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� ¬¥  ¯¥à¥¬¥ëå ¢ ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨ïå

(¢ çñâª®¬ ¨§«®¦¥¨¨)

� ¬ ã¦ë ¤¢  íª§¥¬¯«ïà  ¯à®áâà áâ¢  Rn. �¨ ¡ã¤ãâ ®â«¨ç âìáï  §¢ ¨ï¬¨
ª®®à¤¨ â: R2

(x,y) ¨ R2
(u,v), R

3
(x,y,z) ¨ R3

(u,v,w).

�à ä¨ª äãªæ¨¨ f : [a, b] → Ry | �f = {(x, y) |x ∈ [a, b], y = f(x)}.
�ãáâì ¢ ®âªàëâ®¬ ¬®¦¥áâ¢¥ D ⊂ R2

(x,y) § ¤ ® ¤¨ää¥à¥æ¨àã¥¬®¥ ¨ ®¡à â¨¬®¥

®â®¡à ¦¥¨¥ T : D → R2
(u,v). �à¥¤¯®«®¦¨¬, çâ® �f ⊂ G ¨ ®¡à § T (�f ) ï¢«ï-

¥âáï £à ä¨ª®¬ äãªæ¨¨ g : [α, β] → Rv. � ¯¨è¥¬ íâã ¨ä®à¬ æ¨î á ¯®¬®éìî
à ¢¥áâ¢  á¢ï§¨ ¬¥¦¤ã f ¨ g: â®çª  x ¯¥à¥å®¤¨â ¢ â®çªã £à ä¨ª 

(
x, f(x)

)
. �â®¡-

à ¦¥¨¥ T á ª®®à¤¨ âë¬¨ äãªæ¨ï¬¨ T1 ¨ T2 ¯¥à¥¢®¤¨â â®çªã
(
x, f(x)

)
¢ â®çªã(

T1(x, f(x)), T2(x, f(x))
)
∈ �g, â. ¥.

T2

(
x, f(x)

)
= g

(
T1

(
x, f(x)

)) (
v = g(u)

)
.

�«¥¢  ¨ á¯à ¢  áâ®ïâ ®¤¨ ª®¢ë¥ äãªæ¨¨. � ¤ «ì¥©è¥¬ íâ® ¯®¤à®¡®¥ ®¯¨á ¨¥
¡ã¤¥â á®ªà é¥® ¤® (

x, f(x)
) T−→

(
T1

(
x, f(x)

)
, T2

(
x, f(x)

))
¨ à ¢¥áâ¢  á¢ï§¨ ¬¥¦¤ã f ¨ g:

T2

(
x, f(x)

)
= g

(
T1

(
x, f(x)

))
.

� ¤ ç . �á«¨ f | à¥è¥¨¥ ¤¨ää¥à¥æ¨ «ì®£® ãà ¢¥¨ï

�
(
x, f(x), . . . , f (n)(x)

)
= 0,

 ©¤¨â¥ á®®â¢¥âáâ¢ãîé¥¥ ¤¨ää¥à¥æ¨ «ì®¥ ãà ¢¥¨¥ ¤«ï äãªæ¨¨ g.
�á«¨ ¨á¯®«ì§®¢ âì âã ¦¥ ¨¤¥î ¤«ï ®¡à â®£® ®â®¡à ¦¥¨ï Q = T−1, ¯®«ãç¨¬:(

u, g(u)
) Q−→

(
Q1

(
u, g(u)

)
, Q2

(
u, g(u)

))
∈ �f

¨
Q2

(
u, g(u)

)
= f

(
Q1

(
u, g(u)

))
.

�à¨ Q2(u, v) = v ¯®«ãç¨¬ à ¢¥áâ¢® g(u) = f
(
Q1

(
u, g(u)

))
. � íâ®¬ á«ãç ¥ £®¢®àïâ

® § ¬¥¥ ¯¥à¥¬¥®© ¢ ¤¨ää¥à¥æ¨ «ì®¬ ãà ¢¥¨¨.

� ¢¥áâ¢  á¢ï§¨ ¬®¦® ¤¨ää¥à¥æ¨à®¢ âì. �à¨ íâ®¬ ¯®«ãç îâáï «¨¥©ë¥
®â®á¨â¥«ì® f ′(x) ¨ f ′(Q1

(
u, g(u)

))
à ¢¥áâ¢ , â. ¥. f ′ ¢ëà ¦ ¥âáï ç¥à¥§ f , g ¨ g′.

� ¤ «ì¥©è¨å ¢ëç¨á«¥¨ïå ¡ã¤¥â ¨á¯®«ì§®¢ ® á®ªà é¥¨¥: äãªæ¨¨ f , g ¨
¨å ¯à®¨§¢®¤ë¥ ¡ã¤ãâ ¯¨á âìáï ¡¥§  à£ã¬¥â®¢. �à¨ íâ®¬ ¨¬¥¥âáï ¢ ¢¨¤ã â®â
 à£ã¬¥â, ª®â®àë© áâ®¨â ¢ à ¢¥áâ¢ å á¢ï§¨. �¡ íâ®¬  ¤® ¯®¬¨âì ¯à¨ ¤¨ää¥-
à¥æ¨à®¢ ¨¨:

df

du
=

d

du
f
(
Q1

(
u, g(u)

))
= f ′ · d

du

(
Q1

(
u, g(u)

))
.
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�à®¤¥¬®áâà¨àã¥¬ íâ®â ¯®¤å®¤   § ¤ ç å ¨§ § ¤ ç¨ª  �.�.�¥¬¨¤®¢¨ç  "�¡®à-
¨ª § ¤ ç ¨ ã¯à ¦¥¨© ¯® ¬ â¥¬ â¨ç¥áª®¬ã   «¨§ã".

ü 3440. "�à¥®¡à §®¢ âì ãà ¢¥¨¥ (1 + x2)2y′′ = y, ¥á«¨ x = tg t, y = u
cos t , £¤¥

u = u(t)."
�  è¨å ®¡®§ ç¥¨ïå: ãà ¢¥¨¥ (1 + x2)2f ′′(x) = f(x). �â®¡à ¦¥¨¥, ®áã-

é¥áâ¢«ïîé¥¥ ¨§¬¥¥¨ï:

Q(t, u) =
(
tg t,

u

cos t

)
.

�à ¢¥¨¥ £à ä¨ª  u = g(t)

(
t, g(t)

) Q−→
(
tg t,

g(t)

cos t

)
∈ �f .

� ¢¥áâ¢® á¢ï§¨ ¬¥¦¤ã f ¨ g:

g(t)

cos t
= f

(
tg t

)
. (∗)

�¨ää¥à¥æ¨àã¥¬ (∗) ¯® t ¨ ¨á¯®«ì§ã¥¬ á®ªà é¥¨¥:

g′ cos t+ g sin t

cos2 t
= f ′ · 1

cos2 t
¨«¨ f ′ = g′ cos t+ g sin t.

�¨ää¥à¥æ¨àã¥¬ íâ® à ¢¥áâ¢® ¯® t:

f ′′ · 1

cos2 t
= g′′ · cos t− g′ · sin t+ g′ · sin t+ g · cos t

¨«¨
f ′′ = (g′′ + g) cos3 t.

�áâ ¢«ï¥¬ ¢  ç «ì®¥ ãà ¢¥¨¥:( 1

cos2 t

)2(
g′′(t) + g(t)

)
cos3 t = f

(
tg (t)

)
=

g(t)

cos t
¨«¨ g′′(t) = 0.

�â¢¥â ¤«ï �¥¬¨¤®¢¨ç : u′′ = 0.

ü 3455. "� á¨áâ¥¬¥ ãà ¢¥¨©{
dx
dt = y + kx(x2 + y2)
dy
dt = −x+ ky(x2 + y2)

¯¥à¥©â¨ ª ¯®«ïàë¬ ª®®à¤¨ â ¬".{
df
dt (t) = kf(t)

(
f2(t) + h2(t)

)
+ h(t)

dh
dt (t) = kh(t)

(
f2(t) + h2(t)

)
− f(t)

.

�â®¡à ¦¥¨¥ t →
(
f(t), h(t)

)
, § ¤ ®¥   ®âªàëâ®¬ ¬®¦¥áâ¢¥ G ⊂ Rt, ¯à¨¨-

¬ ¥â § ç¥¨ï ¢ R2
(x,y). �£® £à ä¨ª «¥¦¨â ¢ Rt × R2

(x,y). �®«ïà ï § ¬¥  ¢ R2
(x,y)
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¯®à®¦¤ ¥â ®â®¡à ¦¥¨¥ Q(u, r, v) = (u, r cos v, r sin v). g ¨ q | ®¢ë¥ äãªæ¨¨,
§ ¤ ë¥   ®âªàëâ®¬ ¯®¤¬®¦¥áâ¢¥ ¢ Ru: r = g(u) ¨ v = q(u). �®«ãç ¥¬(

u, g(u), q(u)
) Q−→

(
u, g(u) cos q(u), g(u) sin q(u)

)
∈ �(f,h).

�¢  ç¨á«®¢ëå à ¢¥áâ¢  á¢ï§¨ ®¢ëå ¨ áâ àëå äãªæ¨©:{
g(u) cos q(u) = f(u)

g(u) sin q(u) = h(u)
. (∗)

�¨ää¥à¥æ¨àã¥¬ ¯® u: {
g′ · cos q − g · sin q · q′ = f ′

g′ · sin q + g cos q · q′ = h′ .

�áâ ¢«ï¥¬ ¢  ç «ìãî á¨áâ¥¬ã:{
g′ cos q − g sin q · q′ = k g cos q · g2 + g sin q

g′ sin q + g cos q · q′ = k g sin q · g2 − g cos q
.

�¬®¦ ¥¬ ¯¥à¢®¥ ãà ¢¥¨¥   cos q, ¢â®à®¥ ãà ¢¥¨¥   sin q ¨ áª« ¤ë¢ ¥¬:

g′(u) = kg3(u).

�¬®¦ ¥¬ ¯¥à¢®¥   sin q, ¢â®à®¥   cos q ¨ ¢ëç¨â ¥¬:

−gq′ = g ¨«¨ q′(u) = −1.
�â¢¥â ¤«ï § ¤ ç¨ª : r′(u) = kr3(u), v′(u) = −1 ¯à¨ § ¬¥¥ x = r cos v, y = r sin v.

ü 3479. "�à¥®¡à §®¢ âì ¢ëà ¦¥¨¥: ∂z
∂x : ∂z

∂y , ¯®« £ ï u = xez, v = yez, w = zez,

£¤¥ w = w(x, y)".

�  è¨å ®¡®§ ç¥¨ïå: ¯à¥®¡à §®¢ âì ¤à®¡ì ∂f
∂x (x, y) : ∂f

∂y (x, y) ¯à¨ ®â®¡à ¦¥-

¨¨ T (x, y, z) =
(
xez, yez, zez

)
∈ R3

(u,v,w).

�®¢ ï äãªæ¨ï g(u, v).(
x, y, f(x, y)

) T−→
(
xef(x,y), yef(x,y), f(x, y)ef(x,y)

)
∈ �g.

f(x, y)ef(x,y) = g
(
xef(x,y), yef(x,y)

)
. (∗)

�¨ää¥à¥æ¨àã¥¬ ¯® x:

∂f

∂x
ef + f ef

∂f

∂x
=

∂g

∂u

(
ef + xef

∂f

∂x

)
+

∂g

∂v

(
yef · ∂f

∂x

)
∂f

∂x

(
1 + f − x

∂g

∂u
− y

∂g

∂v

)
=

∂g

∂u
.

�¨ää¥à¥æ¨àã¥¬ (∗) ¯® y:

∂f

∂y
ef + f ef

∂f

∂y
=

∂g

∂u
· x · ef · ∂f

∂y
+

∂g

∂v

(
ef + yef

∂f

∂y

)
∂f

∂y

(
1 + f − x

∂g

∂u
− y

∂g

∂v

)
=

∂g

∂v
¨

∂f

∂x
(x, y) :

∂f

∂y
(x, y) =

∂g

∂u

(
xef(x,y), yef(x,y)

)
:
∂g

∂v

(
xef(x,y), yef(x,y)

)
=

∂g
∂u (u, v)
∂g
∂v (u, v)

.

�¨â â¥«î ¯à¥¤« £ ¥âáï ¯®âà¥¨à®¢ âìáï   § ¤ ç å ¨§ § ¤ ç¨ª  �¥¬¨¤®¢¨ç .
�¥« î ãá¯¥å .
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