǒà¨§­ ª �¥©¥àèâà áá  £ à ­â¨àã¥â  ¡á®«îâ­ãîáå®¤¨¬®áâì äã­ªæ¨®­ «ì­®£® àï¤ .Ǒà¨¬¥à 1. �áá«¥¤®¢ âì à ¢­®¬¥à­ãî áå®¤¨¬®áâì ­  R àï¤ 
∞
∑

k=1 x1 + k2x2 · ln(1 + |x|1 + k2x2).�¥è¥­¨¥. Ǒãáâì gk(x) = x1 + k2x2 . �ã­ªæ¨ï gk ­¥ç¥â­ , ¨
g′k(x) = 1− k2x2

(1 + k2x2)2 (x > 0).Ǒ®íâ®¬ã ‖gk‖R = gk
( 1
k

) = 12k . � ãç¥â®¬ ­¥à ¢¥­áâ¢  ln(1 + t) 6 t¯à¨ t > −1 ¬ë ¯®«ãç ¥¬sup
x∈R

∣

∣

∣

∣

x1 + k2x2 · ln(1 + |x|1 + k2x2)∣∣∣∣ 6 sup
R

g2k = 14k2 .



§ 2. Ǒà¨§­ ª �¥©¥àèâà áá  23�ã­ªæ¨®­ «ì­ë© àï¤ ¬ �®à¨àã¥âáï ­  R áå®¤ïé¨¬áï ç¨á«®¢ë¬àï¤®¬ ∞
∑

k=1 14k2 ¨ ¯®â®¬ã à ¢­®¬¥à­® áå®¤¨âáï. �Ǒà¨¬¥à 2. �áá«¥¤®¢ âì à ¢­®¬¥à­ãî áå®¤¨¬®áâì ­  R àï¤ 
∞
∑

k=1x · sin π1 + k5x2 .�¥è¥­¨¥. Ǒãáâì gk(x) = x1 + k5x2 . �ã­ªæ¨ï gk ­¥ç¥â­ , ¨
g′k(x) = 1− k5x2

(1 + k5x2)2 (x > 0).Ǒ®íâ®¬ã ‖gk‖R = gk
(

k−5/2) = 12 k−5/2. Ǒ®áª®«ìªã | sin t| 6 |t| ¯à¨
t ∈ R, ¬ë ¯®«ãç ¥¬sup

x∈R

∣

∣

∣

∣

x · sin π1 + k5x2 ∣∣∣∣ 6 π · sup
R

|gk| = π2k5/2 .�ã­ªæ¨®­ «ì­ë© àï¤ ¬ �®à¨àã¥âáï ­  R áå®¤ïé¨¬áï ç¨á«®¢ë¬àï¤®¬ ¨ ¯®â®¬ã à ¢­®¬¥à­® áå®¤¨âáï. �Ǒà¨§­ ª �¥©¥àèâà áá  ¤ ¥â «¨èì ¤®áâ â®ç­®¥ ãá«®¢¨¥ à ¢­®-¬¥à­®© áå®¤¨¬®áâ¨, ¤ �¥ ¥á«¨ àï¤ ­¥®âà¨æ â¥«ì­ë©. �â®¡ë ¯®«ã-ç¨âì á®®â¢¥âáâ¢ãîé¨© ¯à¨¬¥à, ¤®ª �¥¬ á«¥¤ãîé¥¥ ãâ¢¥à�¤¥­¨¥.�¥®à¥¬  2. Ǒãáâì f ∈ C1([1,+∞)) | ­¥®âà¨æ â¥«ì­ ï äã­ª-æ¨ï, ¯à¨ç¥¬ f ′ ¢®§à áâ ¥â ­  [1,+∞) ¨ lim
t→+∞

f ′(t) = +∞. �®£¤ àï¤
∞
∑

k=1 x1 + (

xf(k))2à ¢­®¬¥à­® áå®¤¨âáï ­  [0,+∞).�®ª § â¥«ìáâ¢®. Ǒ® ãá«®¢¨î ­ ©¤¥âáï â ª®¥ ç¨á«® a > 1, çâ®
f ′(t) > 1 ¯à¨ t > a. �®£¤  f ¢®§à áâ ¥â ­  [a,+∞), ¨ ¯à¨ x → +∞

f(x) = f(a) + x
∫

a

f ′(t) dt > f(a) + x
∫

a

dt = f(a)− a+ x → +∞.



24 ����� 2. �ã­ªæ¨®­ «ì­ë¥ àï¤ë� ¬ ¤®áâ â®ç­® ¯à®¢¥à¨âì, çâ® ®áâ â®ª àï¤  ¤®¯ãáª ¥â à ¢­®¬¥à-­ãî ¯® x > 0 ®æ¥­ªã ¡¥áª®­¥ç­® ¬ «®© ç¨á«®¢®© ¯®á«¥¤®¢ â¥«ì­®-áâìî. Ǒãáâì N ∈ N, N > a, x > 0. �®£¤ 
∞
∑

k=N

x1 + (

xf(k))2 6

+∞
∫

N−1 x dt1 + (

xf(t))2 = +∞
∫

N−1 xf ′(t) dt
(1 + (xf(t))2)f ′(t) .�§ ¬®­®â®­­®áâ¨ f ′ á«¥¤ã¥â ­¥à ¢¥­áâ¢® f ′(t) > f ′(N − 1). �â ®æ¥­ª  ¢ á®ç¥â ­¨¨ á § ¬¥­®© u = xf(t) ¤ ¥â

∞
∑

k=N

x1 + (

xf(k))2 6
1

f ′(N − 1) +∞
∫

xf(N−1) du1 + u2 6

6
1

f ′(N − 1) +∞
∫0 du1 + u2 = π2f ′(N − 1) .�áâ «®áì ¯¥à¥©â¨ ª áã¯à¥¬ã¬ã ¯® x > 0 ¨ § ¬¥â¨âì, çâ® ¯® ãá«®¢¨î

f ′(N − 1) → +∞ ¯à¨ N → ∞. �� ¬¥ç ­¨¥. �¥á«®�­® ¤®ª § âì, çâ®sup
x>0 x1 + (

xf(k))2 = 12f(k) .�á«¨ ∞
∑

k=1 1
f(k) = +∞, â® à ¢­®¬¥à­ãî áå®¤¨¬®áâì äã­ªæ¨®­ «ì­®-£® àï¤  ­¥ ã¤ áâáï ¨áá«¥¤®¢ âì ¯® ¯à¨§­ ªã �¥©¥àèâà áá .Ǒà¨¬¥à 3. �®ª § âì à ¢­®¬¥à­ãî áå®¤¨¬®áâì ­  [0,+∞) àï¤®¢

∞
∑

k=1 x1 + (

x · k lnp k)2 ¯à¨ p ∈ (0, 1℄, ∞
∑

k=3 x1 + (

x · k ln k ln(ln k))2 .�¥è¥­¨¥. � á¨«ã ¯à¥¤ë¤ãé¥£® § ¬¥ç ­¨ï ãá«®¢¨ï ¯à¨§­ ª �¥©¥àèâà áá  ¤«ï íâ¨å àï¤®¢ ­¥ ¢ë¯®«­ïîâáï. �®á¯®«ì§ã¥¬áï â¥®-à¥¬®© 2. Ǒ®«®�¨¬
f(t) = t lnp t ¯à¨ p ∈ (0, 1℄, g(t) = t ln t ln(ln t).



§ 2. Ǒà¨§­ ª �¥©¥àèâà áá  25�®£¤  f(t) > 0 ¯à¨ t > 1, g(t) > 0 ¯à¨ t > 3. �à®¬¥ â®£®,
f ′(t) = lnp t+ p lnp−1 t, g′(t) = (ln t+ 1) ln(ln t) + 1.�âáî¤  ¢ëâ¥ª ¥â, çâ® lim

t→+∞
f ′(t) = lim

t→+∞
g′(t) = +∞,   â ª�¥ ¢®§-à áâ ­¨¥ g′ ­  [1,+∞). � ª®­¥æ, ¯à¨ t > 3

f ′′(t) = p lnp−1 t+ p (p− 1) lnp−2 t
t

= p lnp−2 t
t

·
(ln t− (1− p)) > 0,¯®áª®«ìªã ln t > ln 3 > 1 > 1− p. �­ ç¨â, f ′ ¢®§à áâ ¥â ­  [3,+∞).�áâ «®áì ¯à¨¬¥­¨âì â¥®à¥¬ã 2 ª äã­ªæ¨ï¬ f ¨ g. ��¥à¥¤ª® ¡ë¢ ¥â â ª, çâ® äã­ªæ¨®­ «ì­ë© àï¤ ­  ¢á¥© á¢®¥© ®¡-« áâ¨ ®¯à¥¤¥«¥­¨ï áå®¤¨âáï ­¥à ¢­®¬¥à­®,   ­  ­¥ª®â®à®¬ ¥¥ ¯®¤-¬­®�¥áâ¢¥ | à ¢­®¬¥à­®. Ǒ®íâ®¬ã ¯à¨ à¥è¥­¨¨ § ¤ ç ¯à¨§­ ª�¥©¥àèâà áá  ç áâ® ª®¬¡¨­¨àãîâ á ª ª¨¬-«¨¡® ­¥®¡å®¤¨¬ë¬ ãá«®-¢¨¥¬ à ¢­®¬¥à­®© áå®¤¨¬®áâ¨. �«ï íâ®© æ¥«¨ ¯®¤å®¤ïâ â¥®à¥¬ë¨§ § 1. �® ®âáãâáâ¢¨¥ à ¢­®¬¥à­®© áå®¤¨¬®áâ¨ àï¤  ¬®�­® ãáâ ­®-¢¨âì ¨ ­¥ï¢­®, á ¯®¬®éìî â¥®à¥¬ ® á¢®©áâ¢ å ¥£® áã¬¬ë (á¬. [1℄, § 2£« ¢ë 8). �«¥¤ãîé¨¥ ¤¢  ¯à¨¬¥à  ¨««îáâà¨àãîâ â ª®© ¯®¤å®¤.Ǒà¨¬¥à 4. �áá«¥¤®¢ âì à ¢­®¬¥à­ãî áå®¤¨¬®áâì àï¤ 

∞
∑

k=2 2xk − x2kln k­  [0, 1) ¨ ­  [0, A℄ ¯à¨ A ∈ [0, 1).�¥è¥­¨¥. �¡®§­ ç¨¬ ç¥à¥§ fk ®¡é¨© ç«¥­ àï¤ . Ǒãáâì ¢­ ç «¥
A ∈ [0, 1). �®£¤  ¯à¨ x ∈ [0, A℄ ¨ k > 2

∣

∣

∣

∣

2xk − x2kln k ∣

∣

∣

∣

6
2Ak +A2kln 2 .� ª¨¬ ®¡à §®¬, äã­ªæ¨®­ «ì­ë© àï¤ ¬ �®à¨àã¥âáï áã¬¬®© ¤¢ãå¯à®£à¥áá¨© ¨ ¯® ¯à¨§­ ªã �¥©¥àèâà áá  à ¢­®¬¥à­® áå®¤¨âáï.Ǒ®ª �¥¬ â¥¯¥àì, çâ® ­  [0, 1) ­ è àï¤ ­¥ áå®¤¨âáï à ¢­®¬¥à­®.�®á¯®«ì§ã¥¬áï â¥®à¥¬®© ® ¯à¥¤¥«¥ áã¬¬ë äã­ªæ¨®­ «ì­®£® àï¤ 



26 ����� 2. �ã­ªæ¨®­ «ì­ë¥ àï¤ë(á¬. [1℄, áâà. 348). �á«¨ ∞
∑

k=2 fk à ¢­®¬¥à­® áå®¤¨âáï ­  [0, 1), â® ¯®â¥®à¥¬¥ áã¬¬  àï¤  ¡ã¤¥â ¨¬¥âì ª®­¥ç­ë© ¯à¥¤¥« ¢ â®çª¥ 1, ¨lim
x→1−0 ∞

∑

k=2 fk(x) = ∞
∑

k=2 lim
x→1−0 fk(x) = ∞

∑

k=2 1ln k .�® íâ® ­¥¢®§¬®�­®, ¯®áª®«ìªã àï¤ ¢ ¯à ¢®© ç áâ¨ à áå®¤¨âáï. �Ǒà¨¬¥à 5. � áá¬®âà¨¬ àï¤
S(x) = ∞

∑

k=2 lnx(k + 2)
k2+x

.1) �ëïá­¨âì, ¯à¨ ª ª¨å x àï¤ S(x) áå®¤¨âáï.2) �áá«¥¤®¢ âì à ¢­®¬¥à­ãî áå®¤¨¬®áâì àï¤  S ­  ¥£® ®¡« áâ¨®¯à¥¤¥«¥­¨ï ¨ ­  ¬­®�¥áâ¢¥ Xδ = [−1 + δ,+∞), £¤¥ δ > 0.�¥è¥­¨¥. �¡®§­ ç¨¬ ®¡é¨© ç«¥­ àï¤  S ç¥à¥§ fk. Ǒ®ª �¥¬¢­ ç «¥, çâ® S(x) à áå®¤¨âáï ¯à¨ x 6 −1. �á­®, çâ®
fk(−1) = 1

k ln(k + 2) ∼ 1
k ln k (k → ∞).�®£¤  àï¤ S(−1) à áå®¤¨âáï ¯® ¨­â¥£à «ì­®¬ã ¯à¨§­ ªã �®è¨.Ǒãáâì x < −1. � ¯¨è¥¬ fk = gk · 1

k , £¤¥ gk(x) = k−1−xln−x(k + 2) .� ¬¥â¨¬, çâ® lim
k→∞

gk(x) = +∞, ¯®áª®«ìªã áâ¥¯¥­­ ï ¯®á«¥¤®¢ -â¥«ì­®áâì áâà¥¬¨âáï ª ¡¥áª®­¥ç­®áâ¨ ¡ëáâà¥¥ «®£ à¨ä¬ . �­ ç¨â,¯® â¥®à¥¬¥ áà ¢­¥­¨ï S(x) àï¤ à áå®¤¨âáï.� áá¬®âà¨¬ â¥¯¥àì x > −1. �®ª �¥¬ ®æ¥­ªãlnx(k + 2)
k2+x

6 max{ 1
k2+x

,
1
k2}. (2)�¥©áâ¢¨â¥«ì­®, ¥á«¨ x < 0, â® lnx(k + 2) 6 lnx 3 6 1. Ǒãáâì x > 0.�®£¤  ¯à¨ k > 2lnx(k + 2)

kx
= ( ln 2 + ln(1 + k2 )

k

)x

6

( ln 2
k

+ 12)x

6

( ln 2 + 12 )x

< 1,



§ 2. Ǒà¨§­ ª �¥©¥àèâà áá  27®âªã¤  ¨ á«¥¤ã¥â (2).�§ ­¥à ¢¥­áâ¢  (2) ¢ëâ¥ª îâ ¤¢  ¢ë¢®¤ . �®-¯¥à¢ëå, àï¤ S(x)áå®¤¨âáï ¯à¨ x > −1 ¯® â¥®à¥¬¥ áà ¢­¥­¨ï. � ª¨¬ ®¡à §®¬, ®¡« áâì®¯à¥¤¥«¥­¨ï S à ¢­  (−1,+∞). �®-¢â®àëå, ¤«ï k ∈ N ¨ δ > 0 ¬ë¯®«ãç ¥¬ ®æ¥­ªã
‖fk‖Xδ

6 k−σ, £¤¥ σ = min{1 + δ, 2},¨ àï¤ S à ¢­®¬¥à­® áå®¤¨âáï ­  Xδ ¯® ¯à¨§­ ªã �¥©¥àèâà áá .�áâ «®áì ¤®ª § âì, çâ® ­  (−1,+∞) àï¤ S áå®¤¨âáï ­¥à ¢­®¬¥à-­®. �­®¢ì ¢®á¯®«ì§ã¥¬áï â¥®à¥¬®© ® ¯à¥¤¥«¥ áã¬¬ë äã­ªæ¨®­ «ì-­®£® àï¤ . �á«¨ ∞
∑

k=2 fk à ¢­®¬¥à­® áå®¤¨âáï ­  (−1,+∞), â® áã¬¬ àï¤  ¡ã¤¥â ¨¬¥âì ª®­¥ç­ë© ¯à¥¤¥« á¯à ¢  ¢ â®çª¥ −1, ¨lim
x→−1+0 ∞

∑

k=2 fk(x) = ∞
∑

k=2 lim
x→−1+0 fk(x) = ∞

∑

k=2 fk(−1).�® íâ® ­¥¢®§¬®�­®, ¯®áª®«ìªã àï¤ S(−1) à áå®¤¨âáï. ��§ãç¨¬ â¥¯¥àì á ¯®¬®éìî ¯à¨§­ ª  �¥©¥àèâà áá  ¤¢  §­ ª®¯¥-à¥¬¥­­ëå àï¤ .Ǒà¨¬¥à 6. �áá«¥¤®¢ âì à ¢­®¬¥à­ãî áå®¤¨¬®áâì ­  R àï¤ 
∞
∑

k=1 (−1)k3√
k4 + sin kx.�¥è¥­¨¥. � ¬¥â¨¬, çâ®sup

x∈R

∣

∣

∣

∣

(−1)k3√
k4 + sin kx ∣∣∣∣ 6 13√

k4 − 1 ∼ k−4/3 (k → ∞).Ǒ®áª®«ìªã ∞
∑

k=1 k−4/3 < +∞, ¨áå®¤­ë© äã­ªæ¨®­ «ì­ë© àï¤ à ¢­®-¬¥à­® áå®¤¨âáï ­  R. �Ǒà¨¬¥à 7. �áá«¥¤®¢ âì à ¢­®¬¥à­ãî áå®¤¨¬®áâì ­  R àï¤ 
∞
∑

k=2 (−1)k3√
k2 + 
os kx.



28 ����� 2. �ã­ªæ¨®­ «ì­ë¥ àï¤ë�¥è¥­¨¥. �¡®§­ ç¨¬ ®¡é¨© ç«¥­ àï¤  §  fk. Ǒãáâì x ∈ R. �®-£¤  ∣

∣fk(x)∣∣ > 13√
k2+1 ∼ k−2/3. Ǒ®áª®«ìªã ∞

∑

k=2 k−2/3 = +∞, äã­ªæ¨®-­ «ì­ë© àï¤ ­¥ áå®¤¨âáï  ¡á®«îâ­®, ¨ ¯à¨¬¥­¨âì ª ­¥¬ã ¯à¨§­ ª�¥©¥àèâà áá  ­¥ ã¤ áâáï. �â®¡ë ®¡®©â¨ íâã âàã¤­®áâì, ¢ë¤¥«¨¬ ã
fk £« ¢­ãî ç áâì. Ǒ®«®�¨¬

gk(x) = fk(x) − (−1)k3√
k2 = (−1)k+1 
os kx3√

k2( 3√
k2 + 
os kx) .�ï¤ ∞

∑

k=2 (−1)k3√
k2 áå®¤¨âáï ¯® ¯à¨§­ ªã �¥©¡­¨æ  ¨, §­ ç¨â, à ¢­®¬¥à­®áå®¤¨âáï, ¯®áª®«ìªã ®¡é¨© ç«¥­ àï¤  ­¥ § ¢¨á¨â ®â x. Ǒ®íâ®¬ã­ ¬ ¤®áâ â®ç­® ¤®ª § âì à ¢­®¬¥à­ãî áå®¤¨¬®áâì ­  R àï¤  ∞

∑

k=2 gk.�â® ã�¥ ¢ëâ¥ª ¥â ¨§ ¯à¨§­ ª  �¥©¥àèâà áá , ¯®áª®«ìªãsup
x∈R

∣

∣fk(x)∣∣ 6 13√
k2( 3√

k2 − 1) ∼ k−4/3 (k → ∞),  àï¤ ∞
∑

k=2 k−4/3 áå®¤¨âáï. �� ¬¥ç ­¨¥. � à §®¡à ­­®¬ ¯à¨¬¥à¥ ¬ë ¢ë¤¥«¨«¨ £« ¢­ãîç áâì ¯®á«¥¤®¢ â¥«ì­®áâ¨ fk ý¢àãç­ãîþ, á ¯®¬®éìî  «£¥¡à ¨ç¥-áª¨å ¯à¥®¡à §®¢ ­¨©. � ¡®«¥¥ ®¡é¥© á¨âã æ¨¨ íâ® ¬®�­® á¤¥« âìá ¯®¬®éìî ä®à¬ã«ë �¥©«®à  { � £à ­� . � § 5 ¬ë ¯à¨¢¥¤¥¬¯à¨¬¥àë, ¤¥¬®­áâà¨àãîé¨¥ â ª®© ¯®¤å®¤.� ¤ ç¨. �áá«¥¤®¢ âì à ¢­®¬¥à­ãî áå®¤¨¬®áâì äã­ªæ¨®­ «ì-­®£® àï¤  ­  ãª § ­­ëå ¬­®�¥áâ¢ å.2.1. ∞
∑

k=2 x
(

π2 − ar
tg(kx))(ln k)p ­  [0,+∞), £¤¥ p > 1.2.2. ∞
∑

k=1 x
(ln k − lnx)
k2 + ln k ­  (0, A℄, £¤¥ A > 0.2.3. ∞

∑

k=1 k · ar
tg√x
k1 + k2x2 ­  [0, δ), [δ, A℄ ¨ [A,+∞), £¤¥ 0 < δ < A.
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§ 3. Ǒà¨§­ ª¨ �¨à¨å«¥ ¨ �¡¥«ïǑà¨§­ ª �¥©¥àèâà áá  ¨¬¥¥â á¥àì¥§­®¥ ®£à ­¨ç¥­¨¥: á ¥£® ¯®¬®-éìî ¬®�­® ¨áá«¥¤®¢ âì â®«ìª®  ¡á®«îâ­® áå®¤ïé¨¥áï àï¤ë. � á-á¬®âà¨¬ â¥¯¥àì ¤®áâ â®ç­ë¥ ãá«®¢¨ï à ¢­®¬¥à­®© áå®¤¨¬®áâ¨ §­ -ª®¯¥à¥¬¥­­ëå àï¤®¢. � �­ãî à®«ì ¡ã¤ãâ ¨£à âì ¯à¨§­ ª¨ �¨à¨-å«¥ ¨ �¡¥«ï. �å ¤®ª § â¥«ìáâ¢® ®á­®¢ ­® ­  ¯à¥®¡à §®¢ ­¨¨ �¡¥«ï¨ ¢ëâ¥ª îé¥© ¨§ ­¥£® ®æ¥­ª¨. �¢¨¤ã ¢ �­®áâ¨ íâ®© ®æ¥­ª¨ ¯à¨-¢¥¤¥¬ ¥¥ ¢ë¢®¤.�¥¬¬  1. Ǒà¥®¡à §®¢ ­¨¥ �¡¥«ï. Ǒãáâì {

ak
} ¨ {

bk
} |ç¨á«®¢ë¥ ¯®á«¥¤®¢ â¥«ì­®áâ¨, m ∈ Z+, n ∈ N, n > m. Ǒ®«®�¨¬

Ak = k
∑

j=1 aj ¯à¨ k ∈ N, A0 = 0. �®£¤ 
n
∑

k=m+1 akbk = Anbn −Ambm+1 + n−1
∑

k=m+1Ak(bk − bk+1).�á«¨ ¯®á«¥¤®¢ â¥«ì­®áâì {bk} ¬®­®â®­­ , â® á¯à ¢¥¤«¨¢® ­¥à -¢¥­áâ¢®
∣

∣

∣

∣

n
∑

k=m+1 akbk∣∣∣∣ 6 4 max
m6k6n

|Ak| ·max{|bm+1|, |bn|}. (3)�®ª § â¥«ìáâ¢®. Ǒà®¢¥à¨¬ ¯¥à¢®¥ à ¢¥­áâ¢®:
n
∑

k=m+1 akbk = n
∑

k=m+1(Ak −Ak−1)bk == n
∑

k=m+1Akbk −
n
∑

k=m+1Ak−1bk = n
∑

k=m+1Akbk −
n−1
∑

k=m

Akbk+1 == Anbn −Ambm+1 + n−1
∑

k=m+1Ak(bk − bk+1).Ǒãáâì â¥¯¥àì ¯®á«¥¤®¢ â¥«ì­®áâì {

bk
} ¬®­®â®­­ . �®£¤  ¢á¥ à §-­®áâ¨ bk−bk+1 ¨¬¥îâ ®¤¨­ ª®¢ë© §­ ª. Ǒ®«®�¨¬M = max

m6k6n
|Ak|.



30 ����� 2. �ã­ªæ¨®­ «ì­ë¥ àï¤ë�ë ¯®«ãç¨¬
∣

∣

∣

∣

n
∑

k=m+1 akbk∣∣∣∣ 6 M

(

|bm+1|+ |bn|+ n−1
∑

k=m+1 |bk − bk+1|) ==M

(

|bm+1|+ |bn|+ ∣

∣

∣

∣

n−1
∑

k=m+1(bk − bk+1)∣∣∣
∣

) ==M
(

|bm+1|+ |bn|+ |bm+1 − bn|
)

6 4M max{|bm+1|, |bn|}. ��ä®à¬ã«¨àã¥¬ â¥¯¥àì ¯à¨§­ ª¨ �¨à¨å«¥ ¨ �¡¥«ï à ¢­®¬¥à­®©áå®¤¨¬®áâ¨ àï¤ .�¥®à¥¬  1. Ǒà¨§­ ª �¨à¨å«¥. Ǒãáâì X { ¬­®�¥áâ¢®, {fk}¨ {

gk
} { ¯®á«¥¤®¢ â¥«ì­®áâ¨ äã­ªæ¨© ­  X. Ǒà¥¤¯®«®�¨¬, çâ®1) áãé¥áâ¢ã¥â â ª®¥ C > 0, çâ® ∣

∣

∣

∣

n
∑

k=1 fk(x)∣∣∣∣ 6 C ¤«ï ¢á¥å n ∈ N¨ x ∈ X;2) ¯à¨ «î¡®¬ x ∈ X ¯®á«¥¤®¢ â¥«ì­®áâì {gk(x)} ¬®­®â®­­  ¨
gk ⇉

k→∞
0 (X).�®£¤  àï¤ ∞

∑

k=1 fkgk à ¢­®¬¥à­® áå®¤¨âáï ­  X.�¥®à¥¬  2. Ǒà¨§­ ª �¡¥«ï. Ǒãáâì X { ¬­®�¥áâ¢®, {fk} ¨
{

gk
} { ¯®á«¥¤®¢ â¥«ì­®áâ¨ äã­ªæ¨© ­  X. Ǒà¥¤¯®«®�¨¬, çâ®1) àï¤ ∞

∑

k=1 fk à ¢­®¬¥à­® áå®¤¨âáï ­  X;2) ¯à¨ «î¡®¬ x ∈ X ¯®á«¥¤®¢ â¥«ì­®áâì {gk(x)} ¬®­®â®­­  ¨sup
k∈N

‖gk‖X < +∞.�®£¤  àï¤ ∞
∑

k=1 fkgk à ¢­®¬¥à­® áå®¤¨âáï ­  X.�®ª § â¥«ìáâ¢  íâ¨å â¥®à¥¬ ®á­®¢ ­ë ­  ¯à¥®¡à §®¢ ­¨¨ �¡¥«ï.�å ¬®�­® ­ ©â¨ ¢ [1℄, áâà. 344.Ǒà¨§­ ª �¨à¨å«¥ ¯®«¥§¥­ ¯à¨ ¨§ãç¥­¨¨ âà¨£®­®¬¥âà¨ç¥áª¨å àï-¤®¢. �â®¡ë ¯à¨¬¥­ïâì ¥£® ­  ¯à ªâ¨ª¥, ­ ¬ ¯®âà¥¡ã¥âáï ¢ëç¨á«¨âì¨ ®æ¥­¨âì áã¬¬ë á¨­ãá®¢ ¨ ª®á¨­ãá®¢ ªà â­ëå ã£«®¢. �¤¥« ¥¬ íâ®.



§ 3. Ǒà¨§­ ª¨ �¨à¨å«¥ ¨ �¡¥«ï 31�¥¬¬  2. Ǒãáâì m ∈ Z+, n ∈ N, m < n, x ∈ (0, 2π). �®£¤ 
n
∑

k=m+1 sin kx = 
os(m+ 12)x− 
os(n+ 12)x2 sin x2 ,

n
∑

k=m+1 
os kx = sin(n+ 12)x− sin(m+ 12)x2 sin x2 .�®ª § â¥«ìáâ¢®. Ǒà®¢¥à¨¬ ¯¥à¢®¥ à ¢¥­áâ¢®:
n
∑

k=m+1 sin kx = 1sin x2 n
∑

k=m+1 sin kx · sin x2 == 12 sin x2 n
∑

k=m+1(
os(k − 12)x− 
os(k + 12)x) == 
os(m+ 12)x− 
os(n+ 12)x2 sin x2(¯à®¬¥�ãâ®ç­ë¥ á« £ ¥¬ë¥ ¢ áã¬¬¥ á®ªà é îâáï). �â®à®¥ à ¢¥­-áâ¢® ¤®ª §ë¢ ¥âáï  ­ «®£¨ç­®, ¯à¥¤« £ ¥¬ ç¨â â¥«î á¤¥« âì íâ®á ¬®áâ®ïâ¥«ì­®. ��«¥¤áâ¢¨¥. � ãá«®¢¨ïå «¥¬¬ë 2 á¯à ¢¥¤«¨¢ë ­¥à ¢¥­áâ¢ 
∣

∣

∣

∣

n
∑

k=m+1 sin kx∣∣∣∣ 6 1sin x2 ,

∣

∣

∣

∣

n
∑

k=m+1 
os kx∣∣∣∣ 6 1sin x2 . (4)�®ª § â¥«ìáâ¢®. �®áâ â®ç­® ¢ëç¨á«¨âì íâ¨ áã¬¬ë ¯® «¥¬¬¥ 2¨ § ¬¥â¨âì, çâ® ¬®¤ã«¨ ç¨á«¨â¥«¥© ­¥ ¯à¥¢®áå®¤ïâ 2. �Ǒà¨¬¥à 1. �áá«¥¤®¢ âì à ¢­®¬¥à­ãî áå®¤¨¬®áâì ∞
∑

k=1 sin kxk
­ ¬­®�¥áâ¢ å X = [0, δ℄ ¨ Y = [δ, 2π − δ℄, £¤¥ δ ∈ (0, π).�¥è¥­¨¥. �  X à ¢­®¬¥à­®© áå®¤¨¬®áâ¨ ­¥ ¡ã¤¥â. �â® ¢ëâ¥-ª ¥â ¨§ â¥®à¥¬ë 3 § 1, ¯®áª®«ìªã lim

k→∞
k · 1

k = 1 6= 0. �®ª �¥¬, çâ®



32 ����� 2. �ã­ªæ¨®­ «ì­ë¥ àï¤ë­  Y àï¤ à ¢­®¬¥à­® áå®¤¨âáï. Ǒãáâì n ∈ N, x ∈ Y . Ǒà¨¬¥­ïï®æ¥­ªã (4) ¯à¨ m = 0, ¬ë ¯®«ãç¨¬
∣

∣

∣

∣

n
∑

k=1 sin kx∣∣∣∣ 6 1sin x2 6
1sin δ2 .�à®¬¥ â®£®, 1

k ã¡ë¢ ¥â ¨ 1
k ⇉

k→∞
0 ­  Y . �áâ «®áì ¯à¨¬¥­¨âì ¯à¨-§­ ª �¨à¨å«¥. �� ¬¥ç ­¨¥. Ǒ®¯ãâ­® ¬ë ¤®ª § «¨, çâ® àï¤ ∞

∑

k=1 sin kxk
¯®â®ç¥ç-­® áå®¤¨âáï ­  R. �¥©áâ¢¨â¥«ì­®, áå®¤¨¬®áâì àï¤  ¢ ­ã«¥ ®ç¥¢¨¤-­ . �î¡ ï â®çª  x ∈ (0, 2π) «¥�¨â ¢ ­¥ª®â®à®¬ ¯à®¬¥�ãâª¥ ¢¨¤ [δ, 2π − δ℄, ¯®íâ®¬ã ¢ ­¥© àï¤ â ª�¥ áå®¤¨âáï. �áâ «®áì ¢®á¯®«ì§®-¢ âìáï 2π-¯¥à¨®¤¨ç­®áâìî ®¡é¥£® ç«¥­  àï¤ .Ǒà¨¬¥à 2. �áá«¥¤®¢ âì à ¢­®¬¥à­ãî áå®¤¨¬®áâì ∞

∑

k=1 
os kxk + x2 ­ ¬­®�¥áâ¢¥ X = [δ, 2π − δ℄, £¤¥ δ ∈ (0, π).�¥è¥­¨¥. Ǒà¨¬¥­ïï ®æ¥­ªã (4) ¯à¨ m = 0, ¬ë ¯®«ãç¨¬
∣

∣

∣

∣

n
∑

k=1 
os kx∣∣∣∣ 6 1sin x2 6
1sin δ2 .�à®¬¥ â®£®, ¯®«®�¨¬ gk(x) = (

k + x2)−1. �®£¤  ¯à¨ «î¡®¬ x ∈ X¯®á«¥¤®¢ â¥«ì­®áâì gk(x) ã¡ë¢ ¥â ¨
‖gk‖X = sup

x∈X

1
k + x2 = 1

k
→ 0 (k → ∞).�áâ «®áì ¯à¨¬¥­¨âì ¯à¨§­ ª �¨à¨å«¥. �Ǒà¨¬¥à 3. �áá«¥¤®¢ âì à ¢­®¬¥à­ãî áå®¤¨¬®áâì àï¤ 

∞
∑

k=1 x · sin kxln k + k2x2­  ¬­®�¥áâ¢ å X = [0, π℄ ¨ Y = [δ,+∞), £¤¥ δ > 0.



§ 3. Ǒà¨§­ ª¨ �¨à¨å«¥ ¨ �¡¥«ï 33�¥è¥­¨¥. Ǒ®ª �¥¬ ¢­ ç «¥, çâ® ¯à¨ «î¡®¬ δ > 0 àï¤ à ¢­®-¬¥à­® áå®¤¨âáï ­  Y . �¥©áâ¢¨â¥«ì­®, ¤«ï x > δ ¨ k ∈ N

∣

∣

∣

∣

x · sin kxln k + k2x2 ∣∣∣∣ 6 x

k2x2 = 1
k2x 6

1
k2δ .�áâ «®áì ¯à¨¬¥­¨âì ¯à¨§­ ª �¥©¥àèâà áá .�®ª �¥¬ â¥¯¥àì, çâ® ¨ ­  X àï¤ à ¢­®¬¥à­® áå®¤¨âáï. � ¯¨è¥¬®¡é¨© ç«¥­ àï¤  ¢ ¢¨¤¥ fk · gk, £¤¥

fk(x) = x · sin kx, gk(x) = 1ln k + k2x2 ,¨ ¯à®¢¥à¨¬ ãá«®¢¨ï ¯à¨§­ ª  �¨à¨å«¥. �á«¨ N ∈ N ¨ x ∈ (0, π℄, â®¢ á¨«ã (4) ¨ ¢®£­ãâ®áâ¨ á¨­ãá 
∣

∣

∣

∣

N
∑

k=1x · sin kx∣∣∣
∣

6
xsin x2 6

x2
π · x2 = π.�â® ­¥à ¢¥­áâ¢® ¢¥à­® ¨ ¯à¨ x = 0. �à®¬¥ â®£®, ¯à¨ «î¡®¬ x ∈ X¯®á«¥¤®¢ â¥«ì­®áâì gk(x) ã¡ë¢ ¥â, ¨

‖gk‖X 6 sup
x∈[0,π℄ xln k + k2x2 6

πln k → 0 (k → ∞).�áâ «®áì ¯à¨¬¥­¨âì ¯à¨§­ ª �¨à¨å«¥. �Ǒà¨¬¥à 4. �áá«¥¤®¢ âì à ¢­®¬¥à­ãî áå®¤¨¬®áâì ­  ¬­®�¥áâ¢¥
X = [0,+∞) àï¤ 

∞
∑

k=1 sinx · 
os kx
kx ln k + 1 · ar
tg(kx).�¥è¥­¨¥. �®á¯®«ì§ã¥¬áï ¯à¨§­ ª®¬ �¡¥«ï. � ¬¥â¨¬, çâ® ¯à¨«î¡®¬ x ∈ X ¯®á«¥¤®¢ â¥«ì­®áâì ar
tg(kx) ¬®­®â®­­  ¨sup

x∈X

∣

∣ar
tg(kx)∣∣ 6 π2 ¤«ï ¢á¥å k ∈ N.



34 ����� 2. �ã­ªæ¨®­ «ì­ë¥ àï¤ëǑ®íâ®¬ã ­ ¬ ¤®áâ â®ç­® ¯à®¢¥à¨âì à ¢­®¬¥à­ãî áå®¤¨¬®áâì ­  Xàï¤ 
∞
∑

k=1 sinx · 
os kx
kx ln k + 1 .Ǒà¨¬¥­¨¬ ª ­¥¬ã ¯à¨§­ ª �¨à¨å«¥. Ǒãáâì N ∈ N, x ∈ X , x2π /∈ Z.� á¨«ã (4)

∣

∣

∣

∣

N
∑

k=1 sinx · 
os kx∣∣∣
∣

6
| sinx|
| sin x2 | = 2∣∣
os x2 ∣∣ 6 2.�â  ®æ¥­ª  ¢¥à­  ¨ ¯à¨ x2π ∈ Z. �à®¬¥ â®£®, ¯à¨ «î¡®¬ x ∈ X¯®á«¥¤®¢ â¥«ì­®áâì (kx ln k + 1)−1 ã¡ë¢ ¥â, ¨sup

x>0 1
kx ln k + 1 = 1ln k + 1 → 0 (k → ∞).� ª¨¬ ®¡à §®¬, ãá«®¢¨ï ¯à¨§­ ª  �¨à¨å«¥ ¢ë¯®«­¥­ë. �� £« ¢¥ IV ãç¥¡­¨ª  [2℄ áä®à¬ã«¨à®¢ ­ë ªà¨â¥à¨¨ à ¢­®¬¥à­®©áå®¤¨¬®áâ¨ âà¨£®­®¬¥âà¨ç¥áª®£® àï¤  ¨ à ¢­®¬¥à­®© ®£à ­¨ç¥­-­®áâ¨ ¥£® ç áâ¨ç­ëå áã¬¬. Ǒà¨¢¥¤¥¬ ¨å ¢ë¢®¤. �«ï íâ®£® ­ ¬¯®âà¥¡ã¥âáï á«¥¤ãîé ï ®æ¥­ª .�¥¬¬  3. Ǒãáâì {

ck
}∞
k=1 | ã¡ë¢ îé ï ¯®á«¥¤®¢ â¥«ì­®áâì¯®«®�¨â¥«ì­ëå ç¨á¥«, m ∈ Z+, n ∈ N, m < n, x ∈ (0, 2π). �®£¤ 

∣

∣

∣

∣

n
∑

k=m+1 ck sin kx∣∣∣∣ 6 (π + 4) sup
k>m+1 kck. (5)�®ª § â¥«ìáâ¢®. �®�­® áç¨â âì x ∈ (0, π℄, ¯®áª®«ìªã ­¥à -¢¥­áâ¢® ­¥ ¬¥­ï¥âáï ¯à¨ § ¬¥­¥ x ­  2π − x. Ǒ®«®�¨¬

S(p, q) = q
∑

k=p+1 ák sin kx, σp = sup
k>p+1 kák.Ǒãáâì N = [

π
x

]. �®£¤  N 6 π
x ¨ π

x < N+1. � áá¬®âà¨¬ âà¨ á«ãç ï.



§ 3. Ǒà¨§­ ª¨ �¨à¨å«¥ ¨ �¡¥«ï 351) N > n. �á¯®«ì§ãï ­¥à ¢¥­áâ¢® | sin kx| 6 kx, ¬ë ¯®«ãç¨¬
|S(m,n)| 6 n

∑

k=m+1 ák| sin kx| 6 x
n
∑

k=m+1 kák 6 x(n−m)σm < πσm,¯®áª®«ìªã x(n−m) < xn 6 xN 6 π.2) N 6 m. �á«¨ q ∈ {m + 1, . . . , n}, â® ¢ á¨«ã (4) ¨ ¢®£­ãâ®áâ¨á¨­ãá  ­  [0, π2 ]
∣

∣

∣

∣

q
∑

k=1 sin kx∣∣∣∣ 6 1sin x2 6
12

π · x2 = π

x
< N + 1 6 m+ 1.Ǒ®áª®«ìªã ¯®á«¥¤®¢ â¥«ì­®áâì {ck} ã¡ë¢ ¥â, ¬ë ¬®�¥¬ ¯à¨¬¥­¨âì®æ¥­ªã (3) á ak = sin kx ¨ bk = ck:

|S(m,n)| 6 4 max
m6q6n

∣

∣

∣

∣

q
∑

k=1 sin kx∣∣∣∣ · cm+1 6 4 (m+ 1) cm+1 6 4σm.3) m < N 6 n. �®£¤  ¢ á¨«ã 1) ¨ 2)
∣

∣S(m,n)∣∣ 6 ∣

∣S(m,N)∣∣+ ∣

∣S(N,n)∣∣ 6 πσm + 4σN 6 (π + 4)σm.� ª¨¬ ®¡à §®¬, ¢ «î¡®¬ ¨§ âà¥å á«ãç ¥¢ ­¥à ¢¥­áâ¢® (5) á¯à ¢¥¤-«¨¢® ¯à¨ «î¡®¬ x ∈ (0, 2π). ��¥®à¥¬  3. Ǒãáâì {

ck
}∞
k=1 | ã¡ë¢ îé ï ¯®á«¥¤®¢ â¥«ì­®áâì¯®«®�¨â¥«ì­ëå ç¨á¥«, ¨

S(x) = ∞
∑

k=1 ck sin kx, x ∈ R.�®£¤  á¯à ¢¥¤«¨¢ë á«¥¤ãîé¨¥ ãâ¢¥à�¤¥­¨ï.1) � áâ¨ç­ë¥ áã¬¬ë àï¤  S à ¢­®¬¥à­® ®£à ­¨ç¥­ë ­  R â®£¤ ¨ â®«ìª® â®£¤ , ª®£¤  ¯®á«¥¤®¢ â¥«ì­®áâì {kck} ®£à ­¨ç¥­ .2) �ï¤ S à ¢­®¬¥à­® áå®¤¨âáï ­  R â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ lim
k→∞

kck = 0.



36 ����� 2. �ã­ªæ¨®­ «ì­ë¥ àï¤ë�®ª § â¥«ìáâ¢®. Ǒ®«®�¨¬ Sn(x) = n
∑

k=1 ck sin kx.1) Ǒãáâì áãé¥áâ¢ã¥â â ª®¥ M > 0, çâ®
∣

∣Sn(x)∣∣ 6 M ¯à¨ ¢á¥å n ∈ N ¨ x ∈ R.Ǒ®«®�¨¬ m = [

n2 ]. �®£¤  ¯® á«¥¤áâ¢¨î «¥¬¬ë 1 § 1 ¤«ï «î¡®£®
n ∈ N

ncn 6 4 sup
x∈[0,π℄ ∣∣∣∣ n

∑

k=m+1 ck sin kx∣∣∣∣ = 4 sup
x∈[0,π℄ ∣∣Sn(x)− Sm(x)∣∣∣

∣

6 8M.�¡à â­®, ¯ãáâì ¯®á«¥¤®¢ â¥«ì­®áâì {kck} ®£à ­¨ç¥­ . Ǒà¨¬¥­ïï®æ¥­ªã (5) ¯à¨ m = 0, ¬ë ¯®«ãç¨¬
∣

∣Sn(x)∣∣ 6 (π + 4) · sup
k∈N

kck ¯à¨ ¢á¥å n ∈ N ¨ x ∈ [0, 2π).� á¨«ã ¯¥à¨®¤¨ç­®áâ¨ Sn íâ  ®æ¥­ª  ¢¥à­  ¤«ï «î¡®£® x ∈ R.2) �¥®¡å®¤¨¬®áâì ¢ëâ¥ª ¥â ¨§ â¥®à¥¬ë 3 § 1. �®ª �¥¬ ¤®áâ -â®ç­®áâì. � á¨«ã ¯¥à¨®¤¨ç­®áâ¨ S(x) ¤®áâ â®ç­® ¯à®¢¥à¨âì à ¢­®-¬¥à­ãî áå®¤¨¬®áâì S ­  (0, 2π). Ǒà¥¤¯®«®�¨¬, çâ® lim
k→∞

kck = 0.Ǒ® ε > 0 ¯®¤¡¥à¥¬ â ª®¥ N ∈ N, çâ® kck <
ε

π + 4 ¯à¨ k > N . Ǒãáâì
m,n ∈ N, N < m < n, x ∈ (0, 2π). �®£¤  ¨§ ­¥à ¢¥­áâ¢  (5)

∣

∣

∣

∣

n
∑

k=m+1 ck sin kx∣∣∣∣ 6 (π + 4) sup
k>m+1 kck 6 ε.� ª¨¬ ®¡à §®¬, ¯® ªà¨â¥à¨î �®«ìæ ­® { �®è¨ àï¤ S à ¢­®¬¥à­®áå®¤¨âáï ­  x ∈ (0, 2π). �Ǒ¥à¢®¥ ãâ¢¥à�¤¥­¨¥ â¥®à¥¬ë 3 ¡ë¢ ¥â ¯®«¥§­ë¬ ¯à¨ ¨á¯®«ì§®-¢ ­¨¨ ¯à¨§­ ª  �¨à¨å«¥. Ǒà¨¢¥¤¥¬ á®®â¢¥âáâ¢ãîé¨© ¯à¨¬¥à.Ǒà¨¬¥à 5. �®ª § âì à ¢­®¬¥à­ãî áå®¤¨¬®áâì ­  R àï¤ 

∞
∑

k=2 sin kx
k
√ln2 k + x2 .



§ 4. Ǒà¨§­ ª �¥©¡­¨æ  37�¥è¥­¨¥. Ǒ® ¯¥à¢®¬ã ãâ¢¥à�¤¥­¨î â¥®à¥¬ë 3 áã¬¬ë n
∑

k=2 sin kx
kà ¢­®¬¥à­® ®£à ­¨ç¥­ë ­  R. �à®¬¥ â®£®, ¯à¨ «î¡®¬ x ¯®á«¥¤®-¢ â¥«ì­®áâì 1

√ln2 k + x2 ã¡ë¢ ¥â ¨sup
x∈R

1
√ln2 k + x2 = 1ln k → 0 (k → ∞).� ª¨¬ ®¡à §®¬, ­ è àï¤ áå®¤¨âáï à ¢­®¬¥à­® ­  R ¯® ¯à¨§­ ªã�¨à¨å«¥. �� ¤ ç¨. �áá«¥¤®¢ âì à ¢­®¬¥à­ãî áå®¤¨¬®áâì äã­ªæ¨®­ «ì-­®£® àï¤  ­  ãª § ­­ëå ¬­®�¥áâ¢ å.3.1. ∞

∑

k=3 
os(kx+ 1
k

)ln(k + x2) ­  (0, δ℄, [δ, 2π−δ℄ ¨ [2π−δ, 2π), £¤¥ δ ∈ [0, π℄.3.2. ∞
∑

k=2 (sin2 kx− sin2(k − 1)x)
k + 1ln k

·
os ln k
k + x2 ­  [−A,A℄, £¤¥ A > 0.3.3. ∞

∑

k=2 (−1)k3√
k2 + sin(kx) ­  R.3.4. ∞

∑

k=4 sin(kx) · 
os(x
k

)

k
√ln(ln k) ­  [0, 2π℄.

§ 4. Ǒà¨§­ ª �¥©¡­¨æ �ä®à¬ã«¨àã¥¬ ¢ �­ë© ç áâ­ë© á«ãç © ¯à¨§­ ª  �¨à¨å«¥ à ¢-­®¬¥à­®© áå®¤¨¬®áâ¨ äã­ªæ¨®­ «ì­®£® àï¤  | ¯à¨§­ ª �¥©¡­¨æ .�¥®à¥¬  1. Ǒà¨§­ ª �¥©¡­¨æ . Ǒãáâì X | ¬­®�¥áâ¢®,
{

gk
} | ¯®á«¥¤®¢ â¥«ì­®áâì äã­ªæ¨© ­  X. Ǒà¥¤¯®«®�¨¬, çâ®1) ¤«ï «î¡®£® x ∈ X ¯®á«¥¤®¢ â¥«ì­®áâì gk(x) ¬®­®â®­­ ;2) gk ⇉

k→∞
0 ­  X.�®£¤  àï¤ ∞

∑

k=1(−1)kgk à ¢­®¬¥à­® áå®¤¨âáï ­  X.



38 ����� 2. �ã­ªæ¨®­ «ì­ë¥ àï¤ë�®ª § â¥«ìáâ¢®. �®áâ â®ç­® ¯®«®�¨âì fk = (−1)k ¨ ¯à¨¬¥-­¨âì ¯à¨§­ ª �¨à¨å«¥. �� ¬¥ç ­¨¥ 1. �á«®¢¨¥ 1) â¥®à¥¬ë 1 ¬®�­® ®á« ¡¨âì: ¤®áâ -â®ç­® ¯®âà¥¡®¢ âì áãé¥áâ¢®¢ ­¨ï â ª®£® N ∈ N, çâ® ¤«ï «î¡®£®
x ∈ X ¯®á«¥¤®¢ â¥«ì­®áâì {

gk(x)}∞
k=N

¬®­®â®­­ . �â¬¥â¨¬, çâ®ç¨á«® N ¤®«�­® ¡ëâì ®¡é¨¬ ¤«ï ¢á¥å x ∈ X .� ¬¥ç ­¨¥ 2. Ǒãáâì m ∈ Z+, n ∈ N, m < n. Ǒ®áª®«ìªã áã¬-¬ë n
∑

k=m+1(−1)k ®£à ­¨ç¥­ë ¯® ¬®¤ã«î ¥¤¨­¨æ¥©, ¨§ (3) ¢ëâ¥ª ¥â®æ¥­ª 
∣

∣

∣

∣

n
∑

k=m+1(−1)kgk(x)∣∣∣∣ 6 4 ·max{‖gm+1‖X , ‖gn‖X
} (x ∈ X).Ǒà¨¬¥à 1. �áá«¥¤®¢ âì à ¢­®¬¥à­ãî áå®¤¨¬®áâì àï¤ 

S(x) = ∞
∑

k=1 sin(π√k2 + x2 )­  R ¨ ­  ¬­®�¥áâ¢ å ¢¨¤  [−A,A℄ ¯à¨ A > 0.�¥è¥­¨¥. Ǒãáâì A > 0, X = [−A,A℄. �®ª �¥¬, çâ® àï¤ Sà ¢­®¬¥à­® áå®¤¨âáï ­  X . � ¬¥â¨¬, çâ®sin(π√k2 + x2 ) = (−1)k sinπ (

√

k2 + x2 − k
) == (−1)k sin( πx2

k +√
k2 + x2).Ǒ®«®�¨¬

ak(x) = πx2
k +√

k2 + x2 , gk = sin ak,¨ ¯à®¢¥à¨¬ ¤«ï {

gk
} ãá«®¢¨ï ¯à¨§­ ª  �¥©¡­¨æ . �á­®, çâ® ¯à¨«î¡®¬ x ∈ R ¯®á«¥¤®¢ â¥«ì­®áâì ak(x) ã¡ë¢ ¥â. �«ï x ∈ [−A,A℄á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢® 0 < ak(x) < πA22k . �®£¤  ak(x) ∈ (0, π2 ) ¯à¨

k > A2. Ǒ®íâ®¬ã ¨ {

gk(x)} ã¡ë¢ ¥â, ­ ç¨­ ï á [A2]+1. �à®¬¥ â®£®,sup
x∈X

∣

∣gk(x)∣∣ 6 sup
x∈X

∣

∣ak(x)∣∣ 6 πA22k → 0 (k → ∞).



§ 4. Ǒà¨§­ ª �¥©¡­¨æ  39� ª¨¬ ®¡à §®¬, {gk} ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ ¯à¨§­ ª  �¥©¡­¨æ .�®ª �¥¬ â¥¯¥àì, çâ® ­  R àï¤ S ­¥ áå®¤¨âáï à ¢­®¬¥à­®. � ¬¥-â¨¬, çâ® ¯®â®ç¥ç­® àï¤ áå®¤¨âáï ­  R, â ª ª ª «î¡®¥ x ∈ R «¥�¨â ¢­¥ª®â®à®¬ ®âà¥§ª¥ ¢¨¤  [−A,A℄. Ǒ®«®�¨¬ fk(x) = sin (π√k2 + x2 ).�¡à §®¬ äã­ªæ¨¨ x 7→ π
√
k2 + x2 ï¢«ï¥âáï ¯à®¬¥�ãâ®ª [πk,+∞),¯®íâ®¬ã ®­  ¯à¨­¨¬ ¥â §­ ç¥­¨¥ πk+ π2 ¢ ­¥ª®â®à®© â®çª¥ x0. �®£¤ 1 > sup

x∈R

∣

∣fk(x)∣∣ > ∣

∣fk(x0)∣∣ = ∣

∣sin(π2 + πk
)∣

∣ = 1,â® ¥áâì ‖fk‖R = 1 ¤«ï «î¡®£® k ∈ N. �­ ç¨â, ‖fk‖R 6→ 0, ¨ àï¤ S ­¥áå®¤¨âáï à ¢­®¬¥à­® ¯® â¥®à¥¬¥ 2 § 1. �Ǒà¨¬¥à 2. �áá«¥¤®¢ âì à ¢­®¬¥à­ãî áå®¤¨¬®áâì ­  ¬­®�¥áâ¢¥
X = [0,+∞) àï¤ 

S(x) = ∞
∑

k=1(−1)k(ar
tg(k + 1)x− ar
tg kx).�¥è¥­¨¥. Ǒ®«®�¨¬ gk(x) = ar
tg(k + 1)x − ar
tg kx ¨ ¯à®¢¥-à¨¬ ¤«ï {

gk
} ãá«®¢¨ï ¯à¨§­ ª  �¥©¡­¨æ . Ǒ® ä®à¬ã«¥ à §­®áâ¨ àªâ ­£¥­á®¢

gk(x) = ar
tg (k + 1)x− kx1 + (k + 1)x · kx = ar
tg x1 + k(k + 1)x2 .�âáî¤  ïá­®, çâ® ¯à¨ «î¡®¬ x > 0 ¯®á«¥¤®¢ â¥«ì­®áâì gk(x) ã¡ë-¢ ¥â. �à®¬¥ â®£®,
(

x1 + k(k + 1)x2)′ = 1− k(k + 1)x2
(1 + k(k + 1)x2)2 .Ǒ®íâ®¬ã ­ ¨¡®«ìè¥¥ §­ ç¥­¨¥ gk ­  [0,+∞) ¤®áâ¨£ ¥âáï ¢ â®çª¥

x0 = 1√
k(k+1) , ¨

‖gk‖X = ∣

∣gk(x0)∣∣ 6 x01 + k(k + 1)x20 = 12√k(k + 1) → 0 (k → ∞).



40 ����� 2. �ã­ªæ¨®­ «ì­ë¥ àï¤ë� ª¨¬ ®¡à §®¬, àï¤ à ¢­®¬¥à­® áå®¤¨âáï ­  [0,+∞) ¯® ¯à¨§­ ªã�¥©¡­¨æ . �� ¬¥ç ­¨¥. Ǒ®áª®«ìªã ®¡é¨© ç«¥­ àï¤  § ¢¨á¨â ®â x ­¥ç¥â­ë¬®¡à §®¬, ¬ë ä ªâ¨ç¥áª¨ ¤®ª § «¨ à ¢­®¬¥à­ãî áå®¤¨¬®áâì àï¤ ­  R.Ǒà¨¬¥à 3. �áá«¥¤®¢ âì à ¢­®¬¥à­ãî áå®¤¨¬®áâì ­  ¬­®�¥áâ¢¥
X = [0,+∞) àï¤ 

S(x) = ∞
∑

k=1 (−1)k
k + 
os x

k

.�¥è¥­¨¥. Ǒ®«®�¨¬ gk(x) = 1
k + 
os x

k

. Ǒ®¯à®¡ã¥¬ ¢®á¯®«ì§®-¢ âìáï ¯à¨§­ ª®¬ �¥©¡­¨æ . � ¬ ­ã�­® ¯®¤®¡à âì â ª®¥ N ∈ N,­¥ § ¢¨áïé¥¥ ®â x, ­ ç¨­ ï á ª®â®à®£® ¡ã¤¥â ¬®­®â®­­®© ¯®á«¥¤®-¢ â¥«ì­®áâì ak(x) = k + 
os x
k (á¬. § ¬¥ç ­¨¥ 1 ª â¥®à¥¬¥ 1). �«ï

k ∈ N ¯®«®�¨¬ xk = πk(k + 1). �®£¤  ¯à¨ ­¥ç¥â­®¬ k

ak+1(xk)− ak(xk) = 1 + 
osπk − 
osπ(k + 1) = −1 < 0,
ak+2(xk)− ak+1(xk) = 1 + 
os xk

k+2 − 
osπ(k + 1) = 2 + 
os xk

k+2 > 0.Ǒ®íâ®¬ã ak(xk) > ak+1(xk) < ak+2(xk), ¨ ãá«®¢¨¥ 1) ¢ ¯à¨§­ ª¥�¥©¡­¨æ  ­¥ ¢ë¯®«­¥­® ¤ �¥ ¢ ®á« ¡«¥­­®¬ ¢ à¨ ­â¥.�â®¡ë ®¡®©â¨ íâã âàã¤­®áâì, ¢®á¯®«ì§ã¥¬áï ¬¥â®¤®¬ ¢ë¤¥«¥­¨ï£« ¢­®© ç áâ¨, ¨á¯®«ì§®¢ ­­ë¬ à ­¥¥ ¢ ¯à¨¬¥à¥ 7 § 2. � ¯¨è¥¬(−1)kgk(x) = (−1)k
k

+ (−1)k
k + 
os x

k

− (−1)k
k

= (−1)k
k

+ (−1)k+1 
os x
k

k
(

k + 
os x
k

) .�ï¤ ∞
∑

k=1 (−1)k
k áå®¤¨âáï ¯® ¯à¨§­ ªã �¥©¡­¨æ ,   §­ ç¨â, à ¢­®¬¥à­®áå®¤¨âáï, ¯®áª®«ìªã ¥£® ®¡é¨© ç«¥­ ­¥ § ¢¨á¨â ®â x. � ª ª ª
∣

∣

∣

∣

(−1)k+1 
os x
k

k
(

k + 
os x
k

)

∣

∣

∣

∣

6
1

k(k − 1) ¯à¨ k > 2 ¨ x ∈ X,àï¤ ∞
∑

k=2 (−1)k+1 
os x
k

k
(

k + 
os x
k

) à ¢­®¬¥à­® áå®¤¨âáï ­  X ¯® ¯à¨§­ ªã �¥©-¥àèâà áá . � ª¨¬ ®¡à §®¬, ¨ àï¤ S à ¢­®¬¥à­® áå®¤¨âáï ­  X . �



§ 5. �ï¤ë à §«¨ç­ëå â¨¯®¢ 41
§ 5. �ï¤ë à §«¨ç­ëå â¨¯®¢� íâ®¬ ¯ à £à ä¥ ¬ë à §¡¥à¥¬ ­¥áª®«ìª® ¯à¨¬¥à®¢ ¨áá«¥¤®¢ -­¨ï àï¤®¢ ­  à ¢­®¬¥à­ãî áå®¤¨¬®áâì, ª®¬¡¨­¨àãï áä®à¬ã«¨à®-¢ ­­ë¥ à ­¥¥ ãâ¢¥à�¤¥­¨ï. �¥ª®¬¥­¤ã¥¬ ç¨â â¥«î ¢­ ç «¥ ¯à®-ç¨â âì ¯ à £à äë 1 { 4, çâ®¡ë ®à¨¥­â¨à®¢ âìáï ¢ ¯à¨§­ ª å à ¢-­®¬¥à­®© áå®¤¨¬®áâ¨.Ǒà¨¬¥à 1. �áá«¥¤®¢ âì à ¢­®¬¥à­ãî áå®¤¨¬®áâì àï¤ 

S(x) = ∞
∑

k=3 (x− 1)k√
k + (ln k)x · 
os( xln k),­  ¬­®�¥áâ¢ å X = [0, 1) ¨ Y = [1, 2).�¥è¥­¨¥. �¡®§­ ç¨¬ ç¥à¥§ fk ®¡é¨© ç«¥­ S. Ǒà®¢¥à¨¬ ¢­ -ç «¥, çâ® àï¤ S ¯®â®ç¥ç­® áå®¤¨âáï ­  ¬­®�¥áâ¢¥ [0, 2). �¥©áâ¢¨-â¥«ì­®, S(0) = ∞

∑

k=3 (−1)k√
k+1 , íâ®â àï¤ áå®¤¨âáï ¯® ¯à¨§­ ªã �¥©¡­¨æ .�á«¨ �¥ x ∈ (0, 2), â® |fk(x)| 6 |x− 1|k, â® ¥áâì S(x) ¬ �®à¨àã¥âáïáå®¤ïé¥©áï £¥®¬¥âà¨ç¥áª®© ¯à®£à¥áá¨¥©.�®ª �¥¬, çâ® àï¤ S à ¢­®¬¥à­® áå®¤¨âáï ­  X . �«ï íâ®£® ¢®á-¯®«ì§ã¥¬áï ¯à¨§­ ª®¬ �¡¥«ï. Ǒà¨ «î¡®¬ x ∈ X ¯®á«¥¤®¢ â¥«ì-­®áâì {
os xln k

}∞
k=3 «¥�¨â ­  [0, 1℄ ¨ ¢®§à áâ ¥â. �áâ «®áì ¯à®¢¥à¨âìà ¢­®¬¥à­ãî áå®¤¨¬®áâì àï¤ 

∞
∑

k=3 (x− 1)k√
k + (ln k)x = ∞

∑

k=3(−1)k (1− x)k√
k + (ln k)x .�­  ¢ëâ¥ª ¥â ¨§ ¯à¨§­ ª  �¥©¡­¨æ , ¯®áª®«ìªã ã¡ë¢ ­¨¥ ¬®¤ã«ï®¡é¥£® ç«¥­  ¯® k ®ç¥¢¨¤­®,  sup

x∈[0,1) (1− x)k√
k + (ln k)x 6

1√
k
→ 0 (k → ∞).Ǒ®ª �¥¬ â¥¯¥àì, çâ® áå®¤¨¬®áâì S ­  Y ­¥à ¢­®¬¥à­ ï. �«ïíâ®£® ¢®á¯®«ì§ã¥¬áï â¥®à¥¬®© ® ¯à¥¤¥«¥ áã¬¬ë àï¤ . � ¬¥â¨¬,çâ® lim

x→2−0 fk(x) = 1√
k + ln2 k ∼ 1√

k
(k → ∞).



42 ����� 2. �ã­ªæ¨®­ «ì­ë¥ àï¤ë�á«¨ ¡ë àï¤ S à ¢­®¬¥à­® áå®¤¨«áï ­  [1, 2), â® ¯® â¥®à¥¬¥ áå®¤¨«áï¡ë ¨ ç¨á«®¢®© àï¤ ∞
∑

k=3 1√
k
, çâ® ­¥¢¥à­®. �� ­¥¥ ¬ë ã�¥ ¨á¯®«ì§®¢ «¨ ¬¥â®¤ ¢ë¤¥«¥­¨ï £« ¢­®© ç áâ¨ ®¡-é¥£® ç«¥­  (á¬. ¯à¨¬¥à 7 § 2 ¨ ¯à¨¬¥à 3 § 4). � áá¬®âà¨¬ â¥¯¥àì¥£® ¡®«¥¥ ¯®¤à®¡­®. � ®¡é¥© á¨âã æ¨¨ ­ ¬ ¯®âà¥¡ã¥âáï ä®à¬ã« �¥©«®à  { � £à ­� . �«ï ã¤®¡áâ¢  ç¨â â¥«ï ­ ¯®¬­¨¬ ¥¥ ä®à¬ã-«¨à®¢ªã.�¥®à¥¬  1. �®à¬ã«  �¥©«®à  { � £à ­� . Ǒãáâì n ∈ Z+,äã­ªæ¨ï f n+1 à § ¤¨ää¥à¥­æ¨àã¥¬  ­  〈A,B〉, a ¨ x | à §«¨ç­ë¥â®çª¨ ¨§ 〈A,B〉. �®£¤  ­ ©¤¥âáï â ª®¥ θ ∈ (0, 1), çâ®

f(x) = n
∑

k=0 f (k)(a)
k! (x− a)k + f (n+1)(a+ θ(x − a))(n+ 1)! (x− a)n+1.Ǒà¨¬¥à 2. �®ª § âì à ¢­®¬¥à­ãî áå®¤¨¬®áâì ­  R àï¤ 
S(x) = ∞

∑

k=3(exp(sin kx
k ln k )

− 1).�¥è¥­¨¥. Ǒ® ä®à¬ã«¥ �¥©«®à  { � £à ­�  ¤«ï íªá¯®­¥­âë
ez − 1 = z +R(z), £¤¥ R(z) = z22 · eθz, θ ∈ (0, 1). (6)Ǒ®«®�¨¬ z = sin kx

k ln k . �®£¤ exp(sin kx
k ln k )

− 1 = sin kx
k ln k +R

(sin kx
k ln k )

.�ï¤ ∞
∑

k=3 sin kxk ln k à ¢­®¬¥à­® áå®¤¨âáï ­  R ¯® â¥®à¥¬¥ 3 § 3, â ª ª ª¯®á«¥¤®¢ â¥«ì­®áâì ck = 1
k ln k ã¡ë¢ ¥â ¨ lim

k→∞
kck = 0. �à®¬¥ â®£®,¯à¨ k > 3

|z| = | sin kx|
k ln k 6

1
k ln k < 1 ¨ eθz 6 eθ|z| < e|z| < e.



§ 5. �ï¤ë à §«¨ç­ëå â¨¯®¢ 43Ǒ®íâ®¬ã ¤«ï «î¡ëå k > 3 ¨ x ∈ R

R

(sin kx
k ln k )

6
e2 · sin2 kx

k2 ln2 k 6
e2k2 .�®£¤  àï¤ ∞

∑

k=3R(sin kx
k ln k ) à ¢­®¬¥à­® áå®¤¨âáï ­  R ¯® ¯à¨§­ ªã�¥©¥àèâà áá . �­ ç¨â, ¨ àï¤ S à ¢­®¬¥à­® áå®¤¨âáï ­  R. �Ǒà¨¬¥à 3. Ǒãáâì δ ∈ (0, π). �áá«¥¤®¢ âì à ¢­®¬¥à­ãî áå®¤¨-¬®áâì àï¤ 

S(x) = ∞
∑

k=3(exp(− 
os kx√
k ln k)− 
os 1

kx

)­  ¬­®�¥áâ¢ å X = [δ, 2π − δ℄ ¨ Y = (0, δ℄.�¥è¥­¨¥. �¡®§­ ç¨¬ ç¥à¥§ fk ®¡é¨© ç«¥­ àï¤  S. Ǒà®¢¥à¨¬¢­ ç «¥ à ¢­®¬¥à­ãî áå®¤¨¬®áâì àï¤  S ­  X . � ¯¨è¥¬
fk = ak+ bk, £¤¥ ak(x) = exp(− 
os kx√

k ln k)− 1, bk(x) = 1− 
os 1
kx

.�ï¤ ∞
∑

k=3 bk à ¢­®¬¥à­® áå®¤¨âáï ­  X ¯® ¯à¨§­ ªã �¥©¥àèâà áá ,â ª ª ª ¯à¨ «î¡ëå k > 3 ¨ x ∈ X

bk(x) = 2 sin2( 12kx) 6
12k2x2 6

12δ2 · 1
k2 .�«ï ak(x) ¢®á¯®«ì§ã¥¬áï ®¯ïâì à §«®�¥­¨¥¬ (6):

ak(x) = − 
os kx√
k ln k +R

(

− 
os kx√
k ln k).�ï¤ ∞

∑

k=3 
os kx√
k ln k à ¢­®¬¥à­® áå®¤¨âáï ­  X ¯® ¯à¨§­ ªã �¨à¨å«¥,¯®áª®«ìªã ¢ á¨«ã (4)

∣

∣

∣

∣

n
∑

k=1 
os kx∣∣∣∣ 6 1sin x2 6
1sin δ2 ¯à¨ n ∈ N ¨ x ∈ X.



44 ����� 2. �ã­ªæ¨®­ «ì­ë¥ àï¤ë�à®¬¥ â®£®, ¯à¨ k > 3
|z| = | 
oskx|√

k ln k 6
1√
k ln k < 1 ¨ eθz 6 eθ|z| < e|z| < e.Ǒ®íâ®¬ã ¤«ï «î¡ëå k > 3 ¨ x ∈ X

R

(

− 
os kx√
k ln k) 6

e2 · 
os2 kx
k ln2 k 6

e2k ln2 k .�ï¤ ∞
∑

k=3 1
k ln2 k áå®¤¨âáï ¯® ¨­â¥£à «ì­®¬ã ¯à¨§­ ªã, â ª ª ª+∞

∫3 dt

t ln2 t = − 1ln t +∞3 = 1ln 3 .� ª¨¬ ®¡à §®¬, àï¤ ∞
∑

k=3R(

− 
os kx√
k ln k) à ¢­®¬¥à­® áå®¤¨âáï ­  X¯® ¯à¨§­ ªã �¥©¥àèâà áá . �­ ç¨â, à ¢­®¬¥à­® ­  X áå®¤¨âáï ¨àï¤ ∞

∑

k=3 ak.� ¬¥â¨¬, çâ® ¨§ ¤®ª § ­­®£® ¢ëâ¥ª ¥â ¯®â®ç¥ç­ ï áå®¤¨¬®áâì S­  (0, 2π), ¯®áª®«ìªã «î¡®¥ ç¨á«® x ∈ (0, 2π) ¯®¯ ¤ ¥â ¢ ­¥ª®â®àë©®âà¥§®ª ¢¨¤  [δ, 2π − δ℄. � ç áâ­®áâ¨, àï¤ S ¯®â®ç¥ç­® áå®¤¨âáï­  Y . Ǒ®ª �¥¬, çâ® íâ  áå®¤¨¬®áâì ­¥à ¢­®¬¥à­ ï. �®á¯®«ì§ã¥¬áï­¥®¡å®¤¨¬ë¬ ¯à¨§­ ª®¬ à ¢­®¬¥à­®© áå®¤¨¬®áâ¨. �«ï n ∈ Nsup
x∈Y

∣

∣fn(x)∣∣ > fn
(

π2n) = 1− 
os 2
π > 0.Ǒ®íâ®¬ã fn 6⇉

n→∞
0 (Y ), ¨ àï¤ S áå®¤¨âáï ­¥à ¢­®¬¥à­® ­  Y . �� ¬¥ç ­¨¥. �ï¤ ¨§ ¯à¨¬¥à  3 ­¥ áå®¤¨âáï à ¢­®¬¥à­® ­  ¯à®-¬¥�ãâª¥ [2π− δ, 2π). Ǒà¥¤« £ ¥¬ ç¨â â¥«î ¯à®¢¥à¨âì íâ® á ¬®áâ®-ïâ¥«ì­®.Ǒà¨¬¥à 4. Ǒãáâì δ ∈ (0, π). �áá«¥¤®¢ âì à ¢­®¬¥à­ãî áå®¤¨-¬®áâì àï¤ 
S(x) = ∞

∑

k=3((1 + 
os kx3√
k2 )3/2

− 1)



§ 5. �ï¤ë à §«¨ç­ëå â¨¯®¢ 45­  ¬­®�¥áâ¢ å X = [δ, 2π − δ℄ ¨ Y = (0, δ℄.�¥è¥­¨¥. �¡®§­ ç¨¬ ç¥à¥§ fk ®¡é¨© ç«¥­ àï¤  S. Ǒà®¢¥à¨¬¢­ ç «¥ à ¢­®¬¥à­ãî áå®¤¨¬®áâì àï¤  S ­  X . Ǒ® ä®à¬ã«¥ �¥©-«®à  { � £à ­�  ¤«ï áâ¥¯¥­­®© äã­ªæ¨¨(1 + z)3/2 − 1 = 3z2 +R(z), £¤¥ R(z) = 38 · z2√1 + θz
, θ ∈ (0, 1).Ǒ®«®�¨¬ z = 
os kx3√

k2 . �®£¤ 
(1 + 
os kx3√

k2 )3/2
− 1 = 32 · 
os kx3√

k2 +R

(
os kx3√
k2 )

.�ï¤ ∞
∑

k=3 
os kx3√
k2 à ¢­®¬¥à­® áå®¤¨âáï ­  X ¯® ¯à¨§­ ªã �¨à¨å«¥,¯®áª®«ìªã ¢ á¨«ã (4)

∣

∣

∣

∣

n
∑

k=1 
os kx∣∣∣∣ 6 1sin x2 6
1sin δ2 ¯à¨ n ∈ N ¨ x ∈ X.�à®¬¥ â®£®, ¯à¨ k > 3

|z| = | 
os kx|3√
k2 6

13√
k2 <

12 ¨ 1√1 + θz
6

1
√1− |z|

<
√2.Ǒ®íâ®¬ã ¤«ï «î¡ëå k > 3 ¨ x ∈ X

R

(
os kx3√
k2 )

6
3√28 · 
os2 kx

k4/3 6
3√28 · 1

k4/3 .�®£¤  àï¤ ∞
∑

k=3R(
os kx3√
k2 ) à ¢­®¬¥à­® áå®¤¨âáï ­  X ¯® ¯à¨§­ ªã�¥©¥àèâà áá . �­ ç¨â, ¨ àï¤ S à ¢­®¬¥à­® áå®¤¨âáï ­  X .� ¬¥â¨¬, çâ® ¨§ ¤®ª § ­­®£® ¢ëâ¥ª ¥â ¯®â®ç¥ç­ ï áå®¤¨¬®áâì S­  (0, 2π), ¯®áª®«ìªã «î¡®¥ ç¨á«® x ∈ (0, 2π) ¯®¯ ¤ ¥â ¢ ­¥ª®â®àë©®âà¥§®ª ¢¨¤  [δ, 2π − δ℄. � ç áâ­®áâ¨, àï¤ S ¯®â®ç¥ç­® áå®¤¨âáï



46 ����� 2. �ã­ªæ¨®­ «ì­ë¥ àï¤ë­  Y . Ǒ®ª �¥¬, çâ® íâ  áå®¤¨¬®áâì ­¥à ¢­®¬¥à­ ï. �®á¯®«ì§ã¥¬áïâ¥®à¥¬®© ® ¯à¥¤¥«¥ áã¬¬ë äã­ªæ¨®­ «ì­®£® àï¤ . � ¬¥â¨¬, çâ®¤«ï «î¡®£® k > 3lim
x→0+ fk(x) = (1 + 13√

k2)3/2
− 1 ∼ 32 · 1

k2/3 (k → ∞).�á«¨ ¡ë àï¤ S áå®¤¨«áï à ¢­®¬¥à­® ­  (0, δ℄, â® ¯® â¥®à¥¬¥ áå®¤¨«áï¡ë ¨ ç¨á«®¢®© àï¤ ∞
∑

k=1 k−2/3, çâ® ­¥¢¥à­®. �� ¤ ç¨. �áá«¥¤®¢ âì à ¢­®¬¥à­ãî áå®¤¨¬®áâì äã­ªæ¨®­ «ì-­®£® àï¤  ­  ãª § ­­ëå ¬­®�¥áâ¢ å.5.1. ∞
∑

k=2 ln(1 + (−1)k 
os(kx)√
k ln k ) ­  (π, π + δ) ¨ [π + δ, 3π − δ℄, £¤¥

δ ∈ (0, π℄.5.2. ∞
∑

k=2 sin(
os(kx)3√k

) ­  [δ, 2π − δ℄ ¨ (2π − δ, 2π), £¤¥ δ ∈ (0, π℄.


