
�¡ ®¤®¬ ¨â¥à¥á®¬ ¬®¦¥áâ¢¥

�.�.� ª à®¢

�¥¤ ¢® �.�.�®«ã§¨  á®®¡é¨«  ¬¥ ® ¯®áâà®¥®¬ ¥î ¯à¨¬¥à¥
¬®¦¥áâ¢ . �ç¨â ï ¥£® ¢¥áì¬  ¨â¥à¥áë¬, ï á à §à¥è¥¨ï  ¢â®à 
å®çã à ááª § âì ®¡ íâ®¬ ¨ ¡«¨§ª¨å à¥§ã«ìâ â å.
� ¯®¬î, çâ® ¯®¤¬®¦¥áâ¢® e ¢¥é¥áâ¢¥®© ®á¨ (¨«¨ ®ªàã¦-

®áâ¨)  §ë¢ ¥âáï ã«ì-¬®¦¥áâ¢®¬, ¥á«¨ ®® á®¤¥à¦¨âáï ¢ ®¡ê-
¥¤¨¥¨¨ ¯®á«¥¤®¢ â¥«ì®áâ¨ ¯à®¬¥¦ãâª®¢ (á®®â¢¥âáâ¢¥® ¤ã£),
áã¬¬ à ï ¤«¨  ª®â®àëå ¯à®¨§¢®«ì® ¬ « . �ë¬¨ á«®¢ ¬¨, e
(e ⊂ R) | ã«ì-¬®¦¥áâ¢®, ¥á«¨

∀ ε > 0 ∃ {[ak, bk]}∞k=1 : e ⊂
∞∪
k=1

[ak, bk],
∞∑
k=1

(bk − ak) < ε

(¤«ï ®ªàã¦®áâ¨ ¢¬¥áâ® ¤«¨ ¯à®¬¥¦ãâª®¢ á«¥¤ã¥â à áá¬ âà¨¢ âì
¤«¨ë ¤ã£). �®¤ ®ªàã¦®áâìî ¢áî¤ã ¤ «¥¥ ¬ë ¡ã¤¥¬ ¯®¨¬ âì
¥¤¨¨çãî ®ªàã¦®áâì S ≡ {z ∈ C : |z| = 1}. �¨â â¥«ì, § ª®¬ë©
á â¥®à¨¥© ¬¥àë, ª®¥ç®, áà §ã § ¬¥â¨â, çâ® ã«ì-¬®¦¥áâ¢   
¯àï¬®© | íâ® ¯à®áâ® ¬®¦¥áâ¢ , ã ª®â®àëå ¬¥à  �¥¡¥£  à ¢ 
ã«î.

����������. �ç¥â®¥ ®¡ê¥¤¨¥¨¥ ã«ì-¬®¦¥áâ¢ á®¢ 
¥áâì ã«ì-¬®¦¥áâ¢®.

�à¨¬¥à®¬ ã«ì-¬®¦¥áâ¢  ¬®¦¥â á«ã¦¨âì ¬®¦¥áâ¢® ç¨á¥« ¨§
®âà¥§ª  [0, 1], ¢ p-¨ç®¬ à §«®¦¥¨¨ ª®â®àëå ®âáãâáâ¢ã¥â ¥ª®â®-
à ï \æ¨äà ", áª ¦¥¬, a, 0 6 a < p. � ª «¥£ª® ã¡¥¤¨âìáï, ¬®¦¥-
áâ¢® ç¨á¥« x ∈ [0, 1], ¯à¥¤áâ ¢¨¬ëå ¢ ¢¨¤¥ x = ε1

p + ε2
p2 + . . . εk

pk + . . . ,

£¤¥ εk ¬®£ãâ ¯à¨¨¬ âì § ç¥¨ï 0, 1, . . . , p − 1 ¨ ε1 ̸= a, ¥áâì
®¡ê¥¤¨¥¨¥ ¯à®¬¥¦ãâª®¢, áã¬¬ à ï ¤«¨  ª®â®àëå à ¢  p−1

p .

�®¦¥áâ¢® ç¨á¥«, ã ª®â®àëå ε1 ̸= a ¨ ε2 ̸= a, ¥áâì ®¡ê¥¤¨¥¨¥
¯à®¬¥¦ãâª®¢, áã¬¬ à ï ¤«¨  ª®â®àëå à ¢  (¢ á¨«ã ®ç¥¢¨¤ëå

á®®¡à ¦¥¨© ¯®¤®¡¨ï)
(
p−1
p

)2
¨ â.¤. �®á«¥ k è £®¢ ¬ë ¯®«ãç¨¬,

çâ® ¬®¦¥áâ¢® ç¨á¥«, ã ª®â®àëå ¯¥à¢ë¥ k p-¨çëå § ª®¢ ¥ à ¢-
ë a, ¥áâì ®¡ê¥¤¨¥¨¥ ¯à®¬¥¦ãâª®¢, áã¬¬ à ï ¤«¨  ª®â®àëå

à ¢ 
(
p−1
p

)k
¨, á«¥¤®¢ â¥«ì®, ¯à¨  ¤«¥¦ é¥¬ ¢ë¡®à¥ k ¬®¦¥â

¡ëâì á¤¥«   ¯à®¨§¢®«ì® ¬ «®©. �¨â â¥«ì á ¬®áâ®ïâ¥«ì® ¯à®-
¢¥¤¥â íâ® à ááã¦¤¥¨¥ ¢® ¢á¥å ¯®¤à®¡®áâïå.
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�â¬¥â¨¬, çâ® ¯à¨ ¯¥à¥å®¤¥ ®â â®ç¥ª t   ¯àï¬®© ª â®çª ¬ eit

ã«ì-¬®¦¥áâ¢  ¯à¥®¡à §ãîâáï ¢ ã«ì-¬®¦¥áâ¢ , â ª ª ª ¯à¨ ®â®¡-
à ¦¥¨¨ t 7→ eit (\®¡¬®âª¥ ®ªàã¦®áâ¨") ¯à®¬¥¦ãâª¨ (¤«¨®©
¬¥ìè¥ 2π) ¯¥à¥å®¤ïâ ¢ ¤ã£¨ â ª®© ¦¥ ¤«¨ë.
�¢  ¯®¤¬®¦¥áâ¢ , «¥¦ é¨¥   ¯àï¬®© (®ªàã¦®áâ¨),  §ë¢ -

îâáï ª®£àãíâë¬¨, ¥á«¨ ®¨ ¬®£ãâ ¡ëâì ¯®«ãç¥ë ¤àã£ ¨§ ¤àã£ 
á¤¢¨£®¬ (á®®â¢¥âáâ¢¥® ¯®¢®à®â®¬   ¥ª®â®àë© ã£®«).

� â¥®à¨¨ ¬®¦¥áâ¢ áãé¥áâ¢ã¥â ¬®£® ¯à¨¬¥à®¢ ¬®¦¥áâ¢ á ¯ -
à ¤®ªá «ìë¬¨ á¢®©áâ¢ ¬¨, ®¤ ª® ï ¥ ¢áâà¥ç « ¯à¨¬¥à , ¯®áâà®-
¥®£® � à¨¥© �¥ ¤¨¥¢®©. �ª §ë¢ ¥âáï, á¯à ¢¥¤«¨¢®

�à¥¤«®¦¥¨¥ 1. �  ®ªàã¦®áâ¨ áãé¥áâ¢ã¥â ã«ì-¬®¦¥áâ¢®

E, á®¤¥à¦ é¥¥ ª®£àãíâë¥ \ª®¯¨¨" ¢á¥å ª®¥çëå ¯®¤¬®¦¥áâ¢
®ªàã¦®áâ¨.

�ë¬¨ á«®¢ ¬¨, ¯®¢®à ç¨¢ ï E ¬®¦® \ ªàëâì" «î¡®¥ ª®¥ç-
®¥ ¬®¦¥áâ¢®. �â® «¥£ª® ¢ëâ¥ª ¥â ¨§ á«¥¤ãîé¥£® ãâ¢¥à¦¤¥¨ï.

�à¥¤«®¦¥¨¥ 1′. �ãáâì N |  âãà «ì®¥ ç¨á«®, p = 6N ¨

¯ãáâì Cp | ¬®¦¥áâ¢® ç¨á¥« ¨§ ®âà¥§ª  [0, 1], ¢ p-¨ç®¬ à §«®¦¥-

¨¨ ª®â®àëå ®âáãâáâ¢ã¥â \æ¨äà " p
2 ,   EN = {e2πis : s ∈ Cp}. �®£¤ 

EN ¥áâì ã«ì-¬®¦¥áâ¢® ¨ ¤«ï «î¡ëå N ç¨á¥« zk = e2πitk (k =
1, . . . , N)  ©¤¥âáï â ª®¥ ç¨á«® ζ = e2πiα, çâ® ζzk ∈ EN ¯à¨ ¢á¥å

k = 1, . . . , N, â.¥. ¯à¨ ¯®¢®à®â¥   ã£®« 2πα ¢á¥ N â®ç¥ª z1, . . . , zN
á¬¥é îâáï ¢ ¬®¦¥áâ¢® EN .

�®¦¥áâ¢® E, ® ª®â®à®¬ £®¢®à¨âáï ¢ ¯à¥¤«®¦¥¨¨ 1, ¬®¦®,
®ç¥¢¨¤®, ¯®«ãç¨âì, ¯®«®¦¨¢ E =

∪∞
N=1EN .

� ® ª   §   â ¥ « ì á â ¢ ® ¯à¥¤«®¦¥¨ï 1′. � ª ¬ë ã¦¥ ®â¬¥ç «¨, Cp

¨ EN áãâì ã«ì-¬®¦¥áâ¢ .

�ª ¦¥¬, ª ª á«¥¤ã¥â ¢ë¡¨à âì ã£®« ¯®¢®à®â  2πα, ¯à¨ ª®â®à®¬
â®çª  z = e2πit (t ∈ [0, 1)) ¯¥à¥©¤¥â ¢ â®çªã, ¯à¨ ¤«¥¦ éãî ¬®-
¦¥áâ¢ã EN . �à¨ íâ®¬ ¬ë ¢á¥£¤  ¡ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® § ª¨
p-¨ç®£® à §«®¦¥¨ï ç¨á«  α ¥ ¯à¥¢®áå®¤ïâ p

3 .

�ãáâì p-¨çë¥ à §«®¦¥¨ï t ¨ α ¨¬¥îâ ¢¨¤ t =
∑∞

k=1
τk
pk , α =∑∞

k=1
αk

pk , ¯à¨ç¥¬ 0 6 αk 6 p
3 ¯à¨ «î¡®¬ k.

�à¨ ¯®¢®à®â¥   ã£®« 2πα â®çª  z = e2πit ¯¥à¥©¤¥â ¢ â®çªã e2πis,
£¤¥

s = t+ α =

∞∑
k=1

τk + αk

pk
.
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�®¥ç®, áã¬¬  τk + αk ¬®¦¥â ¡ëâì ¡®«ìè¥, ç¥¬ p − 1, ®¤ ª®
¢¢¨¤ã  «®¦¥®£®   αk ®£à ¨ç¥¨ï, ®  ¥ ¯à¥¢®áå®¤¨â

4p
3 , â ª

çâ® à §®áâì (τk+αk)−p § ¢¥¤®¬® ¬¥ìè¥ p
2 . �ë ¡ã¤¥¬ ¢ë¡¨à âì

αk â ª¨¬ ®¡à §®¬, çâ®¡ë

τk + αk ̸= p

2
,   â ª¦¥ çâ®¡ë τk + αk + 1 ̸= p

2
(1)

| ¯®á«¥¤¥¥   â®â á«ãç ©, ¥á«¨  ¬ ¯à¨¤¥âáï ¯¥à¥¥áâ¨ ¢ k-© à §-
àï¤ ¥¤¨¨æã ¨§ ¯®á«¥¤ãîé¥£® à §àï¤ . �à¨ ¢ë¯®«¥¨¨ ãá«®¢¨©
(1) ¢á¥ p-¨çë¥ § ª¨ ç¨á«  s = t+α (®¨ ¬®£ãâ ¥ á®¢¯ ¤ âì á áã¬-
¬ ¬¨ τk +αk) ¥ à ¢ë

p
2 , ¨ ¯®íâ®¬ã â®çª  e2πis ¯à¨ ¤«¥¦¨â EN .

� ª¨¬ ®¡à §®¬, ¯à¨ ¢ë¡®à¥ αk ¬ë ¤®«¦ë ã¤®¢«¥â¢®à¨âì ¤¢ã¬
ãá«®¢¨ï¬ (1). �á«¨  ¬ ¤ ® N â®ç¥ª zj = e2πitj (j = 1, . . . , N)
¨ ¬ë å®â¨¬  ©â¨ ¯®¢®à®â, ¯à¨ ª®â®à®¬ ¢á¥ ®¨ ¯¥à¥©¤ãâ ¢ â®çª¨
EN , â® ¯à¨ ¢ë¡®à¥ αk ¬ë ¤®«¦ë ã¤®¢«¥â¢®à¨âì 2N ãá«®¢¨ï¬,
¨¬¥ï ¢ á¢®¥¬ à á¯®àï¦¥¨¨ p

3 + 1 ¢®§¬®¦®áâ¥© ¤«ï αk. �ã¦ãî
 ¬ \æ¨äàã" αk ¬®¦®  ©â¨, ¯®áª®«ìªã ¯à¨ ¢ë¡à ®¬  ¬¨ § -
ç¥¨¨ p = 6N á¯à ¢¥¤«¨¢® ¥à ¢¥áâ¢® 2N < p

3 + 1 = 2N + 1. �â®
¤®ª §ë¢ ¥â  è¥ ¯à¥¤«®¦¥¨¥.

�¥áª®«ìª® ¬®¤¨ä¨æ¨àãï ¯à®¢¥¤¥®¥ à ááã¦¤¥¨¥, ¬®¦® \¯¥-
à¥¥áâ¨" ¥£®   ¯àï¬ãî. �à¨ íâ®¬ ¢¬¥áâ® ¢áî¤ã ¯«®â®£® ¬®-
¦¥áâ¢  (ª ª®¢ë¬ ¥®¡å®¤¨¬® ¤®«¦® ¡ëâì ¬®¦¥áâ¢® E) ¬®¦®
¯®áâà®¨âì ¨£¤¥ ¥ ¯«®â®¥ ¬®¦¥áâ¢®. �¨â â¥«ì ¬®¦¥â ¯®¤ã¬ âì
 ¤ á«¥¤ãîé¥© § ¤ ç¥©.

� ¤ ç . �  ¢¥é¥áâ¢¥®© ¯àï¬®© áãé¥áâ¢ã¥â § ¬ªãâ®¥ ã«ì-
¬®¦¥áâ¢®, á®¤¥à¦ é¥¥ ª®£àãíâë¥ ª®¯¨¨ «î¡ëå ª®¥çëå ¬®-
¦¥áâ¢.

�.�.� § à®¢ á®®¡é¨« ¨ãî ¨¤¥î ¤®ª § â¥«ìáâ¢  ¯à¥¤«®¦¥¨ï
1, á ¯®¬®éìî ª®â®à®© ¥£® ¬®¦® áãé¥áâ¢¥® ãá¨«¨âì. �®ª § -
â¥«ìáâ¢® � § à®¢  ®¯¨à ¥âáï   à¥§ã«ìâ â, ¯à¥¤áâ ¢«ïîé¨© á®¡®©
ç áâë© á«ãç © ãá¨«¥®£® § ª®  ¡®«ìè¨å ç¨á¥«. �â®¡ë áä®à-
¬ã«¨à®¢ âì ¥£®, ¡ã¤¥¬ à áá¬ âà¨¢ âì ¤¢®¨çë¥ à §«®¦¥¨ï. �«ï
â®çª¨ t ¨§ [0, 1) ¯®«®¦¨¬ mn(t) à ¢ë¬ ç¨á«ã ¥¤¨¨æ áà¥¤¨ ¯¥à-
¢ëå n § ª®¢ à §«®¦¥¨ï t ¢ ¤¢®¨çãî ¤à®¡ì (¤«ï ¤¢®¨ç® à æ¨®-
 «ìëå ç¨á¥« ¯à®¨§¢®«ì® ¢ë¡¨à ¥âáï «î¡®¥ ¨§ ¤¢ãå ¢®§¬®¦ëå
à §«®¦¥¨©). �®ª § ë© �.�®à¥«¥¬ ¢ 1909 £®¤ã ãá¨«¥ë© § ª®
¡®«ìè¨å ç¨á¥« ãâ¢¥à¦¤ ¥â, çâ®

mn(t)

n
→ 1

2
¯®çâ¨ ¢¥§¤¥   [0, 1).
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�¤¥áì â¥à¬¨ "¯®çâ¨ ¢¥§¤¥" ®§ ç ¥â, çâ® mn(t)
n → 1

2 ¯à¨ ¢á¥å t ∈
[0, 1) §  ¨áª«îç¥¨¥¬ â®ç¥ª ¥ª®â®à®£® ã«ì-¬®¦¥áâ¢  C. � ª¨¬
®¡à §®¬, ¢ ¤¢®¨çëå à §«®¦¥¨ïå "¯®çâ¨ ¢á¥å" ç¨á¥« ã«¨ ¨ ¥¤¨-
¨æë ¢áâà¥ç îâáï "®¤¨ ª®¢® ç áâ®". �¬¥áâ¥ á C ã«ì-¬®¦¥áâ¢®¬
¡ã¤¥â ¨ ¬®¦¥áâ¢® E ≡ {z = e2πis : s ∈ C}. �® ¥ â®«ìª® ¤®áâ ¢-
«ï¥â âà¥¡ã¥¬ë© ¯à¨¬¥à, ® ¨ ¯®§¢®«ï¥â ¤®ª § âì

�à¥¤«®¦¥¨¥ 2. �®¦¥áâ¢® E á®¤¥à¦¨â ª®£àãíâë¥ \ª®-

¯¨¨" ¢á¥å áç¥âëå ¯®¤¬®¦¥áâ¢ ®ªàã¦®áâ¨.

�®ª   §   â ¥ « ì á â ¢ ®. � ¬¥â¨¬ ¯à¥¦¤¥ ¢á¥£®, çâ® ¥á«¨ ç¨á«® s ∈
[0, 1) â ª®¢®, çâ®

limn→∞
mn(s)

n
= 1 ¨«¨ limn→∞

mn(s)

n
= 0, (2)

â® s ∈ C,   e2πis ∈ E .
�â®¡ë ¨§ â®çª¨ t ∈ [0, 1) ¯®«ãç¨âì ¯®á«¥ á¤¢¨£  â®çªã, ¯à¨-

 ¤«¥¦ éãî C, ¬ë ¤®«¦ë ¢ ¤¢®¨ç®¬ à §«®¦¥¨¨ t " àãè¨âì
à ¢®¢¥á¨¥" ¬¥¦¤ã ã«ï¬¨ ¨ ¥¤¨¨æ ¬¨ ¤«ï ¤®áâ â®ç® ¡®«ìè¨å
£àã¯¯ § ª®¢. �¯¨è¥¬ íâã ¯à®æ¥¤ãàã.
�®¦¥áâ¢® �(p, q) = {n ∈ N : p 6 n 6 q}, £¤¥ p, q ∈ N, ¡ã¤¥¬

 §ë¢ âì ¡«®ª®¬. � áá¬®âà¨¬ ¯®á«¥¤®¢ â¥«ì®áâì ¡«®ª®¢ �j ≡
�(pj , qj) (j ∈ N), ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨ï¬:

jpj < qj < pj+1 (j ∈ N). (3)

�á«¨ ãá«®¢¨¥ (3) ¢ë¯®«ï¥âáï ¨ ¢ ¤¢®¨ç®¬ à §«®¦¥¨¨ ç¨á«  s =
0, σ1σ2 . . . ¢á¥ § ª¨ σk ®¤¨ ª®¢ë ¯à¨ k ∈ �j , j = 1, 2, . . . , â® ¤«ï
s á¯à ¢¥¤«¨¢® å®âï ¡ë ®¤® ¨§ á®®â®è¥¨© (2), ¨, á«¥¤®¢ â¥«ì®,
s ∈ C. � á ¬®¬ ¤¥«¥, ¥á«¨ íâ® ¥¤¨¨æë, â® mqj (s) > qj − pj ¨,

á«¥¤®¢ â¥«ì®,
mqj

(s)

qj
> 1− pj

qj
> 1− 1

j ; ¥á«¨ ¦¥ σk = 0 ¯à¨ k ∈ �j ,

â®
mqj

(s)

qj
6 1

j .

�ª ¦¥¬, ª ª á«¥¤ã¥â ¢ë¡¨à âì á¤¢¨£ α, ¯à¨ ª®â®à®¬ â®çª  t
¯¥à¥©¤¥â ¢ â®çªã, ¯à¨ ¤«¥¦ éãî ¬®¦¥áâ¢ã C.
�ãáâì ¤¢®¨çë¥ à §«®¦¥¨ï t ¨ α ¨¬¥îâ ¢¨¤

t = 0, τ1τ2 . . . , α = 0, α1α2 . . . ,

¨ ¯ãáâì s = t+α. �ã¤¥¬ ¢ë¡¨à âì § ª¨ αk â ª, çâ®¡ë τk +αk = 1
¯à¨ ¨§ k ∈

∪
j �j . � ®áâ «ì®¬ § ª¨ αk (αk = 0 ¨«¨ αk = 1) ¬®¦®
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¡à âì ¯à®¨§¢®«ì®. � â ª®¬ á«ãç ¥ § ª¨ ¤¢®¨ç®£® à §«®¦¥¨ï
s ¯®áâ®ïë   ª ¦¤®¬ ¡«®ª¥ �j (®¨ ¬®£ãâ ®ª § âìáï ¨ ã«ï¬¨,
¥á«¨ ¯à¨ á«®¦¥¨¨ ¢ ¯®á«¥¤¨© à §àï¤ ¡«®ª  ¯¥à¥©¤¥â ¥¤¨¨æ  ¨§
á«¥¤ãîé¥£® à §àï¤ ), ¨ ¯®íâ®¬ã, ª ª ¬ë ®â¬¥ç «¨ ¢ëè¥, â®çª 
s = t+ α ¯®¯ ¤¥â ¢ C.
�â®¡ë á ¯®¬®éìî á¤¢¨£    α ¯¥à¥¬¥áâ¨âì ¢ C ¯®á«¥¤®¢ â¥«ì-

®áâì ç¨á¥« t1, . . . , ti, . . . , à áá¬®âà¨¬ â ª®¥ á¥¬¥©áâ¢® ¯®¯ à® ¤¨§ê-
îªâëå ¡«®ª®¢ �i

j = �(pij , q
i
j) (i, j ∈ N), çâ® ¯à¨ ª ¦¤®¬ i ¡«®ª¨

�i
j ã¤®¢«¥â¢®àïîâ ãá«®¢¨î (3). � ¯®¬®éìî ¨¤ãªæ¨¨ ¯® n = i+ j

ç¨â â¥«ì «¥£ª® ¤®ª ¦¥â áãé¥áâ¢®¢ ¨¥ â ª®£® á¥¬¥©áâ¢ . �á¯®«ì-
§ãï íâ¨ ¡«®ª¨, ¬ë ¬®¦¥¬ ¯®¢â®à¨âì ®¯¨á ãî ¯à®æ¥¤ãàã, ¢ë¡¨-
à ï ¤«ï ª ¦¤®© â®çª¨ ti ¤¢®¨çë¥ § ª¨ α, ¨áå®¤ï ¨§ ¯®á«¥¤®-
¢ â¥«ì®áâ¨ {�i

j}∞j=1. �®£¤ , ª ª ¬ë ¯®ª § «¨ ¢ëè¥, áã¬¬  ti + α

¯®¯ ¤¥â ¢ C. �®áª®«ìªã ¬®¦¥áâ¢ 
∪

j �
i
j ¥ ¯¥à¥á¥ª îâáï ¯à¨

à §«¨çëå i, ª ¦¤ë© ®¬¥à k ¬®¦¥â ¯à¨ ¤«¥¦ âì à §¢¥ «¨èì
®¤®¬ã ¨§ íâ¨å ¬®¦¥áâ¢, ¨ ¯®íâ®¬ã   αk  ª« ¤ë¢ ¥âáï ¥ ¡®«¥¥
®¤®£® ãá«®¢¨ï, çâ® ®¡¥á¯¥ç¨¢ ¥â ¨å á®¢¬¥áâ¨¬®áâì. � ª¨¬ ®¡à -
§®¬, ¯®áâà®¥¨¥ âà¥¡ã¥¬®£® á¤¢¨£  ¢®§¬®¦®.

�¥§ã«ìâ â, ¯®«ãç¥ë© ¤«ï ®ªàã¦®áâ¨, á¯à ¢¥¤«¨¢ ¨ ¤«ï â®à .
�®¤ â®à®¬ ¬ë §¤¥áì ¯®¨¬ ¥¬ ¤¥ª àâ®¢® ¯à®¨§¢¥¤¥¨¥ S×S,   ¤¢ 
¥£® ¯®¤¬®¦¥áâ¢  áç¨â ¥¬ ª®£àãíâë¬¨, ¥á«¨ ®¤® ï¢«ï¥âáï ®¡-
à §®¬ ¤àã£®£® ¯à¨ ¢à é¥¨¨ ¯® ¬¥à¨¤¨ ã ¨ ¯® ¯ à ««¥«¨, â.¥ ¯à¨
®â®¡à ¦¥¨¨ (z, w) 7→ (az, bw), £¤¥ a, b | ä¨ªá¨à®¢ ë¥ â®çª¨ ¨§
S.
� áá¬®âà¥ë© ¯à¨¬¥à ¬®¦® ®¡®¡é¨âì   áä¥àë. �  ¤¢ã¬¥à-

®© áä¥à¥ ¬®¦® à áá¬®âà¥âì ¬®¦¥áâ¢® Ẽ, ®¡à §ã¥¬®¥ ¬¥à¨¤¨ -
 ¬¨, ¯à®å®¤ïé¨¬¨ ç¥à¥§ â®çª¨ ¬®¦¥áâ¢  E , «¥¦ é¥£®   íª¢ -
â®à¨ «ì®© ®ªàã¦®áâ¨. �á® çâ® ¯«®é ¤ì ¬®¦¥áâ¢  Ẽ à ¢ 
ã«î ¨ çâ® «î¡®¥ áç¥â®¥ ¬®¦¥áâ¢® ¬®¦® á¬¥áâ¨âì ¢ ¥£® ¯®-
¢®à®â®¬ ¢®ªàã£ ¯®«ïà®© ®á¨. �¨â â¥«ì á ¬®áâ®ïâ¥«ì® ã¡¥¤¨âáï,
çâ®   «®£¨ç®¥ ¯®áâà®¥¨¥ ¢®§¬®¦® ¤«ï áä¥àë «î¡®© à §¬¥à-
®áâ¨.
�ª §ë¢ ¥âáï,   «®£¨çë© ¯à¨¬¥à ¬®¦® ¯®áâà®¨âì ¤«ï ¯à®-

¨§¢®«ì®© ¡¥áª®¥ç®© ¬¥âà¨§ã¥¬®© ª®¬¯ ªâ®© £àã¯¯ë (¯®¨¬ ï
¯®¤ ã«ì-¬®¦¥áâ¢ ¬¨ ¬®¦¥áâ¢  á ã«¥¢®© ¬¥à®© �  à ).
�¤¥î ¤®ª § â¥«ìáâ¢  á«¥¤ãîé¥© â¥®à¥¬ë ãª § « �¨â «¨© �¥à-

£¥«ìá® ¨§ ã¨¢¥àá¨â¥â  �£ ©®.
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� ª ¦¤®© ¡¥áª®¥ç®© ¬¥âà¨§ã¥¬®© ª®¬¯ ªâ®© £àã¯¯¥ áãé¥-

áâ¢ã¥â ¯®¤¬®¦¥áâ¢® ã«¥¢®© ¬¥àë, á®¤¥à¦ é¥¥ ª®£àãíâãî

ª®¯¨î «î¡®£® áç¥â®£® ¬®¦¥áâ¢ .

�«ï ¤®ª § â¥«ìáâ¢  ã¦® à áá¬®âà¥âì ¤®¯®«¥¨¥ ¯à®¨§¢®«ì-
®£® ¬®¦¥áâ¢  ¯¥à¢®© ª â¥£®à¨¨, ¨¬¥îé¥£® ¯®«ãî ¬¥àã (ª ª
«¥£ª® ã¡¥¤¨âìáï, â ª¨¥ áãé¥áâ¢ãîâ).
�à®¢¥àª  ¥ á®áâ ¢«ï¥â âàã¤ , ¯®áª®«ìªã áç¥â®¥ ¯¥à¥á¥ç¥¨¥

â ª¨å ¤®¯®«¥¨© ¢á¥£¤  ¥¯ãáâ® (¨ ¤ ¦¥ ¢â®à®© ª â¥£®à¨¨ á®£« á-
® â¥®à¥¬¥ �íà ).
� ª ¥âàã¤® ã¡¥¤¨âìáï, ¯à¥¤¯®«®¦¥¨¥ ® ¬¥âà¨§ã¥¬®áâ¨ ¬®¦-

® ®¯ãáâ¨âì.
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