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Èñïîëüçóåìîå â òåîðèè ôóíêöèé êîìïëåêñíîãî ïåðåìåííîãî

ïîíÿòèå �ìíîãîçíà÷íîé ôóíêöèè�, çàäàííîé â îáëàñòè D, ïðîòè-

âîðå÷èò ïðèíÿòîìó â ìàòåìàòè÷åñêîì àíàëèçó òðåáîâàíèþ, ÷òî-

áû êàæäîìó x ñîîòâåòñòâîâàëî òîëüêî îäíî çíà÷åíèå y = f(x).

Ìíîãîçíà÷íîñòè ìîæíî èçáåæàòü ñëåäóþùèì îáðàçîì. Ïóñòü X

è Y ìíîæåñòâà è P(Y ) = {C : C ⊂ Y }. Ðàññìîòðèì îòîáðàæå-

íèå T : X → P(Y ), êîòîðîå òî÷êå x ñîïîñòàâëÿåò ïîäìíîæåñòâî

T (x) ∈ P(Y ).

Îòîáðàæåíèå f : E → Y íàçûâàåòñÿ âåòâüþ îòîáðàæåíèÿ T ,

åñëè E ⊂ X è ∀x ∈ E f(x) ∈ T (x).

Ïðèìåðû

1. T : C→ P(R). T (z) =
{
t ∈ R : z = |z|eit

}
. Ýòî îòîáðàæåíèå

íàçûâàåòñÿ àðãóìåíòîì z è îáîçíà÷àåòñÿ T (z) = Arg z. Ñðåäè âåò-

âåé Arg âûäåëÿþò îäíó, êîòîðóþ íàçûâàþò ãëàâíûì àðãóìåíòîì:

f0(z) = arg z ∈ Arg z∩(−π, π]. Îíà çàäàíà íà C\{0}, à íåïðåðûâíà
òîëüêî íà C \ (−∞, 0], òàê êàê ïðè a < 0

lim
y→+0

arg(a+ iy) = f0(a+ 0i) = π,

à lim
y→+0

arg(a− iy) = f0(a− 0i) = −π.

Ìíîæåñòâî Arg z =
{
arg z + 2πk

∣∣k ∈ Z
}
. Ïîýòîìó äðóãèå âåòâè

Arg ïîëó÷èì, âûáèðàÿ k: f(z) = arg z + 2πk(z). Îáû÷íî ñòàðà-

þòñÿ ïîäîáðàòü ôóíêöèþ k òàê, ÷òîáû f áûëà íà E íåïðåðûâíà.

Òàê íà E = C\ [0, +∞) ïîëó÷èì íåïðåðûâíóþ âåòâü, åñëè k(z) =
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=

{
0 ïðè =z ≥ 0,

1 ïðè =z < 0.
Åñëè E \ (−∞, 0] ñîñòîèò èç êîìïîíåíò ñâÿç-

íîñòè Eα, òî íà êàæäîì Eα ôóíêöèÿ k íåïðåðûâíà è ïðèíèìàåò

òîëüêî öåëî÷èñëåííûå çíà÷åíèÿ, ïîýòîìó ñóæåíèå k|Eα = cα =

= const. Äâå ðàçíûå íåïðåðûâíûå âåòâè àðãóìåíòà, çàäàííûå â

îáëàñòè D îòëè÷àþòñÿ íà êîíñòàíòó âèäà 2kπ (k ∈ Z).
2. Ëîãàðèôì. T (z) = Ln z = {w ∈ C : ew = z}. Ïðè z 6= 0

Ln z =
{
ln |z|+ i(arg z + 2πk)

∣∣k ∈ Z
}
.

Åñëè f � íåïðåðûâíàÿ âåòâü àðãóìåíòà, òî h(z) = ln |z| + if(z)

íåïðåðûâíàÿ âåòâü Ln z. Ïî òåîðåìå î äèôôåðåíöèðîâàíèè îá-

ðàòíîé ôóíêöèè h′(z) = 1
z . Åñëè äëÿ α ∈ C è A, B ⊂ C ââåñòè

îáîçíà÷åíèå αA = {α · a
∣∣a ∈ A}, A + B = {(a + b)

∣∣a ∈ A, b ∈ B},
òî Ln 1

z = −Ln z, Ln(z1z2) = Ln z1 + Ln z2.

3. Arctg z = {w : tgw = z} = − i
2 Ln

1+iz
1−iz . Ïîñòðîèì íåïðå-

ðûâíóþ âåòâü Arctg â C ñ ðàçðåçîì ïî ëåâîé ïîëîâèíå åäèíè÷íîé

îêðóæíîñòè.

i

−i
G2G1

f(z) = − i
2
ln

∣∣∣∣1 + iz

1− iz

∣∣∣∣+ 1

2
arg

1 + iz

1− iz
+ πk(z).

Ïåðâîå ñëàãàåìîå íåïðåðûâíî, âòîðîå ðàçðûâ-

íî, åñëè 1+iz
1−iz îòðèöàòåëüíî. Ýòî âîçìîæíî

òîëüêî, åñëè z = iy è 1−y
1+y < 0, òî åñòü ïðè

y ∈ (−∞, −1) ∪ (1, +∞). Ýòè ëó÷è ðàçðåçàþò íàøó îáëàñòü íà
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äâå îáëàñòè:

G1 =
{
z
∣∣|z| > 1, <z < 0

}
,

G2 =
{
z
∣∣<z > 0

}
∪
{
z
∣∣|z| < 1

}
.

Íà êàæäîé èç íèõ k ïîñòîÿííà: k|Gj = cj , j ∈ {1, 2}. Âûáåðåì
c1 è c2 òàê, ÷òîáû ïîëó÷èëàñü íåïðåðûâíàÿ ôóíêöèÿ. Ïóñòü b ∈ R
è |b| > 1. Òî÷êà ib � ïðåäåëüíàÿ äëÿ G1 è G2.

lim
ib
f |G1 = − i

2
ln

∣∣∣∣1− b1 + b

∣∣∣∣+ lim
y→b
x→−0

1

2
arg

1− y2 − x2 + 2xi

(1 + y)2 + x2
+ πc1 =

= − i
2
ln

∣∣∣∣1− b1 + b

∣∣∣∣− π

2
+ πc1,

òàê êàê ïðè z ∈ G1 è z = x + iy |z| > 1, à <z = x < 0. Ñëåäî-

âàòåëüíî, <1−y2−x2+2xi
x2+(1+y)2

< 0 è =1−y2−x2+2xi
(1+y)2+x2

< 0 è lim arg = −π.
Àíàëîãè÷íî,

lim
ib
f |G2 = − i

2
ln

∣∣∣∣1− b1 + b

∣∣∣∣+ π

2
+ πc2,

òàê êàê âáëèçè ib (|b| > 1) â G2 =
(
1−y2−x2+2xi
x2+(1+y)2

)
= 2x

x2+(1+y)2
> 0,

à |z| > 1. Ïðåäåëû ñîâïàäóò, åñëè c1 = c2 + 1.

4. Ñòåïåííîå îòîáðàæåíèå. Äëÿ p ∈ C

zp = epLn z =
{
ep(ln |z|+i arg z+i2πk)

∣∣k ∈ Z
}
.

Åñëè p � ðàöèîíàëüíîå è p = m
n , m, n âçàèìíî ïðîñòûå, òî â

ìíîæåñòâå zp n òî÷åê.

Ïîñòðîèì íåïðåðûâíóþ âåòâü îòîáðàæåíèÿ (z2 + 2z + 2)1/2 â
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ïëîñêîñòè ñ ðàçðåçîì ïî îòðåçêó [−1− i, −1 + i]:

f(z) =
√
|z2 + 2z + 2|ei

1
2
arg(z2+2z+2)+iπk(z).

−1 + i

−1− i
G1 G2

arg
(
z2 + 2z + 2

)
ðàçðûâåí ïðè z2+2z+2 =

= t < 0; z1 = −1+i
√
1− t, z2 = −1−i

√
1− t.

Ïðè t < 0 ýòè òî÷êè çàïîëíÿþò âåðòèêàëü-

íûå ëó÷è � ïðîäîëæåíèå îòðåçêà. Íà ïî-

ëóïëîñêîñòÿõ G1 = {z
∣∣<z < −1} è G2 =

= {z
∣∣<z > −1} ìîæíî âûáðàòü k(z) = cj ,

j ∈ {1, 2}. Ïîñ÷èòàåì ïðåäåë â òî÷êå −1 + ib, b > 1:

lim
z→−1+ib
z∈G1

arg
(
z2 + 2z + 2

)
=

= lim
x→−1−0
y→b

arg
(
(x+ 1)2 + 1− y2 + i2y(x+ 1)

)
= −π;

lim
z→−1+ib
z∈G2

arg
(
z2 + 2z + 2

)
= π.

Åñëè c1 = c2+1, òî ïîêàçàòåëü ó ýêñïîíåíòû íåïðåðûâåí â òî÷êàõ

−1 + ib, b > 1, è f òîæå íåïðåðûâíà. Åñëè b < −1, òî

lim
−1+ib

f |G1 =
√
|1− b2|ei

π
2
+iπ(c2+1),

lim
−1+ib

f |G2 =
√
|1− b2|e−

iπ
2
+iπ·c2 =

=
√
|1− b2|eiπ(c2+

3
2)−2πi, e−2πi = 1,

ïðåäåëû ñîâïàäàþò è çàäàþò íåïðåðûâíóþ ôóíêöèþ f â ýòèõ

òî÷êàõ.
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5. Åñëè ïîä çíàêîì Ln ñòîèò ðàöèîíàëüíàÿ ôóíêöèÿ R(z),

òî îò ðåøåíèÿ íåðàâåíñòâà R(z) < 0 ìîæíî óêëîíèòüñÿ, ðàç-

ëîæèâ ÷èñëèòåëü è çíàìåíàòåëü ôóíêöèè R íà ëèíåéíûå ìíî-

æèòåëè z − a, à LnR â àëãåáðàè÷åñêóþ ñóììó Ln(z − a). Ïî-

ñòðîéòå íåïðåðûâíóþ âåòâü f(z) ∈ Ln z−i
z+1 â C ñ ðàçðåçîì

ïî îòðåçêó [i, −1] òàêóþ, ÷òî f(0) = 3πi
2 , èñïîëüçóÿ ôîðìóëó

x

y

i

−1 G1

G2

f(z) = ln |z − i|+ i arg(z − i)− ln |z + 1|−

−i arg(z + 1) + 2πik(z).

Îòâåò: k(z) =

{
1, z ∈ G1,

2, z ∈ G2.

6. Ðÿä Òåéëîðà. Â âåùåñòâåííîì àíàëèçå ïðè x ∈ (0, 2)

lnx =

∞∑
k=1

(−1)k−1(x− 1)k

k
.

Èñïîëüçóÿ òåîðåìó åäèíñòâåííîñòè äëÿ àíàëèòè÷åñêèõ ôóíêöèé,

ïîëó÷èì âåòâü Ln z â êðóãå {z : |z − 1| < 1}:

l0(z) =

∞∑
k=1

(−1)k−1(z − 1)k

k
.

Òîãäà äëÿ ôóíêöèè f(z) ∈ Ln z = Ln z
a + Ln a, íåïðåðûâíîé â

êðóãå {z : |z − a| < |a|}, âåðíî ðàâåíñòâî f(z) = f(a) + l0
(
z
a

)
(ñïðàâà âåòâü Ln z, êîòîðàÿ ñîâïàäàåò ñ f â òî÷êå a). Ïîëó÷èì
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ðàçëîæåíèå f(z) = f(a) +
∞∑
k=1

(−1)k−1(z−a)k
kak

. Äëÿ p ∈ R

xp =
∞∑
k=0

p(p− 1) . . . (p− k + 1)

k!
(x− 1)k

ïðè x ∈ (0, 2). Ñíîâà ïî òåîðåìå åäèíñòâåííîñòè ôóíêöèÿ

sp(z) =
∞∑
k=0

p(p− 1) . . . (p− k + 1)(z − 1)k

k!

ÿâëÿåòñÿ àíàëèòè÷åñêîé â åäèíè÷íîì êðóãå âåòâüþ îòîáðàæå-

íèÿ zp ñ íîðìèðîâêîé sp(1) = 1. Äëÿ íåïðåðûâíîé f(z) ∈ zp =

= exp(pLn a) · exp
(
pLn z

a

)
, çàäàííîé â êðóãå {z : |z − a| < |a|},

âåðíî ðàâåíñòâî

f(z) = f(a)sp

(z
a

)
=

∞∑
k=0

f(a)
p(p− 1) . . . (p− k + 1)

k!ak
(z − a)k.

Äëÿ p /∈ R òàêèå æå ôîðìóëû êîýôôèöèåíòîâ ðÿäà Òåéëîðà ìîæ-

íî ïîëó÷èòü ñ ïîìîùüþ äèôôåðåíöèðîâàíèÿ. Ëîêàëüíî ôóíê-

öèþ f(z) ∈ zp ìîæíî çàäàòü ñ ïîìîùüþ âåòâè h(z) ∈ Ln z: f(z) =

= exp
(
ph(z)

)
.

h′z =
1

z
, f ′(z) = f(z) · p 1

z
= p exp

(
(p− 1)h(z)

)
,

exp h(z) = z, exp
(
−h(z)

)
= z−1

è ìîæíî äèôôåðåíöèðîâàòü äàëüøå:

f ′′(z) = p(p− 1) exp
(
(p− 2)h(z)

)
, . . . ,
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f (k)(z) = p(p− 1) . . . (p− k + 1) exp
(
ph(z)

) 1
zk
,

f (k)(a) = f(a)
1

ak
p(p− 1) . . . (p− k + 1).

Ðàññìîòðèì ïðèìåðû.

1. Â êîëüöå {z : |z| > 2} ðàçëîæèì â ðÿä Ëîðàíà íåïðåðûâíóþ

âåòâü f0(z) ∈ Ln z−1
z+2 , çàäàíóþ óñëîâèåì f0(−3) > 0. Ïîñòðîèì f0

ñ ïîìîùüþ l0:

Ln
z − 1

z + 2
= Ln

(
1− 1

z

)
− Ln

(
1 +

2

z

)
3 l0

(
1− 1

z

)
− l0

(
1 +

2

z

)
,

f0(z) = l0
(
1− 1

z

)
− l0

(
1 + 2

z

)
óäîâëåòâîðÿåò óñëîâèþ f0(−3) > 0.

f0(z) =

∞∑
k=1

−1
kzk
−
∞∑
k=1

(−1)k−12k

kzk
=
∑
m≤−1

(
1 +

(−1)m−1

2m

)
zm

m
.

2. ×òîáû ïîëó÷èòü ðÿä Ëîðàíà äëÿ h0(z) = exp
(
pf0(z)

)
ïðè-

äåòñÿ ïåðåìíîæàòü ñòåïåííûå ðÿäû:

h0(z) = c sp

(
1− 1

z

)
· s−p

(
1 +

2

z

)
,

ãäå c = lim
z→∞

h0(z) = 1:

h0(z) =
∑
q≤0

zq
∑

q≤m≤0

[
(−1)−mp(p− 1) . . . (p+m+ 1)

(−m)!
×

×(−p)(−p− 1) . . . (−p+ (q −m) + 1)

(m− q)!
· 2m−q

]
.
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